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&)�  �{x x , x }∈ >ℕ 3

x2  ��
* '� �� �	�( �0 ����

��� .  

'(
&)�  �{ x ,x }∈ <−ℤ 2

.�
- 	��(�  � �*2- '(
&)� S�CT �

'(
&)�  �A { , , , , }3 6 9 12…



B { x }
x

= ∈
1

ℕ   

{ , , , , }∉56 3 6 9 12   

bM 6"#� ����] �	�(1
9

 '(
&)� 
>( �

$�� �� � "A��  K�>� '-3 "A��.  

{r} '(
&)� ��   �M  
>( '� 6"#�M.  

 $������� 6A { }= 3 .3  
>(A  '� 6"#�
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B { , , , , }= 1 1 11
2 3 4

 ��A�
�� �o��� �t,( �� ��.  

  

  
a"#� "#�	�� F��-  

∈1 1 1
9 2 3

   K ({ , , , , }56 3 6 9 12…

  

'(
&)� �»;I� «�� ����] 	��(� ����� �
� � ���9 bM 6"#� ����] �	�(

'(
&)� �
� �»K «K�>� ��03 �� � ���56 �% '�k3 $�� �� � "A��

  
 .� F��- 6a"#� "#�	�� F��- � "#�	 ��  F�%N�  �  

  K (r M⊆   

  ? ({r} M⊆   

  

'(
&)� ��   �M  
>( '%_� 6"A��M "#�.  

 "�,( ��� ∈  �I� ��- s
��� '(
&)� '� �� 
>( �� � .� ����{r}

  
A {x x }= ∈ =  ��/A=3a  

  
 
>( ����	 �O�* "#� ��3  K�
f �
� 6x =2 6  �� "#� �����x=3 $������� 6

 

 

 

'(
&)�  �B { , , , , }…
1 1 1
2 3 4

� "#�	 F��- a"#� "#�	�� F��-

;I� ({ , , , }∈1 1 11
9 2 3

…

;I� ("#� "#�	 .'(
&)�

»;I� «�����.  

K ("#� "#�	 .'(
&)� �
�

 ���M {r,s, t}= .� F��- 6

;I� (r M∈   

u ({r} M∈   

;I� ("#�	.  

K ("#�	�� . ��� r '(
&)� �� 

u ("#�	�� . "�,( ��� 

? ("#�	.  

  

 ���A {x x }= ∈ =ℤ 2 6

  

A '(
&)�  
>( ����	 �O�* "#� ��

 ���A�A.  

  



a"#� "#�	 .� F��- 6���  

A B B A⊂ ⊂   

A { , , , , , , , , , , }= − − − − − − …6 5 4 3 2 10 1 2 8   

B { , , , , , ..., , ...}= − − − −10 9 6 5 9…  

{ }A k k , k= − ∈ − ≤ <ℕ3 1 3 5   

x
B { x , x }

x
= ∈ − ≤ <

+
ℤ

2

2
4 2

1
  

�� ���Q �� ��0	:  

{ }A , , ,= 2 5 8 11   

B { , , , , }= 16 9 4 1 0
17 10 5 2

  

  هااجتماع، اشتراک و تفاضل مجموعه

  ��� =	�	 D���&�     � "�#� ?����( � 	
� :

���� v�5��.(  
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 '(
&)� �  �{a} �/ � ��5A0 ?��@5�����B� �%� �� �0.  

  
A {x x , x }= ∈ − < <  �B {x x , x }= ∈ > −ℤ 11 a"#� "#�	 .� F��- 6���

A B B A⊂ ⊂

  
��A�
�:  

A { , , , , , , , , , , }…6 5 4 3 2 10 1 2 8

B { , , , , , ..., ,...}

'(
&)� ��>(� F�&* �����  �A  �	 B ��5A0 . bMA B⊂.  

  
'(
&)�  � .� �0 ��>(� ��A�
�� �� ��  ��0.  

B { x , x }

  
 ��f '�k  	��(�, , ,4 3 2 1 ) $�� ����] 	��(�3-  �5 (�� ���Q ��

, , , , ,− − − −10 1 2 3 4 �� ���Q �� ��0	:  

اجتماع، اشتراک و تفاضل مجموعه: درس سوم

'(
&)� �	 v��5�  �A  �B '(
&)� '� '- "#� ��  ?�
�TA B∩   ��� =	�	 D���&�

 �	 �0 '- ���>(� F�&* �A  �	 �0 � B  ���� '5�	 ���Q) �	A  � B ���� v�5��

  :استفاده از نمودار ون

A B {x x A, x B}= ∈ ∈∩  

 

 

 

 
>( '- ���- 'f
*a 

 ���A {x x , x }= ∈ − < <ℤ 7 9

 ��>(�A  �B �� �� ��A�
�

��&0�� '- �
] '(
&)� ��>(� F�&* �����

'(
&)�  � .� �0 ��>(�

 [
��! �	k −3 1  ��f '�

 ��f '�x  	��(�, , , , ,− − − −10 1 2 3 4

v��5� :'(
&)� �	 v��5�

'(
&)�  �	 �0 '- ���>(� F�&* �

استفاده از نمودار ون

�o��� 	�&� �� :A B {x x A, x B}= ∈ ∈



A B 6B C∩  �A C∩  ���� ��

A B { , , , } { , , } { , , }= − =1 2 0 4 0 2 4 0 2 4∩ ∩  

B C { , , } { , , }= − =∅0 2 4 3 1 6∩ ∩  

A C { , , , } { , , } { }= − − = −1 2 0 4 3 1 6 1∩ ∩  

  

A B A B A⊆ → =∩   

A B∩ . �-�5�� 
>( Y�0 ����

  

A B=∅∩   
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A { , , , }  �B { , , }= 0 2 4  �C { , , }= −3 1 6 '(
&)�  ��0A B∩B C

  

'(
&)� v�5�� ��0
>( �� "I�N �0 �	 �� �0��A�
�:  

A B { , , , } { , , } { , , }1 2 0 4 0 2 4 0 2 4

A C { , , , } { , , } { }= − − = −1 2 0 4 3 1 6 1

  

����� '(
&)� �0 v��5�A 	
� ����� 6i	
� ��A "#� .A A A=∩ .  

  

"#� �O* ����� 6�O* �� '(
&)� �0 v��5� .A ∅=∅∩.  

  

A B A=∩ .  

�0  � ��f '(
&)� �	: �� �0  � ��f �� � �7)� �� '(
&)� �	  =���0 6�����A B=∅∩

'(
&)� v��5� "#� �O* 6	�! � E�  	��(� �.  

 

 

 

 ���A { , , , }= −1 2 0 4B { , , }

���-.  

'(
&)� v�5�� ��0
>(

����� '(
&)� �0 v��5�

"#� �O* ����� 6�O* �� '(
&)� �0 v��5�
  

 ���A B⊆ �/  =��A B A

�0  � ��f '(
&)� �	

������.  

[�\� ���� :'(
&)� v��5�

  



A B B A=∩ ∩   

E B A B C D E F

∅

=∅⇒ =∅∩ ∩ ∩ ∩ ∩ ∩
�								


   

 �	 '- ���>(� F�&* '(
&)�  � "#� ?���( � ��0	A  ��B 

  

x B}∈��A B {x x A = ∈∪   

  

A B  �A C∪ ���- ���� ��.  

A B { , , , , , , } { , , , , , , } { , , , , , }= − = − = −1 2 0 4 5 0 6 1 2 0 0 4 5 6 1 2 0 4 5 6∪  

A C { , , , , , , } { , , , , , , } { , , , , }= − − = − − = −1 2 0 4 4 1 6 1 10 2 4 4 6 10 2 4 6∪  
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 �T�N 6���A B C D E F∩ ∩ ∩ ∩ ∩ ������ ��.  

  
 ����� '(
&)� �	 �0 ���� '- ��	�- =	�@5#� '5%� $��  � [�w# �N �	B  �A:  

	�- �)��f �� �>(� ��
*.  

'(
&)� �0 �� �O* v��5� $��`&0 "#� �O* 6��.  

E B A B C D E F=∅⇒ =∅∩ ∩ ∩ ∩ ∩ ∩
�								


 '(
&)� �	 h�&5f�A  �B  	�&� �� ��A B∪ �� ����  �	 '- ���>(� F�&* '(
&)�  � "#� ?���( � ��0	

  

  
A { , , , }  �B { , , }= 5 0 6  �C { , , }= −4 1 6 '(
&)�  ��0A B∪

  
'(
&)� ��>(� � �� �0 ���- �� �0 ����%* � ��A�
� �� cPN �� �0 ���-:  

A B { , , , , , , } { , , , , , , } { , , , , , }= − = − = −1 2 0 4 5 0 6 1 2 0 0 4 5 6 1 2 0 4 5 6

A C { , , , , , , } { , , , , , , } { , , , , }= − − = − − = −1 2 0 4 4 1 6 1 10 2 4 4 6 10 2 4 6

  
 ����� '(
&)� �0 h�&5f�A  	
� ����� 6i	
� ��A "#� .A A A=∪  

 

 

 

 ���E B =∅∩  �T�N 6���

  

 ����� '(
&)� �	 �0 ���� '- ��	�- =	�@5#� '5%� $��  � [�w# �N �	

 ������ 	�- �)��f �� �>(� ��
*

'(
&)� �0 �� �O* v��5� $��`&0

 

  

h�&5f�:  '(
&)� �	 h�&5f�

��5A0 �	 �0 �� �.  

�� ��	
&�  � =	�@5#�:  

  

�o��� 	�&� ��:  

 ���A { , , , }= −1 2 0 4B { , , }

  

'&0 '(
&)� ��>(� �

 ����� '(
&)� �0 h�&5f�



  

A B A B B⊆ → =∪   

  �	 '�- ���>(� '(
&)�  � "#� ?���( � ��0	A   �	 � ��5�A0B 

  
A B {x x A, x B}− = ∈ ∉   

(A B) (A B)∪ ∩   

A B {a, b,c,d} {c,d, e, f} {a, b}− = − =   
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"#� '(
&)� 	
� ����� 6�O* �� '(
&)� �0 h�&5f� .A A∅=∪  

  
A B B=∪.  

 '(
&)� �	 �o�@*A  �B  �� ��A B− �� ����   �	 '�- ���>(� '(
&)�  � "#� ?���( � ��0	

  
A {a,b,c,d}  �B {c,d,e,f }= '(
&)� ��>(� ������ �� ��  ��0.  

  K ((A B) (A B)−∪ ∩

(A B) (B A)− −   

  

A B {a, b,c,d} {c,d, e, f} {a, b}− = − =

 �	 �I� ��5A0B ��5A��.  

 

 

 

"#� '(
&)� 	
� ����� 6�O* �� '(
&)� �0 h�&5f�

 ���A B⊆ �/  =��A B B=

  

�o�@*:  '(
&)� �	 �o�@*

��5A��.  

  

 ���A {a,b,c,d}=B {c,d,e,f }

;I� (A B−   

E ((A B) (B A)− −∪

;I�(  

 
>( �	a  �b  �	A  �	 �I� ��5A0



A B {a,b,c,d,c,d,e, f} {a,b,c,d,e, f}

A B {c,d}

= =
=

∪
∩

  

A B {a,b,c,d} {c,d,e, f} {a,b}

B A {c,d,e, f} {a,b,c,d} {e, f}

− = − =
− = − =

  

���- ���� �����>(� �� �� ��  ��0.  

A B { , , , , } { , } { , , }

B (A B) { , } { , , }

− = − =
⇒ − = =∅

1 2 3 4 5 3 5 1 2 4
3 5 1 2 4∩ ∩

   

A B { , , }
(A B) (A B) { , , } { , } { , , , , } AA B { , }

− =
⇒ − = = ==

1 2 4
3 5 ∪ ∩ ∪∩

   

.  

  

  

14  

A B {a,b,c,d,c,d,e, f} {a,b,c,d,e, f}
(A B) (A B) {a,b,c,d,e, f} {c,d} {a,b,e, f}⇒ − = − =∪ ∩

 ����� ���� '�#�C� ��Q i�� ���-:  

A B {a,b,c,d} {c,d,e, f} {a,b}
(A B) (B A) {a,b} {e, f} {a,b,e,f}

B A {c,d,e, f} {a,b,c,d} {e, f}

− = − =
⇒ − − = =− = − = ∪ ∪

  
A { , , , , }  �B { , }= 3 5 '(
&)� ���- ���� �����>(� �� �� ��  ��0

   

(A B) (A B)−   

  

A B { , , , , } { , } { , , }

B (A B) { , } { , , }⇒ − = =∅
1 2 3 4 5 3 5 1 2 4

(A B) (A B) { , , } { , } { , , , , } A⇒ − = = =1 2 4 3 5 1 2 3 4 5∪ ∩ ∪

�� 'f
5� "Q	 �&- ��  ���A* '- ��
(A B) (A B) A− =∪ ∩ "#� ���Q��.

  
=��0	 ���� '- �*���( ������ �� "#� =� x�� "&AQ �.  

  
�� "#� ����� �B�� "&AQ:[A (B C)] (A B C)− ∪ ∪ ∩ ∩.  

 

 

 

K(  

(A B) (A B) {a,b,c,d,e, f} {c,d} {a,b,e, f}⇒ − = − =

E ( ��5�� �	B A−  ����� ��

(A B) (B A) {a,b} {e, f} {a,b,e, f}

 ���A { , , , , }= 1 2 3 4 5

;I� (B (A B)−∩ 

K ((A B) (A B)− ∪ ∩

;I�(  

K(  

�� 'f
5� "Q	 �&- ��

=��0	 ���� '- �*���(

  

 6�% �	 "Q	 ���� "#� ����� �B�� "&AQ



����� �	
  

��� �	
 

  

  �B ��5A0 �0  � ��fA B A− = ⇒   

�
B

A

B (A (B A)) B A B⇒ − − − = − =
���

   

C { , , }= 4 5 6  ���d�m  '- ������ ��
] ��

B { , , , , }= 2 3 4 5 6   

B A { , , , , } { , m, }− = −2 3 4 5 6 1 3   

{ , , , , } { , m, } C { , , , , } { , m, } { , , }− = ⇒ − =2 3 4 5 6 1 3 2 3 4 5 6 1 3 4 5 6  

 ها و احتمال

= �����M �0 �	�	 y� [�&5N�  

"I�N  �� �� K
_j� ��0A   �	�	 y� [��&5N� �

n(A)
P(A)

n(S)
=   
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�����s ��	������ �	


��	� �
 �������� �	


  
�/ 6���  �T�N =��B [A (B A)]− − − ������ ��. 

  
A 

  

B (A (B A)) B A B⇒ − − − = − =

  
 ���� '5�	 ���- Z�!A { ,m, }= 1 3  �B {n n , n }= ∈ ≤ <ℕ 2 7  �C { , , }4 5 6

C B A .  

  

B A { , , , , } { , m, }

 .bM:  

{ , , , , } { , m, } C { , , , , } { , m, } { , , }− = ⇒ − =2 3 4 5 6 1 3 2 3 4 5 6 1 3 4 5 6

 ���� 6	
 ���Q�� ���A* '-m = 2 ���.  

ها و احتمال مجموعه: چهارم درس

�� =	�@5#� ��  �_- �
5#	  � �����M �0 [�&5N� '�#�C� ���� ���-:  

  
 

'&0 ��� '(
&)� ��� "I�N �  	�&� �� �� $%&� ��0S'&0 ��� '(
&)� 6  "I�N

�� '5
� ��  �% '� :�� �
5#	 6��0	 ���� 	
:  

'(
&)� ��>(� 	���*  �A  �n(S) '(
&)� ��>(� 	���*  �S "#�. 

 

 

 

 ���A B A− = �/ 6���

  

     

 ���� '5�	 ���- Z�!A { ,m, }

���� '5�	 :C B A= −

 ;���* �����B ����	:  

bM:  

 �!�]  �B A C− =

�/ ���� $�������  ���� 6	
 ���Q�� ���A* '-

  

�� =	�@5#� ��  �_- �
5#	  � �����M �0 [�&5N� '�#�C� ����

  

  

'&0 ��� '(
&)� ���

 	�&� �� �� �����MP(A) �� '5
� ��  �% '� :�� �
5#	 6��0	 ����

 '-n(A) '(
&)� ��>(� 	���*



 ���.  

  

n(A)
A { } P(A)

n(S)
= → = = 15

6
  

B { , , , } .      6�0������M '�- ����� '5��	 '�f
*

n(B)
P(B)

n(S)
= = =4 2

6 3
   

 �@T �5I�N $��� h
Q� [�&5N� �B�	 ?���( '�

n(C)
C P(C)

n(S)
=∅→ = = =0 0

6
   

  

   ��� E���� c��z  � �!	�{* ?�
T '� ?��- .�  ����- .

��� 	�! [�� 	�(.  

A { , , , , , }= 10 1112 13 14 15   

n(A)
P(A)

n(S)

=
→ = =

=

6 6 2
15 515
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�� K�*�M �� +�* .� ���- .�/ [�&5N� "#� K
_j� =� �0�z 	�( '-:  

  K (.�
-  � �*5 

��� �&Q� �	 [�� 	�(.  

  
S { , , , , , }= 1 2 3 4 5 6 ���
� '�
&� ��>! ��.  

 K�>� '- �	�( �O�*5  	�( 6���5 "#�.  

"#� �
>( .� . bMn(A) =1  �S 66 	��	 
>( . bMn(S) = 6.  

���
� �!	�{* �����M.  

  � �*5  �	 '-S ����6{ , , , }1 2 3 4 ��5A0 . bMB { , , , }= 1 2 3 4

'�
&� ��>! �  �S ��5A0.  

, , , , ,1 2 3 4 5 6 ��5A�� �&Q� �	 .� Y�0 '- ��5A0 . �@T �5I�N $��� h
Q� [�&5N� �B�	 ?���( '�

"#� [�C� ���
�.  

  
=��& �� ?��-  ��0, , , , ,15 4 3 2 1… 	��	 ���Q .   ��� E���� c��z  � �!	�{* ?�
T '� ?��- .�

?��- ��� 	�( '- ������ �� �/ [�&5N� � '5
� �� :  

  K (��� 	�! [�� 	�(

  
 	��(�, , , , ,15 4 3 2 1… "#� . �PIS { , , , , }= 1 2 3 15…   

 � ��*���( �>! $�� �&Q� �	 	��(�:  

 

 

 

  

�� K�*�M �� +�* .�

;I� ( K�>�5 ���.  

E (��� �&Q� �	 [�� 	�(

'(
&)�  �S { , , , , , }1 2 3 4 5 6

;I� ( K�>� '- �	�( �O�*

'(
&)�  �A "#� �
>( .�

 '�A ���
� �!	�{* �����M

K (.�
- 	��(�  � �*

'(
&)���  '�
&� ��>! �

E ( +�* ��� 	��(�, , , , ,1 2 3 4 5 6

$�� �� � "#� �� '- "#� [�C� ���
�

 �!�z �	15 =��& �� ?��-

'(
&)�  �S ?��- ��� 	�( '- ������ �� �/ [�&5N� � '5
� ��

;I� (��� �&Q� �	 .  

  

'�
&� ��>!  �S  	��(�, , , , ,15 4 3 2 1

;I� ( � ��*���( �>! $�� �&Q� �	 	��(�

bM:  



n(C)
C { , , , , } P(C)

n(S)
= → = = =3 5 7 1113   

 �� ��{5�� '� �� �/ '- 	
� �0�
�} �, u{S=  ����

������ �� ��  	��
� [�&5N� � =	�	 ��%�* ��:   

����� "�M '%# .� ld!.  

S=   

  

n(S)⇒ = 4   

n(A)
A { } P(A)

n(S)
(�,�)= → = = 1

4
   

P(B)→ = = = }) u, � (, ) �, u({B=  
   

����	 6��0	 ���� ��  �% �� �� '%# �0 "I�N ���:  
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 $�� 	�!1  �*15  � ��*���(:  

n(C)

n(S)
= → = = =5 1

15 3

  
 �����M ��>! 6���- K�*�M �� ��} ��, "�M{S=  �� ��{5�� '� �� �/ '- 	
� �0�
�

  
=	�- K�*�M �� '%# �	 ���- Z�! ��� .'(
&)�  �S ������ �� ��  	��
� [�&5N� � =	�	 ��%�* ��

����� �� '%# �	 �0.  K (����� "�M '%# .� ld!

  

"#� =��/ �� '%# �	 �0 '- �5I�N:  

����� "�M '%# .� ld! '- ���0.   

n(B)
P(B)

n(S)
→ = = =2 1

4 2

�5��	 ��	
&�  � =	�@5#� :(����	 6��0	 ���� ��  �% �� �� '%# �0 "I�N ���

����	 :�� ��	
&�:  

  

"#� ��/��- ���A� $%&� ?:�N ���&* $5!�� �q� �	 ���� i�� $��.  

 

 

 

K ( [�� 	��(� $�� 	�!

'%# ���  �����M ��>! 6���- K�*�M �� ��

�� ��0	.  

=	�- K�*�M �� '%# �	 ���- Z�!

;I� (����� �� '%# �	 �0

  

;I� ("#� =��/ �� '%# �	 �0 '- �5I�N

K ("I�N ����� "�M '%# .� ld! '- ���0

 �B�	 i�� '� �N)�5��	 ��	
&�  � =	�@5#�

  � =	�@5#� �� $�����������	 :�� ��	
&�

"#� ��/��- ���A� $%&� ?:�N ���&* $5!�� �q� �	 ���� i�� $��



  

 )�,3(, )u,2(, )�,2(, )u,1(, )�,1({S=  

n(S)⇒ =12   

})�,6(, )�,4(, )�,2({A=  

n(A)
n(A) P(A)

n(S)
= → = = =3 13

12 4
   

5(, )u,4(, )u,3(, )u,2(, )u,1({B=  

n(B) P(B)= → = =6 16
12 2
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�� �� '%# .� � =	�- K�*�M �� +�* .� �� ����:  

��A�
�� ��.  

a"#� ��d� 6	
 �0�z E�  	�( +�* � �� '%# '-  

 ��d� ����� "�M '%# '-a"#�  

  

�� �#� �� '�
&� ��>! �5��	 ��	
&� ��Q [�\� ��������-.  

})u,6(, )�,6(, )u,5(, )�,5(, )u,4(, )�,4(, )u,3(, 

= → = = =3 1
12 4

})u,6(, )u,5

 

 

 

  

�� �� '%# .� � =	�- K�*�M �� +�* .�

;I� ('(
&)�  �S ��A�
�� ��

K (�/ [�&5N� a"#� ��d� 6	
 �0�z E�  	�( +�* � �� '%# '-

E (�/ [�&5N�  ��d� ����� "�M '%# '-

�� �#� �� '�
&� ��>! �5��	 ��	
&� ��Q [�\� �����

  

;I�(  

K(  

E(  



 '5
� ;_5�� ��0)?��- .� ��� L�-�* �0 (  � bM �

 	�( ?��- $�� ��� '-2 a"#� ��d� 6��� 

S { , , , , , }= 12 13 21 23 31 32   

A { , , , }= 12 21 23 32  

n(A)
P(A)

n(S)
= = =4 2

6 3
   

$�� [�&5N�  �� =� K��5�� 	�( '-3  D���   ��P�M

S { , , , } n(S)= → =1 2 1000 1000…   

bM:  

A { k k } n(A)= ≤ ≤ → =3 1 333 333   

P(A)=
333

1000
   

�� "#� ����� 6���� ��PM:  

  

D�� 	��(� 	���*  �� ��PM3  $��1  �*1000  

  � x��&0 ��01  �*13 =��& =� ���P� ��� .

a"#� ��d� 6���  
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'(
&)� �&Q� �	 ?���-�* F�&*  	��(� �{ , , }1 2 3 ?��- ��� ��  '5
� ;_5�� ��0

���� �!	�{* �
] '� �� ?��- .� 6�0 ����	 .�/ [�&5N�  	�( ?��- $�� ��� '-

  

�� "#� ����� '�
&� ��>!:  

������:  

  
{ , , , , }1 2 3 1000… �� K��5�� c	�{* '� �	�( ���- .$�� [�&5N�

  

1 2 1000 1000

 $�� 	��(� '(
&)�1  �*1000  �� '- ���3 D�� ��5A0 ��PM .bM

A { k k } n(A)= ≤ ≤ → =3 1 333 333

 $�� 	��(� 	���* '-1  �*1000  �� '-3 D�� �� "#� ����� 6���� ��PM

    D�� 	��(� 	���*

  
 �	 =�O�4 =�O� F�&* � "#� 	�  � ��@# 67��Q 6��/ x��   � x��&0 ��0

�� ����� c	�{* '� =�O� .� ����/ .$�� [�&5N�  =�O� '-3  �� 	� 6  ��@#a"#� ��d� 6���

 

 

 

'(
&)� �&Q� �	 ?���-�* F�&*

?��- �	�- s
_�� ���� �!	�{* �
] '� �� ?��- .� 6�0

  

�� "#� ����� '�
&� ��>!

 �� K
_j� �����MA ������

bM:  

'(
&)�  �  �{ , , , , }1 2 3 1000…

a"#� ��d� 6��� 

  

 ���- Z�!A   $�� 	��(� '(
&)�

$�� �B�	 i��  $�� 	��(� 	���* '-

    

'A�-  ��� ��52  �	 =�O�

�� ����� c	�{* '� =�O� .�



 + � 	� 6∩  �����M6   ����� �� ��@#

n(S) = 52   

n( ) P( )= ⇒ =∩ ∩ 13 1 3
52

� �   

n( ) P( )= ⇒ =∩ ∩ 16 1 6
52

� �   

P( ) P( ) P( )

 ��	����  !� "	��#$� 

	��% � � �= + = + =3 6 3 6∩ ∩ ∩ ∩
���

  

n ⇒ =102 2 1024   

a	��	 
>( ��� '(
&)� $��  

n n n( )− − −= =3 1 2 3 1 6 24 2 2   

'(
&)� .� ��0  �24 a"#� �
>(  
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 � 	� »+ «��0	 ���� �� ��@# .  ?�
T $�� �	3∩  �����M3 

P( ) P( ) P( )�= + = + =1 1 13 6 3 6
52 52 26

∩ ∩ ∩ ∩

  مند دانش آموزان علاقه

'(
&)� .� ��0  �n  �� "#� ����� �
>(n2.  

  

 6�
>(a	��	 '(
&)���  ���  

  

  

'(
&)� .� ��0  ����� ��n−3 14 "#� .a	��	 
>( ��� '(
&)� $��

  

�� "#� ����� '(
&)� $�� ��>(� 	���* bM :n−6 2.  

  

'(
&)� .� ��0  �28 '(
&)���  	���* ����� ��� �
>( '(
&)� .� ��0

 

 

 

 ���- Z�!»  « � 	� 

�� ��0	 .����	:   

bM:  

دانش آموزان علاقه یویژه

'(
&)���  	���* '(
&)� .� ��0

'(
&)� .�  �10  6�
>(

'(
&)���  	���* '(
&)� .� ��0

�� "#� ����� '(
&)� $�� ��>(� 	���* bM

'(
&)���  	���* '(
&)� .� ��0



÷ = =28 24 42 2 2 16   

 �/ ��048 �� '!�o� '(
&)���  	
 .  $���

n n+ − =22 2 48   

n n( ) n− = ⇒ = → =22 2 1 48 2 16 4    

  

�� D��&�  �� �/ � ��0	n �� ���
5-�!-

'(
&)� .� �
>(  �n  =	�@5#� ��  �
5#	  � �
>(

n!

r!(n r)!−
   

  

�� "#� ����� $��� 
>( :
(n k)!

r!(n k r)!

−
− −

   

a"#� ��� 6����  
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'(
&)� ��0
>( 	���*  ��2 '(
&)���  	���* '� 6���- '!�o� 
>(  �/ ��0

  

  

( ) n− = ⇒ = → =2 2 1 48 2 16 4

 	��(� K�o �T�N 6?��#�C� �	 "I
O# ����1  �*n  	�&� �� ��n! �� D��&�

 � "#� ?���( ���
5-�! :!= × × × ×5 5 4 3 2 1 .  

'�#�C� ���� :�� F
O@�  � =	�@5#� �� '(
&)���  	���* � ��0r '(
&)� .� �
>(

  

 ��04 '(
&)� �
>(  �A { , , , , }= 1 2 3 4 5 a"#� ���  

  

n = . bM
! ! !

!( )! ! ! !

×
= = =

−

5 5 5 4
5

4 5 4 4 1 4
   

  

.  

  

 ��0r '(
&)� .� �
>(  �n  �Q�! �
>(k �� "#� ����� $��� 
>(

  

 ��02 '(
&)� �
>(  �{a,b,c,d,e}  �Q�! '-a, d a"#� ��� 6����

 

 

 

'� ��� '(
&)� ��0
>( 	���*

a	��	 
>( ��� '(
&)�  

���
5-�!:  	��(� K�o �T�N 6?��#�C� �	 "I
O# ����

����
� . [�\� ��
�( '�5  � "#� ?���( ���
5-�!

'�#�C� ���� :�� F
O@�  � =	�@5#� ��

�� 		��:  

'(
&)���  	���*  ��0

$�� �	  �fr =4  �n=5

!=0 1  �!=1 1 "#�.

'(
&)���  	���*  ��0

'(
&)���  	���*  ��0



n
(n k)! ( )! !

r
r!(n k r)! !( )! ! !

k

=  − − × ×= ⇒ → = = =
 − − − − × ×= 

5

2 3

2

   

�� "#� ����� $��� 
>(:  

(n k)!

(r k)!(n r)!

−
− −

  

a"#� �* ��� 

n
(n k)! ( )! !

r
(r k)!(n r)! ( )!( )! !

k

=  − −= ⇒ → = =
 − − − −= 

5

2 1

2

  

�� "#� ����� �
>( :n k−2. 

 

'(
&)���  	���* ����� ��� �
>(   '�(
&)� .�� ��0  �x+3   �
�>(

x x+ +÷ = =5 3 22 2 2 4   

���PB��f �� 

���PB��f �� 
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����	 :�� [
��! '� 'f
* �� [�\� $�� �	:  

(n k)! ( )! !

r!(n k r)! !( )! ! !

− − × ×
= ⇒ → = = =

− − − − × ×

5 2 3 3 2 1
2 3

2 5 2 2 2 1 2 1 1

  
 ��0r '(
&)� .� �
>(  �n  ��� �
>(k �� "#� ����� $��� 
>(

  
 ��02  '(
&)� �
>({a,b,c,d,e}  ���a, d a"#� �* ���

  
 (n k)! ( )! !

(r k)!(n r)! ( )!( )! !

− −
= ⇒ → = =

− − − −

5 2 3
2 1

2 2 5 2 3

  

 �Q�! �� ��� ��0k '(
&)� .�  � 
>(  �n �� "#� ����� �
>(n k

  

�� "#� ����� '(
&)� .� �
>( E�  � �
>( 	�! ��0 :n−12. 

  
'(
&)� .� ��0  �x+5 '(
&)���  	���* ����� ��� �
>(

  

  
K { , , , , , }= 1 2 3 4 5 6 '(
&)���  ���  �Q��N �3 a	��	 �
>(  

���PB��f ��

���PB��f ��

 

 

 

����	 :�� [
��! '� 'f
* �� [�\� $�� �	

'(
&)���  	���*  ��0

'(
&)���  	���*  ��0

  

'(
&)���  	���*  �Q�! �� ��� ��0

  

'(
&)���  	���* �� "#� ����� '(
&)� .� �
>( E�  � �
>( 	�! ��0

  

'(
&)���  	���* '(
&)� .� ��0

a"#� 

  

'(
&)�  �K { , , , , , }1 2 3 4 5 6



'(
&)���  	���* h
&)� ���� �
>(�0 �3  6 �
>(4  6 �
>(5  � �
>(

! ! ! !

!( )! !( )! !( )! !( )!
+ + + =

− − − −
6 6 6 6

3 6 3 4 6 4 5 6 5 6 6 6
   

 '����- ��
����] '����� 6��������nB B B⊂ ⊂ ⊂1 2 ⋯  �����T�N

(B B ) (B B ) (B B ) B B2 1 3 2 1 1− − − = −∪ ∪…∪.  

  

A { , , , } �… �/  '�������(
&)� =��������� �

A { , , , }

A { , , , }
A A A { , , , , }

A { , , , }

= 
= 
⇒ =


= 

…

…
∩ ∩…∩

⋮
…

3

4
3 4 8

8

3 4 12
4 5 13

8 9 17
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 �Q��N =� '5@� �
� [�w# ?�
T3 '(
&)���  	���* h
&)� ���� �
>(

bM: 

! ! ! !

!( )! !( )! !( )! !( )!
+ + + =

− − − −
6 6 6 6 42

3 6 3 4 6 4 5 6 5 6 6 6

  تعمیم اجتماع و اشتراک

nA , A , , A1 2… ����B� �q� �	 ��:  

�� "#� ����� �0 :
n

i n
i

A A A A
=

= 1 2
1

∪ ∪…∪∪  

�� "#� ����� �0 :
n

i n
i

A A A A
=

= 1 2
1

∩ ∩…∩∩  

  

nB , ,B ,B 6n '����(
&)���   �M  '����- ��
����] '����� 6��������

(B B ) (B B ) (B B )− − −2 1 3 2 1∪ ∪…∪ ����/ "#	 '� ��.  

  
 '- "#� So�� �% '� 'f
* ��n n n(B B ) (B B ) (B B ) B B2 1 3 2 1 1−− − − = −∪ ∪…∪

  
A { , , , }=1 1 2 10  �A { , , , }=2 2 3 11…  �A { , , , }=3 3 4 12…

 a	��	 
>( ���  

  

A A A { , , , , }⇒ =∩ ∩…∩3 4 8 8 9 10 1112

	��	 
>(.  

 

 

 

'� ��� �Q��N =� '5@� �
� [�w# ?�
T

6 �� �� �
>(�0�
� .bM

تعمیم اجتماع و اشتراک

n '(
&)�  =�
�I	 �nA , A , , A

'(
&)� $�� h�&5f� �� "#� ����� �0

'(
&)� $�� v��5� �� "#� ����� �0

 �������nB , ,B ,B2 1…

n n(B B ) (B B ) (B B )−− − −2 1 3 2 1∪ ∪…∪

  

 '- "#� So�� �% '� 'f
* ��

 
 ����������A { , , , }…1 2 10

A A A3 4 8∩ ∩…∩

 '(
&)� $�� bM5 	��	 
>(



{A, B A B

A B A, B

⊆
⊆
∪

∩
 )1  

} {A B A C B D

C D A C B D

⊆ ⊆
⇒

⊆ ⊆
∪ ∪
∩ ∩

 )2  

}A B
A B C

A C

⊆
⇒ ⊆

⊆
∩ )3  

}A C
A B C

B C

⊆
⇒ ⊆

⊆
∪ )4  

{A B A
A B

A B B

=
⊆ ⇒

=
∩
∪

 )5  

{A (B C) (A B) (A C)

A (B C) (A B) (A C)

=
=

∪ ∩ ∪ ∩ ∪
∩ ∪ ∩ ∪ ∩

 )6  

KPf $���
Q   {A (A B) A

A (A B) A

=
=

∪ ∩
∩ ∪

 )7  

  

a"#� "#�	 =��
&0  

(A B) C A (B C) (A B) C (A B) (A C) A C C A C= → = ⇒ = ⇒ ⊂∪ ∩ ∪ ∩ ∪ ∩ ∪ ∩ ∪ ∪   

�� D��&� ��0	.  

    D���>(� 	����* ���� � �0��5� �� '(
&)� 6��� 	��C� '(
&)� .� ��>(� 	���* ���

{n(A B) n(A) n(A B)

n(A B) n(A) n(B) n(A B)

− = −
= + −

∩
∪ ∩

   

24  

  خواص اصلی اجتماع و اشتراک

A B A C B D

C D A C B D

���PM ~� 
* $���
Q  
A (B C) (A B) (A C)

A (B C) (A B) (A C)

∪ ∩ ∪ ∩ ∪
∩ ∪ ∩ ∪ ∩

KPf $���
Q

  

���A* ��/ 6���� '(
&)� '#(A B) C A (B C)=∪ ∩ ∪ ∩ a"#� "#�	 =��
&0

  

����	 ���PM ~� 
* �
��Q '� 'f
* ��:  

(A B) C A (B C) (A B) C (A B) (A C) A C C A C= → = ⇒ = ⇒ ⊂∪ ∩ ∪ ∩ ∪ ∩ ∪ ∩ ∪ ∪

"#� ���Q�� ���A*.  

  عدد اصلی یک مجموعه

'(
&)� .� ��>(� 	���*  ����� �0��5� �A �� �_T� 	�( ��  �� � ���
�n(A) �� D��&�

�0��5��� � �0��5� ��0:     D���>(� 	����* ���� � �0��5� �� '(
&)� 6��� 	��C� '(
&)� .� ��>(� 	���* ���

�� �0��5��� 6���� 	��C� �����.  

  :های مهم عدد اصلی

'(
&)� �	 �0 ���� �0��5� �:  

n(A B) n(A) n(A B)

n(A B) n(A) n(B) n(A B)∪ ∩

 

 

 

خواص اصلی اجتماع و اشتراک

 ���A  �B  �C ���A* ��/ 6���� '(
&)� '#

����	 ���PM ~� 
* �
��Q '� 'f
* ��

(A B) C A (B C) (A B) C (A B) (A C) A C C A C= → = ⇒ = ⇒ ⊂

���A C⊂ "#� ���Q�� ���A*

عدد اصلی یک مجموعه

'(
&)� .� ��>(� 	���*

'(
&)� �0��5��� � �0��5� ��0

�� �0��5��� 6���� 	��C�

های مهم عدد اصلی ویژگی

;I� ('(
&)� �	 �0 ����



n(A B C) n(A) n(B) n(C) n(A B) n(A C) n(B C) n(A B C)= + + − − − +∪ ∪ ∩ ∩ ∩ ∩ ∩   

n(A B) n(A) n(A B)− = − ∩  

n((A B) C) n(A B) n(A B C)− = −∩ ∩ ∩ ∩  

n(A) n(A B C)− ∩ ∩  

n(A) n(B) n(A B)+ −2 ∩   

a"#� ��d� 6��5A�� ��PM  

 	�( ��Ad* S�CT "&AQ E��� ����90  ��7 ������ �� .  

D�� �&Q� �	 	��(� 	���*  �� ��PM7[ ]=
90

7
  

D��  �� �0 � ��PM11 D�� ��PMA B:∩   

D�� �&Q� �	 	��(� 	���*  �� ��PM77[ ]=
90

77
   

    

n(A B) n(A) n(A B) [ ] [ ]− = − = − = − =∩
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'(
&)� '# �0 ���� �0��5� �:  

n(A B C) n(A) n(B) n(C) n(A B) n(A C) n(B C) n(A B C)= + + − − − +∪ ∪ ∩ ∩ ∩ ∩ ∩

�����M ��0:  

�0�� y�.  

n(A B) n(A) n(A B)

 �I� �0	 y�C �0�� y�.  

n((A B) C) n(A B) n(A B C)∩ ∩ ∩ ∩

 �C ��0�� y� ���7&0.  

 ld! �� �0	 y�B �0	 y�.  

  

 �� '- �&Q� �	 	��(� 	���*7 D��  �� �I� ����PM11 D�� a"#� ��d� 6��5A�� ��PM

  

D�� �&Q� �	 	��(� 	���* �	�- ���M ����  �� ��PM7  	�( ��Ad* S�CT "&AQ E��� ����

D�� �&Q� �	 	��(� 	���*

 ��77 D�� ��PMA B:→ ∩  �� �07 D��

D�� �&Q� �	 	��(� 	���*

n(A B) n(A) n(A B) [ ] [ ]− = − = − = − =
90 90

12 1 11
7 77

 

 

 

K ('(
&)� '# �0 ����

n(A B C) n(A) n(B) n(C) n(A B) n(A C) n(B C) n(A B C)∪ ∪ ∩ ∩ ∩ ∩ ∩

"I�N h�
�� �����M ��0

1(A  � �0	 y�B �0�� y�

2 (A  �B  �I� �0	 y�

3 (A  �I� �0	 y�B  �

4 ( ld!A  ld! �� �0	 y�

 �� '- �&Q� �	 	��(� 	���*

  

D�� �&Q� �	 	��(� 	���* �	�- ���M ����

'���� �
] '�:  



 '� F�	 87f � ^��]n  F�)�� ;_5�� ^��]

 �� � ��� =� ��%�*5 D�� a��� ��PM  

  

26  

 '� [�� 87f � ��� =� ��%�* ;_5�� 87f �	  � �_&( =���0m  '� F�	 87f � ^��]

m n× �� F�)�� ;_5�� ^��] 	
.  

  

�� �&Q� ��O� 	�( ���  	��(�  � '- "��# ��
*, , , , ,5 4 3 2 1 0  �� � ��� =� ��%�*

  

=�B��f �0 ���� F�Q�� 	���* :5 6 6 2   

× × × =5 6 6 2 360   

  

 	�( ���5 �� ���%* ���� �&Q� a"
� ��
*  

  

=�B��f �0 ���� F�Q�� 	���* :5 4 3 2 1   

�� "#� ����� 	���* bM :× × × × =5 4 3 2 1 120   

   

 ������%�  ������B0	 ��������T    

 

 

 

K�o �T�:  '� [�� 87f � ��� =� ��%�* ;_5�� 87f �	  � �_&( =���0

�/ 6	
  '� �&( �/ =��m n×

�� �&Q� ��O� 	�( ���

  

=�B��f �0 ���� F�Q�� 	���*

�� "#� ����� 	���* :5 6 6 2 360

 F�Q�� ��, , , ,5 7 3 9 1  	�( ���

=�B��f �0 ���� F�Q�� 	���*

�� "#� ����� 	���* bM



  

{ , , , }= 1 2 3ℕ … :����] 	��(� '(
&)�  

{ , , , , }= 0 1 2 3W :���AN 	��(� '(
&)�  

{ , , , , , , }= − −2 1 0 1 2ℤ … … :S�CT 	��(� '(
&)�  

a
{ a ,b }

b
= ∈ ∈ℚ ℤ ℕ :��
� 	��(� '(
&)�  

��0	 ���� 	��(� �
C� ��� ����
*.  

  

  

[( ) ] [ ]+ × − + = −1 1 41 2 3
5 5 5

   

27  

  عددهای حقیقی: فصل دوم

  عددهای گویا

{ , , , }1 2 3ℕ …

{ , , , , }0 1 2 3 …

{ , , , , , , }= − −2 1 0 1 2ℤ … …

{ a ,b }= ∈ ∈ℚ ℤ ℕ

	��(� �
C� ��� ��
� 	��(� D��&� :�� �� ��
� 	�( �0 ��0	 ���� 	��(� �
C� ��� ����
*

  

��0	 ���� 	��(� �
C� ��� ��.  

  

�� "&AQ �	 �� �
C� ��� ��0 ���-.  

  

+ 13
5

  ���
� 	�( '� "�A� ��+ 11
5

 ���- ����.  

  

�� "&AQ ���-.  

 

 

 

عددهای گویا: درس اول

  :یادآوری

	��(� �
C� ��� ��
� 	��(� D��&�

5
2

  �− 5
2

 ��0	 ���� 	��(� �
C� ��� ��

'_T�!  � F��- �0 �� "&AQ �	 �� �
C� ��� ��0

'���Q  ���
� 	�( �1
5

 �� �N�� �05 �� "&AQ



�� =	�@5#� �	�- E��� �0 i��  � ��
� 	�( �	 � ���- .E��� ����  	�( �	 ��0

r�7� .� F��- '- 	�- $���* ��
*"#� �*.  

r�7� 	�( �/ 6���� �*"#� �* .$�������:  

/
2 4 51 2 3
3 5 4

− > − > − > − > −   

,

,

⇒ >

⇒ > >

⇒ < 


1 5 8 5
3 1 53 24 24 24

1 3 7 9 7 3 24
3 7 21 21

   

�/ $���� 	�( �� K��5�� �� �0 ���-.  

	
� �0�
� �A- �	 $�� '_T�N 	�(.  

a a c c

b b d d

+< <
+

   

,= =1 5 1 2
2 10 5 10

   

= < < < =1 2 3 4 5 1
5 10 10 10 10 2

   

< <1 2 1
5 7 2

   

28  

 'A��d� ���� �� =	�@5#� �	�- E��� �0 i��  � ��
� 	�( �	 �

'A��d� �� b�# ?�
T � �� �0 r�7� .� F��- '- 	�- $���* ��
*

  

, / , , ,− − − − −5 4 22 3 1
4 5 3

  ���- 'A��d� ��.  

  
'��7� � 	��(� F�&* �
� ��5A0 �@�� �0 . '� �0 	�( �PI.�	7� ���� '�r�7� 	�( �/ 6���� �*

  
5
24

  �3
7

 r�7� F��-a"#� �*  

  
���-.  

3 1 5
7 3 24

�B�	 ���
� 	�( �	 $�� ��
� �	�( $���* :2 �� �-� �� i�� ���-.  

�� E��� �0 �� �A- �	 ��5�� ���- . �A- �	 ?�
T '� 'f
* �� b�#�/ $���� 	�(

�� ~&f �0�� �� �A- �	 E��� � ?�
T ���- .	
� �0�
� �A- �	 $�� '_T�N 	�(

  

��A�
�� ��
� 	�( .�.  

  
�� E��� �0 �� �A- �	 ���-.  

 

 

 

��
� 	��(� 'A��d�: 

�� ��A%� �� ��
� ���- .'A��d� �� b�#

  	��(�, / , , ,− − − − −5 4 22 3 1
4 5 3

'��7� � 	��(� F�&* �
�

  

 	�( '# $��  �1
3

  �5
24

�� 'A��d� �	 '� �	 ���-

�B�	 ���
� 	�( �	 $�� ��
� �	�( $���*

1 (�� E��� �0 �� �A- �	 ��5��

2 (�� ~&f �0�� �� �A- �	 E��� � ?�
T

 $��1
2

  �1
5

 ��A�
�� ��
� 	�( .�

[�� i�� :�� E��� �0 �� �A- �	

F�	 i��:  



=1 3
2 6

   

=2 4
3 6

   

    ��� K��o �	��( �	 �� �	 ��0 E��� � ?�
T bM  ����- . �	

× =

⇒ < < < <

× = 


3 4 12
12 13 14 15 166 4 24

4 4 16 24 24 24 24 24
6 4 24

  

����� �M ��Q �A-.  

 �	 �� �	 �0 E��� � ?�
T ���� 6���- E�	 �B�	 �A-n+1 

+< ⇒ < < ⇒ < <
+

5 6 5 5 6 6 5 11 6
7 7 7 7 7 7 7 14 7

  

 �	 �� �A- �	 E��� � ?�
T bM 6���- ���M ��0�
�2 

× = × ⇒ < < → < <× = 
×

5 2 10
10 11 12 5 11 67 2 14

6 2 12 14 14 14 7 14 7
7 2 14

  

29  

  

 ���- ���� ��
� 	�( '#.  

  
 . i�� '� �PI1 �� �N ���- .�� E��� �0 ��5�����-.  

 �4
6

 �&���A�
�� ����
� 	�( ����
* .    ��� K��o �	��( �	 �� �	 ��0 E��� � ?�
T bM

�� K�o ���-:  

⇒ < < < <12 13 14 15 16
24 24 24 24 24

 	�( K�o "_( '� �* ���- 'f
* ��  �4  E��� � ?�
T �	����� �M ��Q �A-

  
 �0�# "�M �A- �	 $��)��Q [�\� ����� ( ��0�
�� ���n  �	 �� �	 �0 E��� � ?�
T ���� 6���- E�	 �B�	 �A-

n =3  �	 �PI 6	
�+ =3 1 4 ��	�- K�o.  

  

  �6
7

 ��A�
��.  

  

< ⇒ < < ⇒ < <5 6 5 5 6 6 5 11 6
7 7 7 7 7 7 7 14 7

 	�( �	 $�� ��
� 	�( .� �
��� �0�# "�M ���
�  �	 �� �A- �	 E��� � ?�
T bM 6���- ���M ��0�
�

⇒ < < → < <10 11 12 5 11 6
14 14 14 7 14 7

 

 

 

 	�( �	 $��2
3

  �1
2

 

 F�	 i��"#� So�� .

�� ���  $�� �����3
6

  �4
6

$��  	�( �	 �f4 �� K�o

'5%� '� 	�( K�o "_( '� �* ���- 'f
* ��  �

 �0�# "�M �A- �	 $��

���- K�o . :�� [�\� �	n 3

  

 $�� ��
� 	�( .�5
7

[�� i��:  

F�	 i�� : 	�( �	 $�� ��
� 	�( .� �
�

�� K�o ���-.  

  



�� "#	 '� ��Ad* �&( F�)�� �� '- ����	 ��B�	 D��&� ��
� 	��(�   	��( .� ����(� D��&� �/ '� '- ��/

/= ÷ =1 1 2 0 5
2

   

/= ÷ =1 1 10 0 1
10

  

/ /= ÷ = =2 2 3 0 66 0 6
3

…  

/ /= ÷ = =7 7 6 0 166 0 16
6

…
  

 ��Ad* ���- �  E����  "&�AQ �� �	  ��q� 

��Ad* 	�-.  

�@T ����#� � �&( ��Ad* �	  '�_N���� 

/

/− ⇒ =

5
30

0 6
3

30 0 6
5

0

  

/

/− ⇒ =

0

20
70

0 35

760 0 35
20

100

100

  

��%�* =����. 

30  

�� "#	 '� ��Ad* �&( F�)�� �� '- ����	 ��B�	 D��&� ��
� 	��(�

  

����&� ����* ���(� F�! '� �� ��  	��(�.  

  

��
� '� D��&�  ����(� �!�- "#� ?�
T �A- �� �� E��� �/ 

D��&�  ����(� �0�A- �� '� �	 '5#	� F
5�� � K���5� ����
* ��Ad*

���0�A- ��5A0 '- '� F�B�0 ��Ad* ?�
T �� 6E��� '� �Q������� �@T

����(� $�� 6�0�A- �0��5� )F
5��( =����� ����
.  

  

��0�A-,
7 3

20 5
  �0��5� 6"#� ��� :  

  ,
7 3

20 5
6  E��������0 ld!  � =����&��0 [��2 �� 5 ��%�*

 

 

 

����(� 	��(�: �� "#	 '� ��Ad* �&( F�)�� �� '- ����	 ��B�	 D��&� ��
� 	��(�

�� ���
�.  

����&� ����* ���(� F�! '� �� ��  	��(�

���� ����* .� 	�(  ��
�

����B�.  � $�� "Of D��&�

1� �5#	  [�� ���0�A-

;Q
5� ��	
. D��&� ����(�

D��&� ����(� ��0�A-,

��0�A- ��
C*��PM�� ,
7 3

20 5

  



[�� 2 �� 5 �0�z 6	
 ����	 D��&� ����(� 

m n> 'f�
� 6��
  ������
*  ?�
�T � 

���
*  � 10 ���� �# '- $���  ���0��A- 

m n m n m n

m n m n m n m m m

x x x x
− − −

−

× × ×
= = =

× × × ×

5 5 5

2 5 2 5 5 2 5 10
  

, , ,
31 21 11 5

40 600 140 9
  

��%�* =�  �PI F
5�� "#�.  

��0 [�� 2  ��� 5  ��%��*  =��  �P�I  F
�5�� 

2 �5  ��� =����& [�� 7 7�� �����. 

"A��.  

 Y�0=�� '� �Q��=���� �@T  ��&� ���#� � 

����(� $�� �0�A- �� K���5� �������.  

����* '� D��&�  ����(�  ����  �  7��&�  ����%* 

F�B�0  ���Ad*  ?�
�T  ���  E����  ����  � 

�0�A- �� K���5� L-�� �������.   

 ��a����  

, , ,
2 16 4 7

3 45 33 6
  

31  

  

��
C*���PM�� '- �	 ��7)*  ���f��� ld! =����&��0 [��

 �	 ��7)*  E��� ��A- �,\� �� ?���(m n×2 5 '- �	 �/m n>

K�o =	�- � ��
*�0 �� ���A� ���- � '� $�� L�*�* �	 E��� ���
*

D��&� ����(�  �0��5� "
�.  

m n m n m n

m n m n m n m m m

x x x x
− − −× × ×

= = =
× × × ×

5 5 5

2 5 2 5 5 2 5 10

  

.�  � ��0�A- ��   F
5�� a"#�  

  

 � E��� �/= ×340 2 5 ld!  � =����&��0 [�� 2 ��5 ��%�*

7

200
 "#� '- E��� ��= ×3 2200 2 5 ld!  �  =����&��0

��PM�� � E��� �/= × ×2140 2 5 7 =�,( ��  =����&��0 [�� 2

 E��� �/= 29 3  =����& [�� 2 ��5 6	���� �PI  �0��5� "A��

���0�A- ��5A0 '- �5Q� ���*�
T �� �� ���f��� ��Ad* �����- 

7�&� .� �� ��� �Q� '� �
] K���5� ���%* ����
.  D��&� ����(�


�	 '� �	 '5#	 ��Ad* ����
. �	 ����  � �/�0 F�B�0 ����*

D��&�  ����(� �/�0 �� K���5� =	�# �������. ���� �B�	 7�� '� F�B�0

���/ b�# ���%* F�Q��  �k/ ��		��. D��&� ����(� $�� �0�A-

  

 .�  � ��0�A- ��  K���5� =	�# � F��- .� K���5� L-�� 

 

 

 

'� �
] �_- ��0�A- ��
C*

�0��5�  ������. ���  ��� 

E��� �A- �� �	m n−5 K�o

�� ����
* '� ?�
T D��&�

D��&� ����(� F��- .�

�A-
31

40
 ��
C*��PM�� 

�A-
21

600
 ����� �A-

7

200

"#�.  

�A-
11

140
 ��
C*��PM��

$������� F
5�� "A��.  

�A-
5

9
 ��
C*��PM�� � 

2� �5#	  F�	 ���0�A-

�	 E��� "&AQ ���  � 7�&�

 $�� '5#	  � �0�A- 
�

F�Q��  �k/ ��	
 '- D��&�

7�&� .� �� ��� �Q� �����/

D��&�  ����(� F��- 



 =	�# K���5�

/

/⇒ =

3
20

0 66

18
2

20 0 6
3

18

2

…

  

/ ...

/⇒ =

45
160

0 355

135

250
16

225 0 35
45

250

225

25

  

/

/⇒ =

33
40

0 1212

33

70

66
4

40 0 12
33

33

70

66

4

…

  

 L-�� K���5�

/

/⇒ =

6
7

1 166

6

10

6
7

40 1 16
6

36

40

36

4

…

  

32  

  

  =	�# K���5�

  L-�� K���5�/225 0 35

 =	�# K���5�/40 0 12

 L-�� K���5�

 

 

 



L�*�* ��  �&( �����-:  

�A- �� '�7)* �����-. ��� �	 ��7)* E��� 

�0�z 6	
  D���&�  �����(�  �A-6�  K����5� 

�� 5 	
f� '5�	 6���  D���&�  �����(� 

, ,
4 21 33

18 45 60
  

����(� �A-
4

18
 K���5� =	�# "#�.  

 ��B�	  7��� 6	��	  �P�I  D���&�   �����(� 

��%�* 6=�  $��������  D���&�  �����(� - ��A 

  

( ( ))− ×− + − × + ÷ − +4 3 2 3 2 5 1 1 );I�  

( )

( )

− × +
=

− ×

28 5 1 3
5

3 110 3
7 2

)K  

=
−

−
−

1
12

12
12
2

 )u  

33  

  

D��&�  ����(� .� �A- K���5� =	�# �� L-�� 6"#� '� $�� L�*�*

���- �* '� .� �A- ��
C*��PM�� ����* 	
. b�# E��� �A-

	
f� '5��� ��� � �Q��N �%�  �  =����&��0 [�� �B�	 �0�z

E��� =����&��0 [�� 2 ��  5 � �Q��N .�  =����& [�� ��k  �2 ��

  

  
��0�A- ��  6�0��5� K���5� =	�# �� L-�� a"#�  

  

E��� �/ ����= 29 3 ld!  �����& �[� 3 	��	.  �PI D��&� ����(�

E��� �/= ×15 3 5 =�,( ��  �����& [�� 5  6 �����& [�� 

  

E��� �/= ×220 2 5 ld!  �  =����&��0 [�� 2 �� 5 ��%�*

 :تقدم اعمال ریاضی

������ '� 75���M $��* 75���M $��*  

"#�� '� ��  � ��Ad* � K�o  

  
������ �� ��  ��0.  

( ( ))− ×− + − × + ÷ − +4 3 2 3 2 5 1 1

 

 

 

���� ����* $�� '- D��&�

 ��5�� �A- �� =	�# �����-

=����&��0 [�� 2 �� 5 	
f�

=	�# � ��� �	 ��7)* E���

6�A- K���5� L-�� "#�.  

D��&�  ����(� ��0�A-

�A-
4

18
 �����

2

9
 '- E���

�A-
21

45
 �����

7

15
 � E���

�A- K���5� L-�� "#�.  

�A-
33

60
 �����

11

20
 � E���

�0��5� "#�.  

تقدم اعمال ریاضی
1 (�_��	 ������ '� 75���M $��*

2 (��
*  

3 ("#�� '� ��  � ��Ad* � K�o

4 (^��@* � ~&f  

?���( �T�N������ �� ��  ��0



 ( ) ( )− − − −÷ ÷ ÷ =1 1 1 12 3 4 5 )?  

+ + + + =⋯
1 2 3 191 2 3 19

10 10 10 10
 )�  

( ( )) ( )

2 5 3

4 3 2 3 2 5 1 1 4 3 2 3 3 1
− =−

− ×− + − × + ÷− + =− ×− + − ×− + =��� );I�  

( ) ( )12 2 9 1 1 1 1 1 2− − + + + = − − + = + =  

( )

( )

−− × +
=

− ×

2 8 58 5 1 3
5

3 1
10 3

7 2

(
7

5

−
3

10
7
×

 )K  

�

= = = = =
− − − −

−
−

2
3

4
3

1 1 1 1 1 4
1 1 3 8 3 52 2 2

1 4 4 4 4 42
1 32
2

�				


 )u  

( ) ( ) ( ) ( )− − − −÷ ÷ ÷ = × ÷ × = × =1 1 1 1 1 3 1 5 3 4 62 3 4 5
2 1 4 1 2 5 5

 )?  

( ) ( ) ( ) ( ) ( )

1 2 3 191 2 3 19
10 10 10 10

1 2 3 19 1 2 3 191 2 3 19 1 2 3 19
10 10 10 10 10

+ + + + + + + + ⇒ + + + + +
�		
 �		
 �		
 �			


 )�  

190 19 209= + =  

x

x x

= + ⇒ = + = + ⇒ = → + = + → =−
++

8 1 8 1 8 2 11 1 1 16 8 15 5 3
1 2 15 5 2 1 5 2 12

  

34  

( ) ( )

  + + + + =1 2 3 19
10 10 10 10

  

� �( ( )) ( )
12 9

4 3 2 3 2 5 1 1 4 3 2 3 3 1
− +

− ×− + − × + ÷− + =− ×− + − ×− + =���

12 2 9 1 1 1 1 1 2− − + + + = − − + = + =

(
7

5
)+3

3

7
×

7

− +
= = =

−

8 7 3 4 8
3 17 1710
2 22

= = = = =
− − − −

1 1 1 1 1 4
1 1 3 8 3 5 5

4 4 4 4

( ) ( ) ( ) ( )÷ ÷ ÷ = × ÷ × = × =1 3 1 5 3 4 6
2 1 4 1 2 5 5

( ) ( ) ( ) ( ) ( )

1 2 3 191 2 3 19
10 10 10 10

1 2 3 19 1 2 3 191 2 3 19 1 2 3 19
10 10 10 10 10

+ + + ++ + + + + + + + ⇒ + + + + + ⋯⋯ ⋯
�		
 �		
 �		
 �			


  

= +8 11
5

  ���d�x a"#� �	�( '�  

  

 �A- v�5�� E��� $5!�� ^��]  �

x
+

1
12

 =	�# �� �� �*  ���-:  

x x x
x x x

x x

+ += + ⇒ = + = + ⇒ = → + = + → =−
+ +

8 1 8 1 8 2 11 1 1 16 8 15 5 3
5 5 2 1 5 2 1

 

 

 

  

 1 2 3 19 1 2 3 19+ + + +⋯

 ���A* �	

x

= +
+

8 11
12

 �A- v�5�� E��� $5!�� ^��]  �

x x x= + ⇒ = + = + ⇒ = → + = + → =−1 1 1 16 8 15 5 3



x
x x x

x

− = → − = − → =
−

5 1 10 2 6 4
6 2

   

  

− − − − −1 1 1 1
100 99 98 50

  ������ ��.  

x− − − − − =1 1 1 1
100 99 98 50

⋯  

A+ + =49 99
50 100
⋯  

              ��  

A+ + =99 49
100 50

⋯  

( ) ( ) ( ) A x− − + − − + + − − = −99 1 98 1 49 1
100 100 99 99 50 50

⋯   

( ) ( ) ( ) A x+ + + + + + = −

1 1 1

99 1 98 1 49 1
100 100 99 99 50 50

⋯
�					
 �			
 �			


   

A x A x x A51 1 51 51× = − → = − → = −   

( )

( )
= =

2

3

2 4
33 9

2 8 2
3 27

   

35  

  

  ����� �T�N �* ���- �- �	�( '�1
2

 a	
  

  

x x x= → − = − → =10 2 6 4

  

A = + + + +49 50 51 99
50 51 52 100

⋯ ��� . ���d�− − − − −1 1 1 1
100 99 98 50

⋯

  

x

      

���-.  

( ) ( ) ( ) A x− − + − − + + − − = −99 1 98 1 49 1
100 100 99 99 50 50

⋯

( ) ( ) ( ) A x+ + + + + + = −

1 1 1

99 1 98 1 49 1
100 100 99 99 50 50�					
 �			
 �			


A x A x x A51 1 51 51× = − → = − → = −

"#� [�w# 	�
�.  

  

����/ "#	 '� ��  �/ L�%� '�.  

  

 

 

 

 E��� � ?�
T  �5
6

 

 ���- Z�!= + + + +49 50 51 99
50 51 52 100

⋯

  

��0	 �� ���Q:  

    

A x− �� K�AN �� ���-

x  ?���( ��&0"#� [�w# 	�
�

 ��P)� "�A�2
3

 ����/ "#	 '� ��  �/ L�%� '�



)
n(n ) n n

1 1 1 11 1
1 2 2 3 1 1 1

+ + + = − =
× × + + +

⋯   

) ( )
n(n ) n

1 1 1 1 12
1 3 3 5 2 2 2

+ + + =
× × + +

⋯  

 �T�N 6���AB ������ ��.  

A = + + + = − =
× × ×
1 1 1 1 91

1 2 2 3 9 10 10 10
⋯  

B ( )= + + + = − =
× × ×
1 1 1 1 1 5

1 3 3 5 9 11 2 11 11
⋯  

A B× = × =9 5 9
10 11 22

   

�/ ����(� F�Q�� 	���* '- �� �� �0   6"�A�� K���* =��	 ����	 � ��&

  

  

36  

  
n

n(n ) n n

1 1 1 11 1
1 2 2 3 1 1 1

+ + + = − =
× × + + +

n
) ( )

n(n ) n

1 1 1 1 1
1 3 3 5 2 2 2

++ + + =
× × + +

  

A = + + +
× × ×
1 1 1

1 2 2 3 9 10
  �B = + + +

× × ×
1 1 1

1 3 3 5 9 11
⋯  �T�N 6���

  
�� ��  '5%�  � [�w# $�� �N ���� 	
&� =	�@5#� ��
*.  

= + + + = − =1 1 1 1 91
1 2 2 3 9 10 10 10

B ( )= + + + = − =1 1 1 1 1 51
1 3 3 5 9 11 2 11 11

  عددهای حقیقی

 ����� ���0	�(2  �10  �π �/ ����(� F�Q�� 	���* '- ��

cQ  ��Q′ �� D��&� ��0	.  

  :نمایش اعداد گنگ روی محور اعداد حقیقی

  
��0	 D��&� �d�dN 	��(� �
C� ��� ��.  

  

+3 5  	�(  � 	
�3'jd� 6  �� �_\� h�� ���	�	 ���Q. 

 

 

 

 ���= + + +
× × ×
1 1 1

1 2 2 3 9 10
⋯

  

�� ��  '5%�  � [�w# $�� �N ����

عددهای حقیقی: درس دوم

 x�� 	��(�)�T�:(  ����� ���0	�(

 x��)�T� (��  �� � �����cQ

نمایش اعداد گنگ روی محور اعداد حقیقی

+3 5  �−3 5 ��0	 D��&� �d�dN 	��(� �
C� ��� ��

 

  

 �
� :�� [�\� �	3 5
 



  

  

 

  

  

−5 10 �� ���� ���0	.  

 	�(− −2 6 �� ���� ���0	.  

   ��� D��&�     �
�C� ��%��* '�- ���0	

x x x− = → = → =±2 24 0 4 2   

A { , ( ) } { , }−= − =2 2 12 2 4
4

  

  

);I�( 

37  

  

−10 5 ��0	 ���� �
C� ��� ��.  

  
 �	 �� �_\� h�� 'jd�3 ��	�	 ���Q.  

 �	 �� �_\� h�� 'jd�5- ��	�	 ���Q.  

  
'jd� ��  ��0  �A a"#� �	��(� '� �B����  

  

  � h�� �5 !� �� "&# '� � "#�"#� '5 . �PI   	�(−5 10

 h�� �−2  �*� $���/ � "#�6 �� ���� �� �0	 . bM  	�(

�� �d�dN 	��(� �0�� �� ��
� 	��(� � x�� 	��(�  	�&� �� � �����ℝ 

  

  
x

A {x x , x }= ∈ − = �/  =��A ���- '�#�C� ��.  

  

4 0 4 2

)K( 

 

 

 

  	��(�−3 3  �−10 5

  

 �	 �� �_\� h�� 'jd�

 �	 �� �_\� h�� 'jd�

�% �	'jd� ��  ��0

;I� �% �	 ('jd�   � h�� �

K �% �	 ('jd�  h�� �

  

�d�dN 	��(�: �� �d�dN 	��(� �0�� �� ��
� 	��(� � x�� 	��(�

�� �� �d�dN 	��(� ��0	.  

 ���A {x x , x }= ∈ − =ℝ 2 4 0



  

    �/ 6����� ��d�dN � ���
� 6����AN 6S�CT 6����] 	��(� �   =���

 }⊂ ⇒ =
⊂ ⇒ =
ℤ ∪ℤ ℤ

ℕ ℝ ℝ∪ℕ ℝ
W W

   

� �( ) ( ) = = =
ℝℤ ℤ

ℤ∪ ∩ ℝ∪ℕ ∩ℚ ℤ∩ℝ∩ℚ ℤ∩ℚ ℤ���W  

{ ⊂ ⇒ =
⊆ ⇒ =
ℤ ℝ ℤ∩ℝ ℤ
ℤ ℚ ℤ∩ℚ ℤ

  

 � ��*���( ����� ���- ��P)� ��� ���� :8  �7  �6 bM:  

< < < <5 6 7 8 10  

−2 5 + +7 5 = ∈9 ℚ  

38  

  
 �ℚ   �ℝ   '(
&)� L�*�* '�     �/ 6����� ��d�dN � ���
� 6����AN 6S�CT 6����] 	��(� �

( ) ( )ℤ∪ ∩ ℝ∪ℕ ∩ℚW  ������ ��.  

  
⊂ ⊂ ⊂ ⊂ℕ ℤ ℚ ℝW   

����	 [�w# 	�
� ?���( �	 ���P�:  

�= = =
ℤ

ℤ∪ ∩ ℝ∪ℕ ∩ℚ ℤ∩ℝ∩ℚ ℤ∩ℚ ℤ

  
�� ��
� 	�( �	 �0 $��  ��
� 	�( ��&	��	 	
f�.  

  
�� �0 x�� 	�( �	 �0 $�� 	��	 	
f� x�� 	�( ��&.  

  

���- ���M x�� 	�( ���.  

  
( )210 10 . $�� '- �	��(�5  �10  � ��*���( ����� ���- ��P)� ��� ����

���- "Q	 ��  ?�%� '�:  

  
	
 ��
� �	�( "#� $%&� x�� 	�( �	 h
&)�.  

  

+7 5 �/ h
&)� ��� ��5A0 x�� "#� ��
� �0.  

ℚ

  

	
 ��
� �	�( "#� $%&� x�� 	�( �	 ^��@* �T�N.  

 

 

 

 ���ℕ   �ℤ  �W �ℚ

'(
&)�  �( ) ( )ℤ∪ ∩ ℝ∪ℕ ∩ℚ

����	 :⊂ ⊂ ⊂ ⊂ℕ ℤ ℚ ℝ

��f �� ����	 [�w# 	�
� ?���( �	 ���P�

�� ��
� 	�( �	 �0 $��

�� �0 x�� 	�( �	 �0 $��

 $��5  �10 ���- ���M x�� 	�( ���

( ) =25 5  �( ) =210 10

���- "Q	 ��  ?�%� '�

	
 ��
� �	�( "#� $%&� x�� 	�( �	 h
&)�

 	��(�−2 5  �+7 5

	
 ��
� �	�( "#� $%&� x�� 	�( �	 ^��@* �T�N



( ) ( )− − − + = −11 3 3 5 11 3  

 	�&� �� � ����� �� D��&� ��0	.  

( )− − + + + = − + = − + =2 1 3 1 5 1 1 1 4 6 1 4 6 3  

/2 1 4≃   

/3 1 7≃  

/5 2 2≃  

/6 2 4≃  

/7 2 6≃  

/8 2 8≃  

39  

  

− + �/ ^��@* ��� ��5A0 x�� �	 �0 "#� ��
� �0.  

( ) ( )− − − + = −11 3 3 5 11 3 + 3 − = ∈5 6 ℚ

  

	
 ��
� �	�( "#� $%&� x�� 	�( �	 K�o �T�N.  

  

 ��� ��5A0 x�� �	 �0× = =2 18 36 6 "#� ��
�.  

  

 x�� 	�( �	 ��Ad* �T�N	
 ��
� �	�( "#� $%&�.  

  

 ��� ��5A0 x�� �	 �0= =18 9 3
2

 "#� ��
�.  

  ریبیققدرمطلق و محاسبه ت

'jd� �* �
C� ��� 	�( �0 � �� �/ ^_j� ��Q �� �@T �  	�&� �� � �����

  

 �T�N 6���a a a− − + + +2 3 5 1 ����/ "#	 '� ��.  

  
�� ���Q �� ��0	.  

− − + + + = − + = − + =2 1 3 1 5 1 1 1 4 6 1 4 6 3

  
"�	 ��0�
�  ��� ��  ����d* ��	�d� '� ?��#�C� �	.  

 

 

 

−11 3  �− +3 5

	
 ��
� �	�( "#� $%&� x�� 	�( �	 K�o �T�N

18  �2  ��� ��5A0 x�� �	 �0

 x�� 	�( �	 ��Ad* �T�N

18  �2  ��� ��5A0 x�� �	 �0

قدرمطلق و محاسبه ت: درس سوم

^_j� ��Q: '_T�! 'jd� �* �
C� ��� 	�( �0 �

 ���a=1  �T�N 6���

 ��f '�a  	�(1 �� ���Q ��

"�	 ��0�
�  ��� ��  ����d* ��	�d� '� ?��#�C� �	



=2 2   

− =5 5  

− = − =1 6 5 5  

− = =11 3 8 8  

=4 4
3 3

  

− = −3 2 3 2  

− = −3 5 5 3  

( )− =− − =− + = −1 2 1 2 1 2 2 1  

    6	
�� "��\� ^_j����Q ���	 ?���( �T�N ��� $�������

    K��o ��@�� .�� �	 �� �/ ���� 6	
� �@�� ^_j���Q ���	 ?���( �T�N ��� ��� 	��/ ����� ^_j���Q ���	  � ��
*

/ /− − = −1 2 1 1 4 0 4≃   

( ) ( )

+ − += = = =
− − +

5 7 5 7 12 12 1
2 5 7 2 5 7 2 12 24 2

  

  

b c− =  �c d− = 4 '�&0 h
&)� 6  �

40  

  

���- 'f
* ��  ��0.  

− =− − =− + = −1 2 1 2 1 2 2 1

��� "�\� ���� ^_j���Q  � =��/ ����� ?���( '- .    6	
�� "��\� ^_j����Q ���	 ?���( �T�N ��� $�������

    K��o ��@�� .�� �	 �� �/ ���� 6	
� �@�� ^_j���Q ���	 ?���( �T�N ��� ��� 	��/ ����� ^_j���Q ���	  � ��
*

� �@�� ?���( �T�N �- bM 6−1 2 	
 K�o �@�� �	 ����.  

  

b  �T�N 6���
a b

a b

+

−2
 ���- '�#�C� ��.  

  

 �b = −7 ����	 ?���( �	:  

= = = =5 7 12 12 1
2 5 7 2 5 7 212 24 2

  
 ���� �d�dN 	��(� . '- s� $�� ��a b− = 2  �b c− = 3

a d ����/ "#	 '� ��.  

 

 

 

?���( �T�N '����- 'f
* ��  ��0

$�� '� 'f
* �� ��� "�\� ���� ^_j���Q  � =��/ ����� ?���( '-

�� �� �/     K��o ��@�� .�� �	 �� �/ ���� 6	
� �@�� ^_j���Q ���	 ?���( �T�N ��� ��� 	��/ ����� ^_j���Q ���	  � ��
*

	�- . �	−1 2 ����	:  

� �@�� ?���( �T�N

  ���a = 5  �b = −7

��f ��  ���P�a = 5  �

  

 ���- Z�!a  �b  �c 

 ���� $%&� ��	�d�a d−



a b

b c

c d

− = ± 
− = ± 

− = ± 

2
3
4

   

a b−
b

=±
+

2
c−

c

=±
+

3

d

a d a d &'��� ! ()*�����

− =±
− =− + − =+

4

9 9 9

   

/ / /2 1 4 4 2 4 1 4 5 6 4 2 6 0→ × = ⇒ − <≃ ≃   

( ) ( )4 2 6 2 3 2 2 6 4 2 2 3 2 2 6 4 2 6 4 2 12− + + = − + + = − + + =  

( | |) | | || | | | |− = − = − = − =2 2 21 2 1 2 1 4 3 3   

41  

  
����	 ^_j� ��Q ��
� �����:  

����	 ?���( '# "&# �	 �0 �	�- ~&f ��:  

a d a d()*����� − =− + − = +→9 9 9

  

− + +4 2 6 2 3 2 2  ������ ��.    

  

/ / /2 1 4 4 2 4 1 4 5 6 4 2 6 0→ × = ⇒ − <

( ) ( )4 2 6 2 3 2 2 6 4 2 2 3 2 2 6 4 2 6 4 2 12− + + = − + + = − + + =

  

 ����� 	�( �0 ���� =��
&0a ����	 :a a=2.  

  

( | |)−1 2  ������ ��.  

  

( | |) | | || | | | |− = − = − = − =1 2 1 2 1 4 3 3

 

 

 

����	 ^_j� ��Q ��
� �����

����	 ?���( '# "&# �	 �0 �	�- ~&f ��

  

 ?���( �T�N− + +4 2 6 2 3 2 2

$�������:  

 ����� 	�( �0 ���� =��
&0

  

 ?���( �T�N( | |)− 2 21 2

  



  استدلال و اثبات در هندسه  

'�A� �� h
o
� �	�- ���� �� F
_�� ���� 6�_�Q ��0  �	 '- ��

 ���� �� ?��0��� '- "�	 'f
* ���� ��� 6��-

�� �5#�	�� ���5� '� �� �� �0�� � ��5A�� ����&]� ���Q �T �	 �T 6�0 ����#� .  

  

�� D- '- ���- ��C5�� ����
*AB  �CD 

 =	
O�� ���- ���A�� +�
N  � =	�@5#� '_�A� .� [:�5#� �� � �	��/ ��I	 ���� '- 	


'� � �	�- ��_�  ��100 "�	 �� ��
_�- .�/  �	 �0 �0

�� �*��@5� ��0 ��	�- .  

'� � "A��
5� [�N $�� �� 	
� =	�	 F�)�� ��5O� ?����&* ��	�� '� � $�� D�M �  �90  ��_� �� ��
_�-

 �� �	 =�� "#� =	
�� ^!
� E�  ��0 .  

42  

استدلال و اثبات در هندسه  : فصل سوم

  استدلال

'5A��	  � =	�@5#� � �	��/ ��I	 ���� [:�5#� '�A� �� h
o
� �	�- ���� �� F
_�� ���� 6�_�Q ��0

 .  

'_�A� �� h
o
� �5#�	 '- �I:�5#� '� �� ?��X� ��- ���� �� �� ���
� .  

  

=�� ����* � '_�A� v�	 '� �	��  .&- '#��0 �	 �% �#��� �N  ���� �� ?��0��� '- "�	 'f
* ���� ��� 6��-

�% "I�N �� � �0 �� �5#�	�� ���5� '� �� �� �0�� � ��5A�� ����&]� ���Q �T �	 �T 6�0

  

AB  �CD a�������  

  

 [�� =�B� �	 ���CD r�7� �� ��� ����� �q� '� �* l�  � =	�@5#� �� D-

�� "�	�� �
]  =	
O�� ���- ���A�� +�
N  � =	�@5#� '_�A� .� [:�5#� �� � �	��/ ��I	 ���� '- 	


  

'� � ?�d��A� ���	 [
��� ���9M � �&�� ��	
� ���	�� .'� �  �{Q ���	��'� � �	�- ��_�

[:�5#� 	
� ��(	� ���� ��- ��_� �� '� � ���
* �� �*��@5� ��0

'� � "A��
5� [�N $�� �� 	
� =	�	 F�)�� ��5O� ?����&* ��	�� '� � $�� D�M �

 .'� � $�� ?�d��A� �0��� $�=��	 �� ��	�� F� .Y�0 ��  �� �	 =��

	�&5(� ���Q .�  a"#� �*  

 

 

 

   

استدلال: درس اول

[:�5#�: '5A��	  � =	�@5#� � �	��/ ��I	 ���� [:�5#�

"#� =	
� ������ ��5�� .

?��X�: '_�A� �� h
o
� �5#�	 '- �I:�5#� '�

=�� ����* � '_�A� v�	 '� �	��  .&- '#��0 �	 �% �#�

= ���� ����* �% "I�N �� � �0

=��M [
] ��/ l�  ��0AB

������� �	 �0 . [�� =�B� �	 ���

����	 ���A%� [
] .  

$�� [�\� $��  � �PI �� "�	�� �
]

"#� .  

'� � ?�d��A� ���	 [
��� ���9M � �&��

�&� �� '- ��5�	 =��d( [:�5#� 	
� ��(	� ���� ��- ��_� �� '� � ���
*

�&�� :'5@0 ���  '� � "A��
5� [�N $�� �� 	
� =	�	 F�)�� ��5O� ?����&* ��	�� '� � $�� D�M �

��-.   

���9M :"#� '���	  ���� .

F��- [:�5#� 	�&5(� ���Q .�



 �]��*�� Y�0 '5@0 ��0 �� '- "@� ���� ���9M [:�5#� 	�
� �	 ��� ��	��/ ��

D�� [:�5#� $�� � "#� =	
� �Q�@*� �,��- E�  ��0 �� �	 ��	�� '!��� '� �*-

'_�A� �0 �	�- ���� �� ?  � ?�(,]� [�� ��

�� ��  � �7�� '� '_�A� '- ������ ���� �/  � bM  �0�
�

�� �%N �/ '� ���- ?��X� ���� '- �� �7�� �/ ���
� .- �N i�� � =�� � �	�

'���  '� ���d� ~_o  � 6�* .�
- � r�7� �*"#� �* .  

43  
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  آشنایی با اثبات در هندسه
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B� $�# '#��0 �	 ?��X� 	�
� �	 ��0�
� .��X� ����'_�A� �0 �	�- ���� �� ?

�/ '� �,jT� �	 '- ��)�# �� Z�! �0 ���
� .�� ��  � �7�� '� '_�A� '- ������ ���� �/  � bM

�� �	�- ?��X� ���� �7�� '� �� �0�
� .�� �%N �/ '� ���- ?��X� ���� '- �� �7�� �/

���
� ��0�� �� '_�A� �%N '� ���#� � ?��o�!  � =	�@5#� �� [:�5#� .  

  

������� ���d� ��0.  

  

�� �� '_�A� �%N � Z�! ��5�� ��A�
� .  

  

������� � 
I ���d� ��0 .  

� �
5� �(
� � 
I '- ����	 bM "#� h,o:� :  

"#� h,o:� .  

~_o 6h,o:� � �
5� �	 ������� ���d� ��0 .  

������� ���d� ��0 .  

  

��A�
�� ��  '_�A� ���� �� �%N � Z�!.  

~_o 6���� ���A��� 6'���  �	 �_\� .� �	 ��� '���  '� ���d� r�7� � '���  '� ���d� ~_o  � 6�*
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آشنایی با اثبات در هندسه: درس دوم
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� ��0�� �� '_�A� �%N '� ���#� � ?��o�!  � =	�@5#� �� [:�5#�

~_o 6� 
I �	 ���- "��X ������� ���d� ��0

�� �� '_�A� �%N � Z�! ��5��

Z�! :"#� � 
I �% .  

�%N :~_o ������� � 
I ���d� ��0
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I '- ����	

� �
5� �(
� � 
I "#� h,o:�
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5� �	
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I �	 ������� ���d� ��0

  

 ��A�
�� ��  '_�A� ���� �� �%N � Z�!

 ~_o 6���� ���A��� 6'���  �	 �_\� .� �	 ���
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�� �% �#� ���# '� '_�A� �5O� v�	 ���� ���� .  

  

 � "#� �_\�ˆ ˆA B>   

 �o��� ��0	�&� � ��,(  � =	�@5#� �� bM $��  � ����	 :�� [�\� �	 '- �
] ��&0=�� � �%N � Z�! 6'_�A�

"N�� ��&���� �� ��- $�� � 	�- ��0�
� 	�- �0�
� �* .  

  

 �_\� .� �_��	 ��0°180 "#� .  

  

'_�A� ���&O! �5O� ���� =�� $��5O�"#� �% ����- �#��0 ��0 .  

�� �� �%N � Z�! 6�%  � =	�@5#� �� :�N ��A�
� .  

�� �\_\� h
� �0 � "#� =�
�I	 �\_\� ��� ���
* .  

ˆ ˆA B C    

BC �� �#�  +��  � '- ���-A 	�PB� .����	 :  

     'C@T ���ˆ ˆ ˆ ˆ ˆˆA B C A A A→ + + = + + = °2 1 3 180 



  
ˆd||BC B A

ˆ ˆd||BC C A
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] ��&0

"N�� ��&���� �� ��- $�� � 	�- ��0�
�
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'_�A� ���&O! �5O� ���� =�� $��5O�
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∆

 �� �\_\� h
� �0 � "#� =�
�I	 �\_\�

�%N :ˆ ˆˆA B C+ + = 180

?��X� : ?� �
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"#� ����� i���)���k �_��	 � .  

�_\� �_��	°180 "#�.ˆ ˆˆA B C+ + = 0
1 180   

�� 'C@T ��� � �0	 .ˆ ˆC C+ = °2 1 180   

$�� � 	
� �0�
� "#�	 '��&0 ���� '_�A� �� h
o
� �/ 	
 "��X ?��o��� �	 �(
o
� �5Q� ���- "Q	  �� '- "A�� �
]

  

 ���� �% ����� ���ˆˆ=1 3  .  

1̂ ˆ ˆ+ =2 3 ˆ ˆˆ+ ⇒ =4 2 4  
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� .  

�� �\_\� h
� �0 � "#� =�
�I	 �\_\� ��� ���
* .  

             '���  h
&)���0 �_\� �_��	

ˆ ˆC ,C2 1  '���  ��%�* �� 'C@T ��� �

$�� � 	
� �0�
� "#�	 '��&0 ���� '_�A� �� h
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�PI ��� :ˆˆ+ = °1 2 180  

�&%� ��0 ��� .ˆˆ+ = °3 4 180  
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ˆ ˆˆA B C⇒ + + 1
ˆ ˆC C= +2 1

ˆ ˆ ˆC A B= +2
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I
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Z�! :ˆˆ=1 3   

�%N :ˆˆ=2 4   

1̂  �2̂  '��� �&%� ��0 �PI ���
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bM :ˆˆ ˆˆ+ = +1 2 3 4   Z�! �� ��� ���
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 ~_o �AD  bM 6"#� v�5�� �_\� �	 �	

"�O�&0 �0���/ �z��5� ��7f� bM 6��� "#� ����� �0 .
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*
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A BC AB AC
∆

⇒ = ���A5�  $�Q�AI�  
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 �_\� '- ��0	 ����BCE ���A5�  $�Q�AI�

  

  

46  

  

������ �� =� =	�	 [:�5#� [�%� � ��A�
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A DC
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∆
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 �_\�A BC
∆
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�_\� ��0A D B
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 ABCD AB BC

 A BC AB BE
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ˆ ˆx z=(  

ˆ ˆ y , z y z
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⇒ =
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���������
   

  

 .  

A D E �_\�  

  

A D E+ + = °  �ˆ ˆˆA B C+ + = °180   

ˆ ˆˆA B C

ˆ ˆˆ ˆA E D A

ˆ ˆE B a

+ + = ° + + = ° ⇒
= = 

1 1

1
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ABE ���A5� �_\�  h,o:�  

���A5� �_\� "#� $�Q�AI� .BE BC=   
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a
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a
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�_\� ��0	 ����PQT ���A5� "#� $�Q�AI�.  

QP PS ������� �0 �� ~��� h,o�.  

PS PT ���A5� �_\� h,o�  ������� h,o:� .  

                 

  )K(  

x x° = °+ ⇒ = °115 90 25   

Q̂ ( )= °− + ° = °1 180 90 50 40   

ˆy Q x

y

= °− − = °− °− °= °

= °

1180 180 40 25 115

115
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 � ~��� .�PST ���A5� �_\� .� "#� h,o:� .�_\� ��0	 ����
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 ��	�d� ��  ��0x �y ���- ���M �� .  
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A BE BC D
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A BE BC D
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  ها  همنهشتی مثلث
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همنهشتی مثلث: درس سوم
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��5A0 '���5� �0 �� "I�N '# �	 �_\� �	 :  

'���  � L#��5� ~_o �	 �	
� ���	  ~_o �	 $�� ���A� �  

 ~_o '# �	
� L#��5�  

  
'���5� �_\� �	 ��� .  

(زز)
A D E ~ A BC

∆ ∆

'���  '� ���d� ��0 L#��5� ���A� ��q� ��0 :�� �% �	 ���� 6���

  
'���5� �_\� �	 ��  �% �	 ��� .  

)�O�/ $�� ���A�  '���  � L#��5� ~_o �	 "I�N '� (A BO ~ A B O
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′ ′

  
'���5� �_\� �	 ��  �% �	 ��� .  

)L#��5� ~_o '# "I�N '� (A BC ~ A B C
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  تشابه دو مثلث 

��5A0 '���5� �0 �� "I�N '# �	 �_\� �	
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2- '���  � L#��5� ~_o �	 �	
� ���	

3-  ~_o '# �	
� L#��5�
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~_o 6'���5� �_\� �	 �	 '���  '� ���d� ��0

'���5� �_\� �	 ��  �% �	

)

s'���5� �_\� �	 ��  �% �	
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 �I�� �_\� �� '���5� �\_\� ~_o $��*20 �5��# "#� �5� . l�C�

"#� L#��5� �B�	 �_\�  � i�z��5� ~_o �� ~_o �0 bM 6��� ..�
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5 1
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= =
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4
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= × =
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'���5� �*�
T �	 '_%� 6��5A�� '���5� =��
&0 $�Q�AI� '���  '- ���

A5� ���� '���5� =��
&0 $�Q�AI� ��� .  

"�A� '���5� �_\� �	 �	  h�@*�� '���� 6�0 �A&�� 6�0 ;{�� 	
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"#� ����� '���* "�A� ��P)� �� '���5� �% �	 "N�A� "�A� .  
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2 (�t�Q �_\� �	 '���7I� A5� �

3 ("�A� '���5� �_\� �	 �	

4 ("#� ����� '���* "�A� �� '���5� �% �	 �0 �	 l�C� "�A�

5 ("#� ����� '���* "�A� ��P)� �� '���5� �% �	 "N�A� "�A�

�	 �	  �_\� �	 l�C� "�A� '���5� �_\�

l�C� "�A� ��&0 '���* "�A� :�� '5%� �����

 :��  '5%� �����
1

3
 "#� .  

 �_\� .� h,o� [
]11

������ �� F�	 �_\�.  

�/  � '���5� �_\� �	 '- ���f

 DI
] '- [�� �_\�5 .�
- �� "#�
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"#� �*� ~�� 6�*� �� 	��� h�@*�� ��� .  
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  نکات مهم درس 

�� 'T,� ?�
T '� �O� ?�%� ���� ���� '� �f $�� �	 �� �	�M .  

30"#� �*� ;{� 6 .  

60 6  �*�×
3

2
 "#� .  

45 �*� 6×
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2
 "#� .  

"#� �*� ;{� �*� �� 	��� '���� .  

BC
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 '���  .� ��� '���7I�°15  ��°75 "#� �*� ~�� 6�*� �� 	��� h�@*�� ���

AH BC=
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4
  

���A5�  6��� '5�	 ���A� h�@*�� �	 ld! '- �\_\� �0 "#� $�Q�AI� .  

ˆˆCH BH B C , AB AC′= → = =
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&( ��# �	 �� $�Q�AI�

AH BC
OH OH
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=�(�Q l#�  � '- ��0 ���A5� �_\� .� � �� 	
&( �/ ��# �	 �� 6$�Q�AI�

M MH MH′⇒ =  l#�BC  

���A5� �_\� =�(�Q  � 'jd� �0 ��0 �� "#� ����� ��# �	  � $�Q�AI� :

 ��# �� 	��� h�@*��FH FH BK′+ =  

'_T�! 6��� '���   �A&�� ��� 'jd� �0 "#� = ���� .� '� '���  �/ ~_o �	  � �/ �

ˆ ˆA A OH OH′= → =1 2 

��5A0 � �
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a m
a || b

b m
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a || b
a ||c
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ˆˆ ˆ ˆ= = =2 4 6 8  
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Â

−
=1 2
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Â
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�_��	  �A&�� $�� �B̂  �f���  �A&�� �Ĉ 'j���  � '� ��  � �� "#	 ��/

Â
M̂=
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'���  6��� �O '���  �	 ~&f �� "#� ����� ��* � .  
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 �0 �_��	 ��0n  �� "#� ����� ��_o(n )− × 02 180. 

 �0 �f��� ��0n  �� "#� ����� K�C� ��_o°360.  

n �� "#� ����� �q5�� �_�o.
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− × 02 180
  

 +�� �0  � =���P� ��0�jQ 	���*n  �� "#� ����� K�C� ��_on−3 .  
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31- �_\� �	ABC  ���AM
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 :�� �% �	b c a b c− < < +  

"#� �/ ;{� � � �
� F
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AE EB
EF ||BC
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= ���� "�A� �_\� �0 �	 h�@*�� b%( "�A� �� "#� ����� ~_o �	 �0 � ~_o �	 �/ ��q� ��0

 �z��5� h�@*�� �	 "�A� b%(
AB c BH
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′
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′
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- �B�	 ~_o �	  h
&)�  � ��_o �0 �_\� �0 �	 �o�@*  � � �*
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+ +
→ = → = − − −

2
  

������� �0 �� �� .  

'���  �	 �0 � ������� ���d� ��0 ���B��%� �&%� ~_o .� '� ���)� � . ����� ���)� '���  �	 h
&)� $��`&0

���B��%� ;{�� �0�jQ .  

"#� �% �/ ���d* 7-�� �jQ �	 ~]�d* .  

 h�@*�� �� "#� ����� "N�A� × =�(�Q.  
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&( �0 �� �	 '� �	 �_��	 ��0 �A&�� .  
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 �z��5� h�@*�� �	 "�A� b%(

  

34- �_\� �	
f� s� :

35- =��M�� �T� �0 '� �� �\_\� ~_o �	 l#� '- �j�

  

  

=��M $��  ���� 6l�EF  s
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36 - ���P ��� �_\� l�C� ;{�

P S P(P a) (P b) (P c)→ = → = − − −

37- � �
5� �	 h,o:� :  

  

;I� - '��� h,o� ������� �0 �� ��

K - '���  '���  �	 �0 � ������� ���d� ��0

 E– ���B��%� ;{�� �0�jQ

	 - 'jd�  "#� �% �/ ���d* 7-�� �jQ �	 ~]�d*

�0-  h�@*�� �� "#� ����� "N�A�

� - ��	
&( �0 �� �	 '� �	 �_��	 ��0 �A&��



= ���� � 'd� �� �/ =�(�Q �	 � �  h
&)� ;{� ����� �/ �

      

  

  

'���  �� �/ '- ��/ �� �f��� � = ���� � �����  �/ �
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 �� "#� ����� � 
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�� '�#�C� � 
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AM MB CM MD               

 =� ��%�* D�� �	  � �:
&�� '- 	��	 F�� '�>Q ��� '5�	  ��� ?��X� �� ��0�� '� �/ �5#�	 [
�Q '- "#�	 �

�� .&- �/ b%( � bI�* F�� '� ��  �#��� '� '��	� �	 '- �����

  

 ?�
T �	 ��>@* � L�-�*
a c a b c d

b d b d

± ±
= → = )1   

 E��� �	 ��>@* � L�-�*
a c a c

b d b a d c
= → =

± ±
 )2  

a c a c a c
k k

b d b d b d

+ −
= = → = =

+ −
 )3  

a c a c a c

b d b d b d

± ±β
= → =

± ±β

2

2
 )4  

a b a b a b

b a b a b

+ + +
= → = → = =

+ +

5 5 2 2 10 5

3 2 8 2 8 4
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] �� �#� =���	 �/ �� =���	 E��� �	 ~Q�� � �� ����� ��


MA MB=               

���- ~jQ =���	 ���	 �� �B��&0 �*� �	 =���0 .����	 :  

AM MB CM MD× = ×      

  به ریاضی مند علاقه آموزان 

 =� ��%�* D�� �	  � �:
&�� '- 	��	 F�� '�>Q ��� '5�	  ��� ?��X� �� ��0�� '� �/ �5#�	 [
�Q '- "#�	 �
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�Q �� �/ �5#�	 '- .  

����B� ')�5� �� �/ �5#�	 ���� '- .  

�_\� '���* �t�A�  � ����A� ?� '�>Q  � '#��0 �	 �0 �� .&- �/ b%( � bI�* F�� '� ��

/  � ��Q ��� �  �/ '� ��5�� '- "#�  ��� �*���d� '� �� �0 �� �	�M .  

  : خواص نسبت تناسب
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 E��� �	 ��>@* � L�-�*
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k k

b d b d b d
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a c a c a c

b d b d b d
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a b

a b
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2 2
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آموزان دانش ی ویژه
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�X� �	�_\� '���* �t�A�  � ����A� ?�

�/ �� �0 �� �	�M ./  � ��Q ���

خواص نسبت تناسب

 ���
a

b
=

2

3
  ?���( ���d� 6���



 L#��* �* 	
 '5
� ���
*
a b c a

x y

+ +
= a��� ���Q��  

a b c a b c a b c a+ + + +
= = = → =

+ +3 5 7 3 5 7 15 3
   

�/ '- ��B�	 l� �0 �� 6����/ ���M ���A5� ��0  6��- ~jQ �� �0

�� ���M ���A5� ��0 ���A5� �I�
5� �
] '� �	 '� �	 ����/-

�/ '- l� �0 �� 6���� '_T�! .� '� �I�
5� �
] '� �	 '� �	 '- � �
� ��0 =��M 6��- ~jQ �� �0 -

���- Z
( �� �%N � Z�! ��f ���� '�>Q b%( (  

��5A�� � �
� ����7I 6����/ ���M L#��5� ��0 .  

	��5�� �� �� �B�	 ~_o �	 �� 	
 �#� �_\� ~_o .� � �
� '- �j� �/ =��M 6�0 l�  ���M �z��5� ��0

=��M ~_o �	 �/ �� � ��- ~jQ �� �0 l�  ~_o �	 �� �z��5� ��0
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a b c
= =

3 5 7
  ��f '�x �y �� �	��(� '�  L#��* �* 	
 '5
� ���
*

x   2 (y= 3  �x= 3   

x   4 (y= 3  �x=15   

  
  

a b c a b c a b c a+ + + +
= = = → =

3 5 7 3 5 7 15 3

  : ی دسته خطوط موازی با فواصل مساوی

=��M �/ �� � ���- ~jQ �� l� .� � �
� l� ��� ��� l� �/ '- ��B�	 l� �0 �� 6����/ ���M ���A5� ��0

	��/ �0�
� ���M ���A5� ��0 .  

d ||d ||d
A B B C ...

AB BC ...

 ′ ′ ′ ′→ = =
= = 

1 2 3   

=��M 6l� .� �� '- � �
� s
j� 'C@T �0 �	 l� �� ���M ���A5� ��0���A5� �I�
5� �
] '� �	 '� �	 ����/

l� 'C@T �0 �	 �/ '- l� �0 �� 6���� '_T�! .� '� �I�
5� �
] '� �	 '� �	 '- � �
� ��0

��/ ��0�
� ���M	 .  

 "A�� ���Q�� �
! �)���- Z
( �� �%N � Z�! ��f ���� '�>Q b%(

=��M 6l� �	 ��� l� ��� ��� ���� l� ��5A�� � �
� ����7I 6����/ ���M L#��5� ��0

  : ی تالس و عکس آن

	��5�� �� �� �B�	 ~_o �	 �� 	
 �#� �_\� ~_o .� � �
� '- �j�

���#��5� �_\� �/  � �z��5� h,o� �� '- ��/ .  

�/ 	��5�� �� �_\� ~_o �	 �j� ��� =��M ~_o �	 �/ �� � ��- ~jQ �� �0

	
� �0�
� � �
� �_\� F
# ~_o �� 6	��/ ���M �
�7� .  

  : ی تالس و عکس آن با استفاده از شکل
AM AN

MN||BC
MB NC

⇔ =
  

  

  

  

 

 

 

 ���� '5�	 ���
a b c
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3 5 7
  1 (y=15 �x= 3

  3 (y= 3  �x= 7

  5 (x y= = 5   

  

 '��7�»4 «"#� S�CT.  

ی دسته خطوط موازی با فواصل مساوی قضیه

=��M �/ �� � ���- ~jQ �� l� .� � �
� l� ��� ���

=��Ml� 	��/ �0�
� ���M ���A5� ��0
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ی تالس و عکس آن قضیه
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� '- �j�
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'�>Q b%( bI�* �: �/ 	��5�� �� �_\� ~_o �	 �j� ���

	
� �0�
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� �_\� F
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�7�

ی تالس و عکس آن با استفاده از شکل ی قضیه خلاصه



�� ���M �\_\� �0 ~_o '- 	��/  �/ ��0  

 'C@T �0 �	 � ���#��5� ��q� '� ��q� 6����/

�/ �� 6� �
� s
j� l#
* � ���- ~jQ �� � �
5� l� ��� '- � �
5��� ��0 =��M �0l�  L#��5� ��q� '� ��q� ��0

DD EE′ ′+  '� ������/ "#	 .  

AD DD
DD ||BC DD

AB BC

AE EE
EE ||BC EE

AB BC

′
′ ′→ = = → =

′
′ ′→ = = → =

1 8

3 3
2 16

3 3

   

��# '� 	��C� � =�(�Q � �
� �j�  '# '� �0�jQ l#
* �0

 a��-  

AM MF a
A DC:MF||DC

AD DC k

DM ME a
A D B :MF||AB

AD AB k

∆

∆

→ = =

→ = =
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�/ 	��5�� �� �� �B�	 ~_o �	 �� 6	
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���#��5� �
�7� �_\� h,o� �� ��q� '� ��q� .  

  

  

AM AN MN
MN ||BC

AB AC BC
→ = =  

  

� �
5� l� ��� '- ���0 �� ���M +�&0 l� �	 ��  'C@T �0 �	 � ���#��5� ��q� '� ��q� 6����/
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� s
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5� l� ��� '- � �
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AB A B
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BC B C
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′ ′
   

  

AD DE EB= =  �DD ||EE ||BC′ ′ �� ��� .DD EE′ ′

  

DD ||BC DD

DD EE

EE ||BC EE

′ ′→ = = → =  ′ ′→ + =
′ ′→ = = → = 

1 8

3 3 8
2 16

3 3
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"#� =� ��Ad* ���A� "&AQ .=��M $�� ��# l� �� ��Ad* �5�A� '� '� �� �0  a��-

  

AM MF a

AMAD DC k

DM ME a DM

AD AB k
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2
23
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l� �/ �� 6� �
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 ��  �% �	BC= 8  6AD DE EB

  

  

  

=�(�Q 'd� �� .� �	 =�(�Q ����� '# r�7� �

"#� =� ��Ad* ���A� "&AQ
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EC DC AC EC
ED||AB EC /

AE BD AB EC
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'��# ��_o��O� �	  �� ~o� F��- �0 '� "�A� =	 
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AB AC= =5 3 60  �AD '���   �A&�� �A "#� .DE||AB

  

EC DC AC EC
ED||AB EC /

AE BD AB EC
→ = = = = → = → =

−

20 5 5
12 5

12 3 20 3

  

 '� �_\� ~_o �0 ��  �% �	4 "#� =� ��Ad* ���A� "&AQ .'��# ��_o��O� �	

  2 (l�C� �0  

  4 ('���5�  

  

  

AD BE

AC BC
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 ��  �% �	AB AC= =5 3 60

  

 '� �_\� ~_o �0 ��  �% �	

 a����	  

  1 ("N�A� �0    

  3 ("�O�&0    

  5 (������ �5�A� .  

'��7�  «1 «"#� S�CT.  

 '- $�� '� 'f
* ��
AD BE

AC BC
= =

1

4

 � �
�AB �� ��� .s�d� $�������

 �
� �BF AG AB= =
3

4

����	 ���A� h�@*�� � =�(�Q ���  U��5A0 "N�A� �0

 "N�A� �_\�G F H
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 �� ')�5� 6���- �- ��
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MN||BC A M N ~ A B C ( ) (I)
∆ ∆

→ → = =   

S
MP||AC B M P ~ A BC ( ) ( ) (II)

S AB

∆ ∆

→ → = = =   

MNCP ABC ABC ABC ABC ABCS S S S S S⇒ = − − = =
4 9 12

25 25 25
 (I)  �(II)   

'�>Q '� 'f
* �� 6���� ����	 bI�* � :  

  

A BC:MN||AB

CM CP x
A C N : MP||AN

MA PN x

∆

∆

→ = =

→ = =

   

x
x x x x /

x

−
⇒ = ⇒ = − ⇒ = ⇒ =

16 16
16 144 9 25 144 5 76

9
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AM MB  ��_o��O� �MNCP  �
5� "#� h,o:� � .� �
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AMN

ABC

S AM
MN||BC A M N ~ A B C ( ) (I)

S AB
→ → = =2 4

25

BMP

ABC

S BM
MP||AC B M P ~ A BC ( ) ( ) (II)

S AB
→ → = = =2 23 9

5 25

MNCP ABC ABC ABC ABC ABCS S S S S S⇒ = − − = =
4 9 12

48
25 25 25

%

 

�t�Q �_\� '# �0 h�@*�� ��  �% �	 =� �#� '���7I� "#� .���d�x  a 

  

AB  � �0 � �
�MP  �AN �� �0 � �
� 7�� '�>Q '� 'f
* �� 6����

CM CN

CN CPMA NB

CM CP x NB PN

MA PN x
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  �@�T ��
* '� �� �@T  � ��k 	�( �0 ��� '- ��5�
�/ $���

−÷ = = =
5

5 8 3
8 3

2 1
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2 2
   

                          ) ~���3    (=23 9   

	�- b%(�� �� '��M ���� 6"�\� ��
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( ) , ( ) ( )− −= = =5 5 4 4
5

1 1 2 9
5

5 5 9 2
   

  

m n m n m m ma a a a b (a b)+× = × = ×   

m n m n m m ma a a a b (a b) (b )−÷ = ÷ = ÷ ≠   
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  توان و ریشه: فصل چهارم

  توان صحیح

��� ��/ ����] 	�( .� ����] ��0 .�0   �@�T ��
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* '� �@T ��k

  

( ) , ( ) ( )− −= = =5 5 4 41 1 2 9

5 5 9 2

  ها  قوانین چهار عملی اصلی در توان
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* 	�
� �	 ��5�
�/ '5P� [�# �	 '- �����
Q F�&* �� ���Q�� 7�� S�CT ��0 ��� .

m n m n m m ma a a a b (a b)× = × = ×

m n m n m m ma a a a b (a b) (b )÷ = ÷ = ÷ ≠0

 

 

 

توان صحیح: درس اول
  

��
* �� '5P� [�# �	 ��� ��/ ����] 	�( .� ����] ��0
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قوانین چهار عملی اصلی در توان
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b b b b+× = =3 5 3 5 8 );I�  

b b b b b b+= = × = ×7 6 1 6 1 2 5 )K  

− − +× = =4 9 4 9 53 3 3 3 )u  

( )− − − − − − + −÷ = = = =5 2 5 2 5 2 32 2 2 2 2 )?  

( )− − − −× = × = =7 7 7 74 3 4 3 12 )�  

( ) ( ) ( ) ( )
− − − −− −
÷ = × = − =3 3 3 32 1 2 6 1

3 6 3 1 4
 )E  

( )[( ) ] ( ) ( ) ( )− × − −− −
= − = = −2 4 2 4 8 81 1 1

7 7 7
 )�  

a a a
( )
b c (bc) b c

= =
× ×

4 4
4

4 4 4
 )�  

( )× × = × ×3 2 4 12 8 42 3 5 2 3 5 )y  

( )− =+ =12 12 126 6 6   
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xy y x x( )= = =7 7 5 7   

xy x y y( ) xy= = = = → =14 4 5 4 4 1   
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( x ) ?=3 52 )4  

) x x x x x ( )x ( )x x x− + + − = − + + − = −5 5 5 4 4 5 4 5 41 1 13
1 3 4 2 4 3 4 2 4 2

2 2 2
  

x x
) x x x

x x x
÷ = = × = × =

5 5
5 7 2

7 7 2

2 2 1 1 1
2 2 8

8 8 4 4
  

( x )( x ) ( )(x x ) x= × × =5 4 5 4 94 2 4 2 8 )3  

( x ) (x ) x x= = × =3 5 5 3 5 5 15 152 2 2 32 )4  

( x x ) ( x x x ) ?+ − + + − + =2 5 2 4 53 2 3 4 5 8 );I�  

( x x x ) (x x ) (x ) ?+ − + − + + + =7 5 7 52 4 6 2 2 )K  

(x )(x ) ?+ − =2 3 1 )u  
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(x )(x ) x x= + + = + +25 3 8 15

(x )(x ) x x= − + = + −21 4 3 4

x x (x x ) x x x x x= + + − + − = + + − − + = +2 2 2 28 15 3 4 8 15 3 4 5 19

  

'� �� ��  ��0 ����/ "#	 .  

x x x x x ?+ − + − =5 4 5 5 43 2 4 4

  

) x x x x x ( )x ( )x x x− + + − = − + + − = −5 5 5 4 4 5 4 5 41 1 13
1 3 4 2 4 3 4 2 4 2

2 2 2

x x
) x x x

x x x

−÷ = = × = × =5 7 2
7 7 2

2 2 1 1 1

8 8 4 4

( x )( x ) ( )(x x ) x= × × =5 4 5 4 94 2 4 2 8

( x ) (x ) x x= = × =3 5 5 3 5 5 15 152 2 2 32

  

'� �� ��  ��0 ����/ "#	.  

( x x ) ( x x x ) ?+ − + + − + =2 5 2 4 53 2 3 4 5 8

( x x x ) (x x ) (x ) ?+ − + − + + + =7 5 7 52 4 6 2 2

 

 

 

'��7�  )4( "#� S�CT.  

x x (x x ) x x x x x= + + − + − = + + − − + = +8 15 3 4 8 15 3 4 5 19

?���( �T�N'� �� ��  ��0

?���( �T�N'� �� ��  ��0



x x x x x x x x x x x+ + − + + − = + + + = + + +2 2 5 5 4 2 5 4 5 4 23 4 2 5 8 3 7 5 5 5 7 5 );I�  

x x x x x x ( )x ( )x ( )x+ − + − − + + = − + − + − + + +7 5 7 5 7 52 4 6 2 2 2 1 4 2 1 1 6 2 )K  

x x x x x x x= + + × + = + + + = + +7 5 7 5 7 52 0 8 2 0 8 2 8  

(x )(x ) (x x) (x )( ) ( )(x) ( ) x x x+ − = × + − + + − = − + −2 2 2 3 23 1 1 3 3 1 3 3 )u  

(m n ) (m n ) (m ) (n ) (m ) (n ) m n m n m n+ = + = + =2 3 6 6 9 2 2 6 3 6 6 2 9 2 12 18 12 18 12 182 3 2 3 2 3 5   

(x x x x )(x ) (x )(x) (x )( ) ( x )(x) ( x )( ) (x )(x)

(x )( ) ( x)(x) ( x)( ) ( )(x) ( )( ) x x x x x

x x x x x

− + − + + = + + − + − +

+ + − + − + + = + − − +

+ − − + + = +

4 3 2 4 4 3 3 2

2 5 4 4 3 3

2 2 5

0 0

1 1 1 1

1 1 1 1 1

1 1
����� 
�����

   

                ( ) + = + =51 1 1 1 2   

   ( )− + =− + =51 1 1 1 0   
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x x x x x x x x x x x+ + − + + − = + + + = + + +2 2 5 5 4 2 5 4 5 4 23 4 2 5 8 3 7 5 5 5 7 5

x x x x x x ( )x ( )x ( )x+ − + − − + + = − + − + − + + +7 5 7 5 7 52 4 6 2 2 2 1 4 2 1 1 6 2

x x x x x x x= + + × + = + + + = + +7 5 7 5 7 52 0 8 2 0 8 2 8

(x )(x ) (x x) (x )( ) ( )(x) ( ) x x x+ − = × + − + + − = − + −2 2 2 3 23 1 1 3 3 1 3 3

  

(m n ) (m n )+2 3 6 6 9 22 3  a"A��  

  

(m n ) (m n ) (m ) (n ) (m ) (n ) m n m n m n+ = + = + =2 3 6 6 9 2 2 6 3 6 6 2 9 2 12 18 12 18 12 182 3 2 3 2 3 5

  

(x x x x )(x )− + − + +4 3 2 ������ �� .  

  

�� =	�@5#� ���PM ���- :  

(x x x x )(x ) (x )(x) (x )( ) ( x )(x) ( x )( ) (x )(x)

(x )( ) ( x)(x) ( x)( ) ( )(x) ( )( ) x x x x x

− + − + + = + + − + − +

+ + − + − + + = + − − +

4 3 2 4 4 3 3 2

2 5 4 4 3 3

0 0

1 1 1 1

1 1 1 1 1

1 1


����� 
�������

  

 �� � '�x=1  �x=−1 �d a"#� ��  

  

      

  

      

 

 

 

x x x x x x x x x x x+ + − + + − = + + + = + + +2 2 5 5 4 2 5 4 5 4 23 4 2 5 8 3 7 5 5 5 7 5

x x x x x x ( )x ( )x ( )x+ − + − − + + = − + − + − + + +2 4 6 2 2 2 1 4 2 1 1 6 2

3 1 1 3 3 1 3 3

 ?���( �T�N(m n ) (m n )+2 3 6 6 9 22 3

(m n ) (m n ) (m ) (n ) (m ) (n ) m n m n m n2 3 6 6 9 2 2 6 3 6 6 2 9 2 12 18 12 18 12 182 3 2 3 2 3 5

�T�N  K�o(x x x x )(x )− + − + +1 1

D�� "�T��  � �� =	�@5#� ���PM

(x x x x )(x ) (x )(x) (x )( ) ( x )(x) ( x )( ) (x )(x)4 3 2 4 4 3 3 2

 ?���( �T�Nx +5 1  �� � '�

  

x=1 �� ���Q ��0	 :  

x=−1 �� ���Q ��0	:  



 a"#� F��-  

   5 (�@T  

( ( ))( ( )( ) ( ) ) ( )( )− − + − − − = + − − =

× =

2 21 1 1 1
2 2 3 2 4 2 4 3 1

2 2 2 2

5
0 0

4

   

 a"#� ��  

   5 (2  

(( ) ( )( ) ( ) )( ( )) ( )( )− − + − − − = + × + × +2 21 1 1 1 1 1 1 1 1 1 3
5 6 3 5 6

2 2 2 2 2 2 4 4 4 2 2
   

( ) ( )= + + × = + × = × =
1 5 6 4 6 6 12

2 2 6
4 4 4 2 4 4 4

   

 ���f ������ 6���� '5�	 ���A%� �T�N �����0���5� ���� ���d� �0 �� � '� '- ���� ��
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(a b)(a ab b )− + −2 23 4  �� � '�a = 2  6b=−
1

2
  a"#� F��-

 (1 -  3 (1  4 (
3

2
 

  

 �b=−
1

2
 �� ���Q ��0	 :  

( ( ))( ( )( ) ( ) ) ( )( )− − + − − − = + − − =2 2

0

1 1 1 1
2 2 3 2 4 2 4 3 1

2 2 2 2 
�����

  

(x xy y )(x y)− + −2 25 6 3  �� � '�x=
1

2
  �y=−

1

2
 �d a"#� ��

 (6  3 (
11

2
   4 (

9

2
 

  

  

�� ���Q ��0	 .  

(( ) ( )( ) ( ) )( ( )) ( )( )− − + − − − = + × + × +
1 1 1 1 1 1 1 1 1 1 3

5 6 3 5 6
2 2 2 2 2 2 4 4 4 2 2

( ) ( )= + + × = + × = × =
1 5 6 4 6 6 12

2 2 6
4 4 4 2 4 4 4

'�
� '� ���f ?���( �	 ���  ���f ������ 6���� '5�	 ���A%� �T�N �����0���5� ���� ���d� �0 �� � '� '- ���� ��

�� ���f 	�C*� �� �0 ���
� .  

 

 

 

 ?���( �	�( ���d�(a b)(a ab b )− + −2 23 4

1 (2    2 (

'��7�  )5( "#� S�CT.  

 [�
# ?���( �	a = 2  �
1

2

 ?���( �T�N(x xy y )(x y)− + −5 6 3

1 (4    2 (

'��7�  )2(  "#� S�CT .  

x=
1

2
  �y=−

1

2
 �� ���Q

  اتحاد

 '�
� '� ���f ?���( �	 ���

�/  � �T�N �� ���f 	�C*� �� �0



(x ) x x− = − −2 21 4 5 );I�  

( x ) x x− = − +2 22 3 4 12 9 )K  

"#� ���Q�� .  

(x ) (x )(x ) x− = − − =2 21 1 1 − + =
���������
  >��? @(��= &��6	�

   

x x x x− + =− − → =− → =−2 4 5 1 2 6 3   

( x ) ( x )( x ) x x− = − − = − +2 22 3 2 3 2 3 4 12 9   

ax (b )x c x x+ − + = + +2 21 2 5 8 4   

a

b a , b , c

c

= − = ⇒ = = =
= 

5

1 8 5 9 2

2 4

   

(a b) a ab b+ = + +2 2 22   

(a b) a ab b− = − +2 2 22   
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 a"#� 	�C*� 6��  ��0  

  

 �0 ���� �
� 6"A�� 	�C*�x ���� ld! � "A�� "#�	 ��x =−3 "#� ���Q��

(x ) (x )(x ) x
 

x x− + = 22 1
���������
  >��? @(��= &��6	�

x− −4 5
���������
���:�� @(��= &6	� 

x x x x− + =− − → =− → =−2 4 5 1 2 6 3

�0 �� � '� �
� "#� 	�C*�x"#� ���Q�� �� .  

( x ) ( x )( x ) x x− = − − = − +2 22 3 2 3 2 3 4 12 9

  

��� 	�C*� .� ��  ���A* '- ���- ���� ��
] �� .  

ax (b )x c x x+ − + = + +1 2 5 8 4

  

���� ���A� L���o ���� ���A* ����� ���Q�� ���� .bM :  

b a , b , c− = ⇒ = = =1 8 5 9 2

�d�dN 	�( �	 �0 ����a �b ����	 :  

  

��0	 ���� �� :�� ��0 .  

 

 

 

F��- ?���(  � .� a"#� 	�C*� 6��  ��0

;I� ( �0 ���� �
� 6"A�� 	�C*�

K (�0 �� � '� �
� "#� 	�C*�

 ��	�d�b,a �c ��� 	�C*� .� ��  ���A* '- ���- ���� ��
] ��

���� ���A� L���o ���� ���A* ����� ���Q�� ����

'_&f �	 ~��� 	�C*� ��: �d�dN 	�( �	 �0 ����

	�C*� �% �#� ����0	 ���� �� :�� ��0



  

= + + = +  �% �- "N�A� = 	�C*� �� c�]  

�� ~&f �0 �� �� �/ h
&)� ���-  �0  �� �0

S S S S a b ba ab a b ab ab= + + + = + + + = + + +1 2 3 4  �% �- "N�A� = "#�� c�]  

a b ab a ab b= + + = + +2 2 2 22 2   

(a b) a ab b+ = + +2 2 22   

  

(a b)(a b) (a b)= − − = −  [�� i��  

r�7� ~��� "N�A�=  '�#�C� ����  F�	 i��  S1   

a b b(a b) (a b)(b) a b ba b ab b= − − − − − = − − + − + =2 2 2 2 2 2   

   a ab b= − +2 22   

(a b) a ab b→ − = − +2 2 22  
  

( x ) ?+ =22 1 );I�  

(x ) ?− =2 21

2
 )K  

( ) ?+ =22 3 3 )E  

( ) ?− =25 2 2 )	  

( a b) ?+ =24 3 )�  

( xy x ) ?− =3 21
2

2
 )   
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(a b)(a b) (a b)= + + = + 2

'_&f �	 ~��� 	�C*� "#�� c�] �  6��S ,S ,S3 2 1  �S4 �� ~&f �0 �� ��

�� ���� �� �- �0	 .  

S S S S a b ba ab a b ab ab= + + + = + + + = + + +2 2 2 2
1 2 3 4

a b ab a ab b2 2 2 2

bM 	��	 ��A%� K�
f i�� �	 �0 �� ~��� "N�A� �
� �PI :  

(a b) a ab b− = − +2 2 22 ���- "��X �% �� ��.  

�� K�AN �� =� =	  �
�0 "&AQ �� ���- :  

(a b)(a b) (a b)= − − = − 2

S S S− − −2 3 4 r�7� ~��� "N�A�

a b b(a b) (a b)(b) a b ba b ab b= − − − − − = − − + − + =2 2 2 2 2 2

  

������ �� �� .  

 

 

 

  

  

  

  

'�#�C� ���� :�N '_&f �	 ~��� 	�C*� "#�� c�] �

~��� "N�A�  �� ���� �� �-

S S S S a b ba ab a b ab ab= + + + = + + + = + + +

bM 	��	 ��A%� K�
f i�� �	 �0 �� ~��� "N�A� �
� �PI

�� [�N  ��0�
�(a b) a ab b− = − +2 2 22

"N�A�S1 �� K�AN �� =� =	  �
�0 "&AQ ��

?���( �T�N ��0������ �� �� 



( x ) ( x) ( x)( ) ( ) x x x x+ = + + = + × × + = + +2 2 2 2 2 2 22 1 2 2 2 1 1 2 2 2 1 1 4 4 1 );I�  

(x ) (x ) (x )( ) ( ) x x x x x x− = − + = − × × + = − × + = − +2 2 2 2 2 2 4 2 4 2 4 21 1 1 1 1 1 1 1
2 2 2

2 2 2 2 4 2 4 4
 )K  

( ) ( ) ( )( ) ( )+ = + + = + + ×2 2 22 3 3 2 2 2 3 3 3 3 2 6 6 9 3 )E  

= + + = +2 6 6 27 29 6 6  

( ) ( )( ) ( )− = − + = − + = −2 2 25 2 2 5 2 5 2 2 2 2 25 20 2 8 33 20 2 )	  

( a b) ( a) ( a)( b) ( b) a ab b+ = + + = + +2 2 2 2 24 3 4 2 4 3 3 16 24 9 )�  

( xy x ) ( xy) ( xy)( x ) ( x ) x y xy x ( ) (x )− = − + = − × × +3 2 2 3 3 2 2 2 2 3 2 3 21 1 1 1 1
2 2 2 2 2 2 2

2 2 2 2 2
 )   

x y x x y x x y x y x= − × × × × × + = − +2 2 3 6 2 2 4 61 1 1
4 2 2 4 2

2 4 4
   

?=21001   

?=21999   

( ) ( ) ( )( )= + = + + = + + =2 2 2 21001 1000 1 1000 2 1000 1 1 1000000 2000 1 1002001   

( ) ( ) ( )( )= − = − + = − + =2 2 2 21999 2000 1 2000 2 2000 1 1 4000000 4000 1 3996001   

  5 (2  

( x ) ( x ) ( x ) ( ) ( ) x x
x x x x

+ = + + = + + = + +2 2 21 1 1 2 1 1
2 2   

x (x ) x x x x x− − + − −+ = + × = + = +1 2 1 2 1 1 11 1   

( x ) x (x ) x (x ) x
x

−⇒ + − + = + + − + =2 1 21 1 1
1 2   
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( x ) ( x) ( x)( ) ( ) x x x x+ = + + = + × × + = + +2 2 2 2 2 2 22 1 2 2 2 1 1 2 2 2 1 1 4 4 1

(x ) (x ) (x )( ) ( ) x x x x x x− = − + = − × × + = − × + = − +2 2 2 2 2 2 4 2 4 2 4 21 1 1 1 1 1 1 1
2 2 2

2 2 2 2 4 2 4 4

( ) ( ) ( )( ) ( )+ = + + = + + ×2 2 22 3 3 2 2 2 3 3 3 3 2 6 6 9 3

2 6 6 27 29 6 6

( ) ( )( ) ( )− = − + = − + = −2 2 25 2 2 5 2 5 2 2 2 2 25 20 2 8 33 20 2

( a b) ( a) ( a)( b) ( b) a ab b+ = + + = + +2 2 2 2 24 3 4 2 4 3 3 16 24 9

( xy x ) ( xy) ( xy)( x ) ( x ) x y xy x ( ) (x )− = − + = − × × +3 2 2 3 3 2 2 2 2 3 2 3 21 1 1 1 1
2 2 2 2 2 2 2

2 2 2 2 2

x y x x y x x y x y x= − × × × × × + = − +2 2 3 6 2 2 4 61 1 1
4 2 2 4 2

2 4 4

  

'_&f�	 ~��� 	�C*� .&- '� �� ��  ��0 ������ �� .  

  

( ) ( ) ( )( )= + = + + = + + =2 2 2 21001 1000 1 1000 2 1000 1 1 1000000 2000 1 1002001

( ) ( ) ( )( )= − = − + = − + =2 2 2 21999 2000 1 2000 2 2000 1 1 4000000 4000 1 3996001

  

( x ) x (x )
x

−+ − +2 1 21
 �� "#� ����� :(x )>0   

 (1 -  3 (2 -  4 (1  

  

�� =	�@5#� �� ���-.  

x
( x ) ( x ) ( x ) ( ) ( ) x x

x xx x x x
+ = + + = + + = + +2 2 21 1 1 2 1 1

2 2

x (x ) x x x x x
x

− − + − −+ = + × = + = +1 2 1 2 1 1 1 1

( x ) x (x ) x (x ) x
x x

⇒ + − + = + + − + =
1 1 1

1 2
x

+ +
1

2 x−
x

−
1

 

 

 

  

2 1 2 2 2 1 1 2 2 2 1 1 4 4 1

(x ) (x ) (x )( ) ( ) x x x x x x− = − + = − × × + = − × + = − +2 2 2 2 2 2 4 2 4 2 4 21 1 1 1 1 1 1 1

2 2 2 2 4 2 4 4

( xy x ) ( xy) ( xy)( x ) ( x ) x y xy x ( ) (x )− = − + = − × × +3 2 2 3 3 2 2 2 2 3 2 3 21 1 1 1 1

2 2 2 2 2

?���( �T�N'_&f�	 ~��� 	�C*� .&- '� �� ��  ��0

1001 1000 1 1000 2 1000 1 1 1000000 2000 1 1002001

1999 2000 1 2000 2 2000 1 1 4000000 4000 1 3996001

 ?���( �T�N( x ) x (x )−+ − +2 1 2 1

1 (�@T  2 (

'��7�  )5(  "#� S�CT.  

 	�C*�  �'_&f �	 ~��� �� =	�@5#� ��

x x

x

1
= 2



'_&f �	 ~��� 	�C*�  � $5!�� .&- �� ����#� ����	 �� :  

x (x ) x x ( )
x x x x

+ = → + = → + × + =2 2 2 21 1 1 1
2 2 2 4   

x x
x x

→ + + = → + = − =2 2
2 2

1 1
2 4 4 2 2   

�(a b) a (ab) b+ = → + + =2 2 2 2 2

6

5 2 5   

a b a b→ = + + → + = − =2 2 2 2 25 12 25 12 13   

( ) ( ) ( ) ( )+ = + → + = + × +2 2 2 25 2 6 2 3 5 2 6 2 2 2 3 3
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 �T�N 6���x
x

+2
2

1
 d� a"#� ��  

  

x
x

+ =
1

   ��
* '� ��2 �� '_&f �	 ~��� 	�C*�  � $5!�� .&- �� ����#�

x (x ) x x ( )
x x x x

+ = → + = → + × + =2 2 2 21 1 1 1
2 2 2 4

x x
→ + + = → + = − =2 4 4 2 2

  

ab  �T�N 6���a b+2 2 ������ �� .  

  

'_&f �	 ~��� 	�C*� .&- '� ��(a b) a ab b+ = + +2 2 22 ����	:  

(a b) a (ab) b+ = → + + =2 2 2 2 25 2 5

a b a b→ = + + → + = − =2 2 2 2 25 12 25 12 13

  

+ = +5 2 6 2 3.  

  

'_&f �	 ~��� 	�C*�  � � ����#� �� .&- �� ����� .  

( ) ( ) ( ) ( )+ = + → + = + × +

+ = + +

+ = +

2 2 2 25 2 6 2 3 5 2 6 2 2 2 3 3

5 2 6 2 2 6 3

5 2 6 5 2 6

 

 

 

 ���x
x

+ =
1

2  �T�N 6���

 ?���( c�] �	 �0
x

+ =
1

2

 ���a b+ = 5  �ab= 6

'_&f �	 ~��� 	�C*� .&- '�

 ��0	 ����+ = +5 2 6 2 3

 ��
* '� �� $�!�]2 �� '_&f �	 ~��� 	�C*�  � � ����#�



 (a b)(a b) a b+ − = −2 2   

(x )(x ) ?+ − =2 2 );I�  

( x )( x ) ?− + =2 1 2 1 )K  

(x )(x ) x x

(a b)(a b)

+ − = − = −

↓ ↓ ↓

+ −

2 2 22 2 2 4

 

);I�

  

( x )( x ) ( x )( x ) ( x) x− + = + − = − = −2 1 2 1 2 1 2 1 2 1 4 1 )K  

( x y)( x y) ?− + =2 3 2 3 );I�  

( x y)( x y) ?− + =2 2 )K  

(x )( x ) ?+ − =2 21 1 )E  

( a b )( a b ) ?− + =2 2 2 23 6 2 )	  

( x y)( x y) ( x) ( y) x y− + = − = −2 3 2 3 2 3 4 9 );I�  

( x y)( x y) ( x) y x y− + = − = −2 2 2 22 2 2 4 )K  

(x )( x ) ( x )( x ) (x ) x a , b x+ − = + − = − = − = =2 2 2 2 2 2 2 4 21 1 1 1 1 1 1 )E  

( a b )( a b )− +2 2 2 23 6 2 )	  

  

a b ( a b )+ = +2 2 2 26 2 2 3   

( a b )( ( a b )) ( a b )( ) ( a b ) ( a b )( a b )− + = − + = − +2 2 2 2 2 2 2 2 2 2 2 23 2 3 3 2 3 2 3 3   

A a , B b= =2 23   
(A B)(A B) A B+ − = −2 2   

( a b )( a b ) [( a ) (b ) ] [ a b ] a b→ − + = − = − = −2 2 2 2 2 2 2 2 4 4 4 43 6 2 2 3 2 9 18 2   
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������ �� ��  ��0.  

  
����	 E�	7� 	�C*� .&- '�:  

(x )(x ) x x+ − = − = −2 2 22 2 2 4

a x , b
( x )( x ) ( x )( x ) ( x) x

a ( x) , b

 = =− + = + − = − = − 
 = =

2 2

2 2 2

2 1
2 1 2 1 2 1 2 1 2 1 4 1

2 1

  
������ ��.  

( x y)( x y) ?

( a b )( a b ) ?

  
a x b y

( x y)( x y) ( x) ( y) x y
a ( x) b ( y)

 = =− + = − = − 
 = =

2 2 2 2

2 2 2 2

2 3
2 3 2 3 2 3 4 9

2 3

a x b y
( x y)( x y) ( x) y x y

a ( x) b y

 = =− + = − = − 
 = =

2 2 2 2

2 2 2 2

2
2 2 2 4

2

(x )( x ) ( x )( x ) (x ) x a , b x+ − = + − = − = − = =2 2 2 2 2 2 2 4 21 1 1 1 1 1 1

 	�(  � [�w# $�� �N ����2  ?���( �	( a b )+2 26 2 �� �
5-�! ����	 ����� :  

( a b )( ( a b )) ( a b )( ) ( a b ) ( a b )( a b )− + = − + = − +2 2 2 2 2 2 2 2 2 2 2 23 2 3 3 2 3 2 3 3

( a b )( a b ) [( a ) (b ) ] [ a b ] a b→ − + = − = − = −2 2 2 2 2 2 2 2 4 4 4 43 6 2 2 3 2 9 18 2

 

 

 

چند اتحاد دیگر، تجزیه و کاربردها : درس دوم

  :اتحاد مزدوج

?���( �T�N������ �� ��  ��0

����	 E�	7� 	�C*� .&- '�

a x , b

a ( x) , b

= =

= =2 2 2

2 1

2 1

?���( �T�N��   ��0 ������ ��

a x b y

a ( x) b ( y)

= =

= =2 2 2 2

2 3

2 3

a x b y

a ( x) b y

= =

= =2 2 2 2

(x )( x ) ( x )( x ) (x ) x a , b x+ − = + − = − = − = =2 2 2 2 2 2 2 4 2

 	�(  � [�w# $�� �N ����

 $������� :  

( a b )( ( a b )) ( a b )( ) ( a b ) ( a b )( a b )

��0	 ���Q :  



  

�� "��X 	�C*� $�� 6 �0 		�� .  

(a b c) a b c ab ac bc+ + = + + + + +2 2 2 2 2 2 2   

(a b c) a b c ab ac bc+ + = + + + + +2 2 2 2 2 2 2   

(a b c) (a b c) (a b c)= + + + + = + +  ~_o × ~_o = ~��� "N�A�  

~��� F�&* ~&f  .�
- ��0 = ~��� "N�A�  

(x y ) ?+ − =24  

(x y ) x y ( ) (x)(y) (x)( ) (y)( )+ − = + + − + + − + −2 2 2 24 4 2 2 4 2 4   

x y xy x y= + + + − −2 2 16 2 8 8  
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���- "��X "N�A�  � =	�@5#� �� �� E�	7� 	�C*� .(a b)(a b) a b+ − = −2 2   

  

 �% �B�� "&AQ [�d5�� ��1 �% ��%�* �2 '�#�C� � �/ "N�A� � �� "��X 	�C*� $�� 6 �0

  : ای اتحاد مربع سه جمله

(a b c) a b c ab ac bc+ + = + + + + +2 2 2

  

���- "��X "N�A�  � =	�@5#� �� �� ��.  

 (a b c) a b c ab ac bc+ + = + + + + +2 2 2

  

 ~_o '� ����� "N�A� �a b c+ + ����	 :  

(a b c) (a b c) (a b c)= + + + + = + + 2

a b c ab ac bc= + + + + +2 2 2 2 2 2 ~��� F�&* ~&f

  
'_&f '# ~��� 	�C*� .&- '� �� �� '� �� ����/ "#	 .  

  
(x y ) x y ( ) (x)(y) (x)( ) (y)( )+ − = + + − + + − + −2 2 2 24 4 2 2 4 2 4

x y xy x y16 2 8 8

 

 

 

���- "��X "N�A�  � =	�@5#� �� �� E�	7� 	�C*�

  

  

  

  

 �% �B�� "&AQ [�d5�� ��

  

اتحاد مربع سه جمله

'_&f '# ~���  	�C*����- "��X "N�A�  � =	�@5#� �� �� ��

�#��0 ?��X�: '�#�C� ��  ~_o '� ����� "N�A� �

 

 

 

?���( �T�N '_&f '# ~��� 	�C*� .&- '� �� �� 



( x y)( x y) ?+ − − + =3 4 5 3 4 5  

�� �
5-�! "#�� "&# 75���M  	�C*� '� ����* �� �/ � �����

( x y)( x y) ( x [ y]) ( x [ y]) ( x) ( y)

x ( y y) x y y

+ − − + = + − − − = − −

= − + − = − − +2 2 2 2

3 4 5 3 4 5 3 4 5 3 4 5 3 4 5

9 16 25 40 9 16 25 40
   

  297 );I�  

( )− = − × × + = − + =2 2 2100 3 100 2 100 3 3 10000 600 9 9409 );I�  

( )( )+ − = − = − =2 21000 2 1000 2 1000 2 1000000 4 999996 )K  
  

(x a)(x b) x (a b)x ab+ + = + + +2   

(x a)(x b) x (a b)x ab+ + = + + +2   

����	 :  

  

(x a)(x b) x ax bx ab x (a b)x ab+ + = + + + = + + +2 2   
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'� �0	�C*� .&- '� �� ��  ����/ "#	 .  

( x y)( x y) ?

  
"#� ��A%� 75���M �	 �0 �	 .'_&f �	 �	 �@��  �  �	 �B�	 ��� �
5-�! "#�� "&# 75���M

( x y)( x y) ( x [ y]) ( x [ y]) ( x) ( y)

x ( y y) x y y

+ − − + = + − − − = − −

= − + − = − − +

2 2

2 2 2 2

3 4 5 3 4 5 3 4 5 3 4 5 3 4 5

9 16 25 40 9 16 25 40

  
?���( �T�N 6�0	�C*� .&- '�'� �� ��  ��0   "#	 ����/ .  

×1002 998  )K    

  
− = − × × + = − + =2 2 2100 3 100 2 100 3 3 10000 600 9 9409

+ − = − = − =2 21000 2 1000 2 1000 2 1000000 4 999996

 : ی مشترک

(x a)(x b) x (a b)x ab+ + = + + +

  

���- "��X "N�A�  � =	�@5#� �� �� v�5�� '_&f 	�C*�.  

 (x a)(x b) x (a b)x ab+ + = + + +

  

 Z�( � [
] '� �_�j5A� "N�A�x a+  �x b+ ����	

(x a)(x b) x ax bx ab x (a b)x ab+ + = + + + = + + +2 2

 

 

 

?���( �T�N '� �0	�C*� .&- '� �� �� 

x3"#� ��A%� 75���M �	 �0 �	

�� E�	7����- :  

( x y)( x y) ( x [ y]) ( x [ y]) ( x) ( y)2 23 4 5 3 4 5 3 4 5 3 4 5 3 4 5

?���( �T�N 6�0	�C*� .&- '�

ی مشترک اتحاد جمله

  

���- "��X "N�A�  � =	�@5#� �� �� v�5�� '_&f 	�C*�

 ?��X��#��0: '�#�C� ��   Z�( � [
] '� �_�j5A� "N�A�

  



(x )(x ) ?+ + =2 4 );I�  

( x )( x ) ?− + =2 1 2 4 )K  

(x )(x ) x ( )x x x

a b

↓ ↓
+ + = + + + × = + +2 22 4 2 4 2 4 6 8

 
);I�

  

( x )( x ) ( x) ( )( x) ( )( ) x x− + = + − + + − = + −2 22 1 2 4 2 1 4 2 1 4 4 6 4 )K  

(x )(x ) ?− + =5 3 );I�  

( x )( x ) ?− + =5 6 5 2 )K  

(x )(x ) ?− − =2 23 5 )E  

( x )( x ) ?− + =2 23 7 3 11 )	  

( x)( x) ?− − =10 7 )�  

( x y)( x y) ?− − =2 3 2 5 )   

(x )(x ) x ( )x ( ) x x− + = + − + + − × = − −2 25 3 5 3 5 3 2 15 );I�  

( x )( x ) ( x) ( ) x ( )( ) x x− + = + − + + − = − −2 25 6 5 2 5 6 2 5 6 2 25 20 12 )K  

(x )(x ) (x ) ( )x ( )( ) x x− − = + − − + − − = − +2 2 2 2 2 4 23 5 3 5 3 5 8 15 )E  

( x )( x ) ( x ) ( ) x x x− + = + − + − × = + × −2 2 2 2 2 4 23 7 3 11 3 7 11 3 7 11 9 4 3 77 )	  

x x= + −4 29 12 77   

( x)( x) ( x) ( )( x) x x− − = − + + − + × = − +2 210 7 10 7 10 7 17 70 )�  

( x y)( x y) ( x) ( y y) x [( y)( y)] x xy y− − = + − − + − − = − +2 2 22 3 2 5 2 3 5 2 3 5 4 16 15 )   
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���- ���M �� ��  ��0 .  

  
 v�5�� '_&f 	�C*� .&- '�(x a)(x b) x (a b)x ab+ + = + + +2����	:  

(x )(x ) x ( )x x x+ + = + + + × = + +2 22 4 2 4 2 4 6 8

( x )( x ) ( x) ( )( x) ( )( ) x x− + = + − + + − = + −2 22 1 2 4 2 1 4 2 1 4 4 6 4

  
������ �� ��  ��0.  

  
(x )(x ) x ( )x ( ) x x− + = + − + + − × = − −2 25 3 5 3 5 3 2 15

( x )( x ) ( x) ( ) x ( )( ) x x− + = + − + + − = − −2 25 6 5 2 5 6 2 5 6 2 25 20 12

(x )(x ) (x ) ( )x ( )( ) x x− − = + − − + − − = − +2 2 2 2 2 4 23 5 3 5 3 5 8 15

( x )( x ) ( x ) ( ) x x x− + = + − + − × = + × −2 2 2 2 2 4 23 7 3 11 3 7 11 3 7 11 9 4 3 77

( x)( x) ( x) ( )( x) x x− − = − + + − + × = − +2 210 7 10 7 10 7 17 70

( x y)( x y) ( x) ( y y) x [( y)( y)] x xy y− − = + − − + − − = − +2 2 22 3 2 5 2 3 5 2 3 5 4 16 15

 

 

 

?���( �T�N���- ���M �� ��  ��0

 v�5�� '_&f 	�C*� .&- '�(x a)(x b) x (a b)x ab

)'_&f  �x2 v�5��(  

?���( �T�N������ �� ��  ��0

( x y)( x y) ( x) ( y y) x [( y)( y)] x xy y− − = + − − + − − = − +2 2 22 3 2 5 2 3 5 2 3 5 4 16 15

  



 ����* S�CT L���o �� ���f ?���( ��� �� �	 K�o

��� '5�	 	
f� v�5�� ���( .� =� =	�	 �� . ���

�/ v�5�� ���( �0  $�� �	 � "#� �0

"#� v�5�� ���( 6��
* $��5&- �� �0 .  

��
* $��5&- �� v�5�� ��0���5� K�o �T�N (  

v�5�� ���(  � �����
5-�!ab ac a(b c) a+ = + →   

x x x(x )+ = +2 2 2  
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$�� ���� ���f ?���( .� �T�N ?�
T '� �� ?���( �/ '-  ����* S�CT L���o �� ���f ?���( ��� �� �	 K�o

  

'�7)* �	 i�� $�I�� i�� $��  '_&f ��� .� "#� �� .  

�� =	�@5#� i�� $��  � ����   �	 '- ���-'_&f��� ?,&f $�� ��� '5�	 	
f� v�5�� ���( .� =� =	�	 ��

r�7� 6���� '5�	 .� ��k �	�( L��o 6?,&f F
Ad� $��* �/ v�5�� '�_( �/ v�5�� ���( �0

'_&f .� $�� v�5�� ��0���5� '&0 K�o �� "#� v�5�� ���( 6��
* $��5&- �� �0

  

 v�5�� ���(xy "#�) .��
* $��5&- �� v�5�� ��0���5� K�o �T�N

  

x , xy8 2  �x4  v�5�� ���(x2 "#� .  

  

x z , x y z3 2 2 2  v�5�� ���(x z2 "#� .  

~� 
* "�T��  � '�7)* ���� �� =	�@5#� ~&f '� "�A� K�o ���PM ���� ���- :  

v�5�� ���(  � �����
5-�!

  

 .  

  

  � �����
5-�! ��x ����	:  

  

x x y4 8 ���- '�7)* �� .  

 

 

 

  تجزیه 

'�7)*  $�� ���� ���f ?���( .�

���- .  

  های تجزیه روش

1 - �����
5-�!: '�7)* �	 i�� $�I�� i�� $��

�� =	�@5#� i�� $��  � ���� 

r�7� 6���� '5�	 .� ��k �	�( L��o 6?,&f

�T�N 6�0���5� '_&f .� $�� v�5�� ��0���5� '&0 K�o

 $��xyz  6xy2  v�5�� ���(

'_&f '# $��  �x , xy28 2

'_&f �	 $��  �x z , x y z3 2 2 2

~� 
* "�T��  � '�7)* ����

x x+2 2 ���- '�7)* �� .

v�5�� ���(x "#�  .  � �����
5-�! ��

'_&f ���  ��x x y+3 24 8

  



           x x y x (x y)+ = +3 2 24 8 4 2   

               F
x x y

x , y
x x
= =

3 2

2 2

4 8
2

4 4
   

= 2 ( , , )2 4 6K.F.F  

 �� ��Ad*  "&AQ E��� �T�N � ���-

x y xyz xy xy(x z y)+ + = + +2 22 4 6 2 2 3   

x(x ) y(x ) (x )(x y)+ − + = + −1 1 1   

��� �I� "!�� �
5-�! ?���( �-  � �� v�5�� 	�&� .� ��
* '5#	 ��� '� �� ?���(  �

"!�� �
5-�! �-  � �� ?���( .� ��
* .  

ax ay x y a(x y) (x y) (x y) (a )+ + + = + + + = + +2 2 2 2
����� 
����� 
���������������   

(x y)+       � �
5-�!2     � �
5-�!a   
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����	 bM 6"#�:  

                       

( , )=4 8 4 K.F.               F

  

x y xyz xy+ +2 22 4 6 ���- '�7)* �� .  

  

xy2   � �PI 6"#�xy2 �� �
5-�!  �� �� '# �0 � �����xy2

��A�
� .  

x y xyz xy xy(x z y)+ + = + +2 4 6 2 2 3

  

x(x ) y(x )+ − + ���- '�7)* �� .  

  

  � �PI 6"#�(x )+1 �� �
5-�! ����� .  

x(x ) y(x ) (x )(x y)+ − + = + −

�&� �0�� ��� �I� "!�� �
5-�! ?���( �-  � �� v�5�� 	�&� .� ��
*

�� "��O� �	 ����B� �
5-�! �� �*���( F��- �0  � � ���- ���� "!�� �
5-�! �-  � �� ?���( .� ��
*

  

ax ay x y+ + + ���- '�7)* �� .  

  

ax ay x y a(x y) (x y) (x y) (a )+ + + = + + + = + +2 2 2 2
����� 
����� 
���������������

      v�5�� ���((x y)
      

 

 

 

v�5�� ���(x24 ����	 bM 6"#�

    

'_&f ���  ��x y xyz xy+ +2 22 4 6

 '# �0 v�5�� ���(xy2

�/ �� 75���M ���	 �� �0 ��A�
�

 ?���(x(x ) y(x )+ − +1 1

 v�5�� ���((x )+1   � �PI 6"#�

  

2 - '5#	 i�� ����: �&� �0��

��Ad* .�
- �� "��O� �	 ����B� �
5-�! �� �*���( F��- �0  � � ���- ����

'_&f ���  ��ax ay x y+ + +2 2

             



x ax xy ay x(x a) y(x a) (x a)(x y)+ + + = + + + = + +2 5 5 5 5 5
������� 
������� 
�������������������   

(x a)+5      � �
5-�! y     � �
5-�!x   

x x x ?+ + + =3 22 2 );I�  

x y xy y x y ?+ + + =2 2 3 4 )K  

ab(a b) bc(b c) ac(c a) ?− + − + − = )E  

x x ?+ − =22 5 3 )	  

x x x x (x ) (x ) (x )(x )+ + + = + + + = + +3 2 2 22 2 2 2 2 1 );I�  

x y xy y x y xy(x y) y (x y) (x y)(xy y )+ + + = + + + = + + =2 2 3 4 3 3 )K  

(x y)(y(x y )) (x y)(y)(x y ) y(x y)(x y )= + + = + + = + +2 2 2   

ab(a b) bc (b c) ac(c a) a b ab b c bc ac(c a)− + − + − = − + − + − )E  

  

b(a c ) b (a c) ac(a c) (a c) (b(a c) b ac))= − − − − − = − + − − =2 2 2 2   

(a c)(ba bc b ac) (a c)(b(a b) c(a b))= − + − − = − − − − =2   

(a c)(a b)(b c)= − − −   
  

x x x x x x( x ) ( x ) ( x )(x )
↓ ↓ ↓

+ − = − + − = − + − = − +2 22 5 3 2 6 3 2 1 3 2 1 2 1 3�� ���� ����   )	  

3    � �����
5-�!x      x x−6  

�� �0	�C*�  � �%� ���# "��� 	
f� �-�5�� ���( 6=� =	�	 �� ���� .  
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x ax xy ay+ + +2 5 5 ���- '�7)* �� .  

  

x ax xy ay x(x a) y(x a) (x a)(x y)+ + + = + + + = + +5 5 5 5 5
������� 
�������������������

v�5�� ���((x a)5

  

���- '�7)* �� ��  ��0 .  

x y xy y x y ?

ab(a b) bc(b c) ac(c a) ?− + − + − =

  

x x x x (x ) (x ) (x )(x )+ + + = + + + = + +3 2 2 22 2 2 2 2 1

x y xy y x y xy(x y) y (x y) (x y)(xy y )+ + + = + + + = + + =2 2 3 4 3 3

(x y)(y(x y )) (x y)(y)(x y ) y(x y)(x y )= + + = + + = + +2 2 2

ab(a b) bc (b c) ac(c a) a b ab b c bc ac(c a)− + − + − = − + − + −2 2 2 2

b(a c ) b (a c) ac(a c) (a c) (b(a c) b ac))= − − − − − = − + − − =2 2 2 2

 v�5�� ���(  � �����
5-�!  

(a c)(ba bc b ac) (a c)(b(a b) c(a b))= − + − − = − − − − =

                                                                     �����
5-�!   

x x x x x x( x ) ( x ) ( x )(x )
↓ ↓ ↓

+ − = − + − = − + − = − +2 5 3 2 6 3 2 1 3 2 1 2 1 3�� ���� ����

                                                                                        � �����
5-�!3

: �� �	 ���'_&f � �� �0	�C*�  � �%� ���# "��� 	
f� �-�5�� ���( 6=� =	�	 ��

 

 

 

'_&f ���  ��x ax xy ay+ + +5 5

'_&f ��� �� ���- '�7)* �� ��  ��0

                                                                     

x x x x x x( x ) ( x ) ( x )(x )2 5 3 2 6 3 2 1 3 2 1 2 1 3

                                                                                      

     

3 -  �0	�C*�  � =	�@5#�:

  



x x ?+ + =2 10 25 );I�  

a a ?− + =24 12 9 )K  

b b ?+ + =249 14 1  )E  

xy y x ?− − =2 248 9 64 )	  

x x ?+ + =28 8 2 )�0  

x x ?− + =220 100 125 )�  

(a b) a ab b , (a b) a ab b+ = + + − = − +2 2 2 2 2 2 "#� .  

x x x x (x )
↓
+ + = + × × + = +2 2 2 210 25 2 5 5 5 );I�  

a ab b a x , b+ + = =2 22 5   

(a b)= + 2   

a a ( a) a ( a )
↓

− + = − × × + = −2 2 2 24 12 9 2 2 2 3 3 2 3 )K  

A A B B (A B) A a , B− × × + = − = =2 2 22 2 3          

b b ( b) b ( b )

A AB B

↓ ↓ ↓
+ + = + × × + = +2 2 2 2

2 2

49 14 1 7 2 7 1 1 7 1

2
  

)E
  

xy y x ( y xy x ) ( y x)
↓

− − =− − + =− −2 2 2 2 248 9 64 9 48 64 3 8 )	  

'_&f �	 ~��� 	�C*� '�� �* ����� 	
 ��  

x x ( x x ) ( x )+ + = + + = +2 2 28 8 2 2 4 4 1 2 2 1 )�0  

x x ( x x ) ( x )− + = − + = −2 2 220 100 125 5 4 20 25 5 2 5 )�  

a ?− =2 9 );I�  

x y ?− =2 44 25 )K  

( x ) ?− − =23 2 1 )E  

( a ) ( a ) ?− − − =2 25 2 4 3 )	  

x y ?− =2 23 27 )�0  

x ?− =44 4 )�  
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���- '�7)* �� ��  ��0) .'_&f �	 ~��� 	�C*� �� (  

  
?�
T '� ��(a b) a ab b , (a b) a ab b+ = + + − = − +2 2 2 2 2 22 2

x x x x (x )+ + = + × × + = +2 2 2 210 25 2 5 5 5

a ab b a x , b+ + = =2 5

a a ( a) a ( a )− + = − × × + = −2 2 2 24 12 9 2 2 2 3 3 2 3

A A B B (A B) A a , B− × × + = − = =2 2 22 2 3

b b ( b) b ( b )+ + = + × × + = +2 2 2 249 14 1 7 2 7 1 1 7 1

xy y x ( y xy x ) ( y x)− − =− − + =− −2 2 2 2 248 9 64 9 48 64 3 8

                                                                         �� �
5-�! �@��  � '_&f �	 ~��� 	�C*� '�� �* �����

x x ( x x ) ( x )+ + = + + = +2 2 28 8 2 2 4 4 1 2 2 1

x x ( x x ) ( x )− + = − + = −2 2 220 100 125 5 4 20 25 5 2 5

  
���- '�7)* �� ��  ��0) .E�	7� 	�C*� (  

 

 

 

?���(���- '�7)* �� ��  ��0

	�C*�'_&f�	 ~��� ��0?�
T '� ��

                                                                         

?���(���- '�7)* �� ��  ��0



a (a )(a )
↓
− = + −2 9 3 3 );I�  

A B (A B)(A B) A a , B− = + − = =2 2   

x y ( x y )( x y )
↓ ↓

− = + −
42 2 24 25 2 5 2 5 )K  

A B A x , B y→ = =2 2 22 5   

�( x ) ( x ) (( x ) ) (( x ) ) ( x ) ( x )− − = − − = − + − − = − −2 2 23 2 1 3 2 1 3 2 1 3 2 1 3 1 3 3
������� )E  

A B A x , B− → = − =2 2   

( x )( ) (x ) ( x ) (x )= − − = − −3 1 3 1 3 3 1 1  

( a ) ( a ) ( a ( a ))( a ( a ))− − − = − + − − − −2 25 2 4 3 5 2 4 3 5 2 4 3
������� 
������� )	  

A B A a , B a− → = − = −2 2 5 2 4 3   

( a )(a )= − +9 5 1   

x y (x y ) (x y)(x y)− = − = − +2 2 2 23 27 3 9 3 3 3 )�0  

x (x ) (x )(x ) (x )(x )(x )− = − = − + = − + +4 4 2 2 24 4 4 1 4 1 1 4 1 1 1 )�  

x x ?+ + =2 5 6 );I�  

x x ?− + =2 5 4 )K  

x x ?− + =2 5 4 )E  

(a b) (a b)+ − + −23 6 3 7 )	  

(x )(x )(x )(x ) ?+ + + + − =2 3 5 4 120 )�0  

  

x x+ +2 5 6 );I�  

 =	�@5#� i�� $�&0  � =��
&0 v�5�� '_&f 	�C*�

x x (x )(x )+ + = + +2 5 6 2 3   

  

112  

  
(a b)(a b) a b− + = −2 2 "#� .  

A B (A B)(A B) A a , B− = + − = = 3

x y ( x y )( x y )− = + −2 2 24 25 2 5 2 5

A B A x , B y
2 2 22 5

�( x ) ( x ) (( x ) ) (( x ) ) ( x ) ( x )− − = − − = − + − − = − −2 2 23 2 1 3 2 1 3 2 1 3 2 1 3 1 3 3

A B A x , B− → = − =2 2 3 2 1

( x )( ) (x ) ( x ) (x )= − − = − −3 1 3 1 3 3 1 1

( a ) ( a ) ( a ( a ))( a ( a ))− − − = − + − − − −5 2 4 3 5 2 4 3 5 2 4 3

A B A a , B a− → = − = −5 2 4 3

x y (x y ) (x y)(x y)− = − = − +3 27 3 9 3 3 3

x (x ) (x )(x ) (x )(x )(x )− = − = − + = − + +4 4 2 2 24 4 4 1 4 1 1 4 1 1 1

  
���- '�7)* �� ��  ��0) .v�5�� '_&f 	�C*� (  

(x )(x )(x )(x ) ?+ + + + − =2 3 5 4 120

  

 ?�
T '� v�5�� '_&f 	�C*�(x a)(x b) x (a b)x ab+ + = + + +2 "#� .  

�/ h
&)� '- ���- ���M 	�( �	 ����  �05 �/ K�o �  �06 ��� .'�7)* �	   =	�@5#� i�� $�&0  � =��
&0 v�5�� '_&f 	�C*�

$�� �	 	�( �	 �/  �f2 �3 bM "#� :a , b= =2 3   

x x (x )(x )

 

 

 

 ?�
T '� E�	7� 	�C*�(a b)(a b) a b− + = −2 2

( x ) ( x ) (( x ) ) (( x ) ) ( x ) ( x )− − = − − = − + − − = − −3 2 1 3 2 1 3 2 1 3 2 1 3 1 3 3

?���(���- '�7)* �� ��  ��0

 ?�
T '� v�5�� '_&f 	�C*�

�/ h
&)� '- ���- ���M 	�( �	 ����

�� ���- .$�� �	 	�( �	 �/



x x− +2 5 4 )K  

a , b=− =− ����	 ?�
T $�� �	:  

x x (x )(x )− + = − −2 5 4 4 1  

a a ( a) ( a)+ − = + −2 24 4 15 2 2 2 15 )E   

 	
 .  	��( �	+5  �3-     ����  6��5�A0

a a ( a) ( a) ( a )( a )+ − = + − = + −2 24 4 15 2 2 2 15 2 5 2 3  

(a b) (a b) (a b ) (a b )+ − + − = + + + +23 6 3 7 3 3 )	  

����	:  

, ( )− + =− − × + =−7 1 6 7 1 7   

(a b) (a b) (a b ) (a b )+ − + − = + + + −23 6 3 7 3 1 3 7  

(x )(x )(x )(x ) [(x )(x )] [(x )(x )]+ + + + − = + + + + − =2 3 5 4 120 2 5 3 4 120 )�0  

[x x ][x x ] (x x) (x x) (x x)= + + + + − = + + + + + +2 2 2 2 2 27 10 7 12 120 7 12 7 10 7 120   

(x x) (x x) (x x)(x x ) x(x )(x x )= + + + = + + + = + + +2 2 2 2 2 27 22 7 7 7 22 7 7 22   

  � �����
5-�!x         � �����
5-�!(x x)+2 7   

  

x y x x x y (x ) y (x y)(x y)− + + = + + − = + − = + + + −2 2 2 2 2 22 1 2 1 1 1 1
���������   
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 ~&f '- ���- �/  �05 - �/ K�o �  �04 	
 .bMa , b=− =−4 1   

x x (x )(x )

a a ( a) ( a)+ − = + −4 4 15 2 2 2 15

�� ���M 	�( �	 ~&f '- ���- �/  �02 �/ K�o �  �0−15 

( )× − =−5 3 15 ����	 bM:  

a a ( a) ( a) ( a )( a )+ − = + − = + −4 4 15 2 2 2 15 2 5 2 3

(a b) (a b) (a b ) (a b )+ − + − = + + + +3 6 3 7 3 3○ □

�/ ~&f '- ��0	 ���Q 	�( �	 ����  �06 - �/ K�o �  �07- 	
 .����	

, ( )− + =− − × + =−7 1 6 7 1 7

(a b) (a b) (a b ) (a b )+ − + − = + + + −3 6 3 7 3 1 3 7

(x )(x )(x )(x ) [(x )(x )] [(x )(x )]+ + + + − = + + + + − =2 3 5 4 120 2 5 3 4 120
����������� 
�����������

                                    v�5�� '_&f 	�C*�     v�5�� '_&f 	�C*�  

[x x ][x x ] (x x) (x x) (x x)= + + + + − = + + + + + +2 2 2 2 2 27 10 7 12 120 7 12 7 10 7 120

(x x) (x x) (x x)(x x ) x(x )(x x )= + + + = + + + = + + +2 2 2 2 2 27 22 7 7 7 22 7 7 22�����

                                                                                          � �����
5-�!x

  

x y x− + +2 2 ���- '�7)* �� .  

  

x y x x x y (x ) y (x y)(x y)− + + = + + − = + − = + + + −2 2 2 2 2 22 1 2 1 1 1 1
��������� 
���������

                                                      '_&f �	 ~��� 	�C*�            E�	7� 	�C*�

    

 

 

 

�� ���M 	�( �	 ~&f '- ���-

 v�5�� '_&fa2 "#� .�� ���M 	�( �	

+ − =5 3 2   �( )× − =−5 3 15

 ��f '��  �� �/ ~&f '- ��0	 ���Q 	�( �	 ����

bM:  

+ + + + − = + + + + − =2 3 5 4 120 2 5 3 4 120

                                   

[x x ][x x ] (x x) (x x) (x x)= + + + + − = + + + + + +7 10 7 12 120 7 12 7 10 7 120 − 120

(x x) (x x) (x x)(x x ) x(x )(x x )= + + + = + + + = + + +7 22 7 7 7 22 7 7 22

                                                                                        

���'_&f��  x y x− + +2 2 2 1

x y x x x y (x ) y (x y)(x y)

                                                        

  



 i�� '� F
#
� i��  � '�7)* ���� ���� .� 6A �� .&- ����� :  

�� �T�N ���	 � 	
 .  

A x x= − +23 7 4  : [�� F��  

A x ( x) A ( x) ( x)= − + ⇒ = − +2 23 9 7 3 12 3 3 7 3 12  : F�	 F��  

x3 	�( �	 ��4-  �3 - → '�7)*   

A ( x )( x )= − −3 3 3 3 4  :bM  

A (x )( x ) A (x )( x )→ = − − → = − −3 3 1 3 4 1 3 4  : F
# F��  

x ?+ =4 4 );I�  

a a b b ?+ + =4 2 2 4 )K  

a b c a b a c b c ?+ + − − − =4 4 4 2 2 2 2 2 22 2 2 )E  

x x ?− + =4 210 9 )	  
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'_&f ��� �	 �� 'f�	 ��0  �2 i�� '� F
#
� i��  � '�7)* ���� ���� .� 6

A �� Z�! ���-.  

L��o �	 �� ���A* $�!�]x2 �� K�o ���- .'_&f '# l��� $�� �� 'f�	 �� �� �T�N ���	 �

�� ��Ad* =� K�o 	�( �� �� ���A* $�!�] 6'�7)*  � bM ���- .  

  

x x23 7 4 ���- '�7)* �� .  

  

A x ( x) A ( x) ( x)= − + ⇒ = − +2 23 9 7 3 12 3 3 7 3 12

v�5�� '_&f 	�C*�x

A ( x )( x )

A (x )( x ) A (x )( x )÷→ = − − → = − −33 3 1 3 4 1 3 4

  
���- '�7)* �� ��  ��0 .  

a b c a b a c b c ?+ + − − − =4 4 4 2 2 2 2 2 22 2 2

 

 

 

L��o ���x2 '_&f ��� �	

i��A '�7)* ����:  

1 . �� =� =	�	 ?���(A

2 .L��o �	 �� ���A* $�!�]

3 .�� ��Ad* =� K�o 	�( �� �� ���A* $�!�] 6'�7)*  � bM

'_&f '#  ��x x− +23 7 4

A (x )( x ) A (x )( x )3 3 1 3 4 1 3 4

?���(���- '�7)* �� ��  ��0



x +4 4 );I�  

�&� y� K�
f �	 �����* �,&( �� �(�� ��- $�� ��� �0	  	�C*� '� 	


x x x x (x x ) x (x ) ( x) A B+ = + + − = + + − = + − = −4 4 2 2 4 2 2 2 2 2 2 24 4 4 4 4 4 4 2 2   

A (x ) , B x= + =2 2 2   

x (x x) (x x)⇒ + = + + + −4 2 24 2 2 2 2   

a a b b+ +4 2 2 4 )K  

a a b b a a b b a b a b+ + = + + + − =4 2 2 4 4 2 2 4 2 2 2 2

a a b b a b (a b ) (ab) (a b ab)(a b ab)= + + − = + − = + + + −4 2 2 4 2 2 2 2 2 2 2 2 2 22
������������� 
���������������
��  ����$ !� +,(��� �	A�� 

   

a b c a b a c b c+ + − − −4 4 4 2 2 2 2 2 22 2 2 )E  

  

(a b c) a b c ab ac bc

(a b c) a b c ab ac bc

+ + = + + + + +

− − = + + − − +

2 2 2 2

2 2 2 2

2 2 2

2 2 2
  

a b c a b a c b c a b c a b a c b c ( b c b c )+ + − − − = + + − − − + −4 4 4 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2   

a b c a b a c b c b c a b c a b a c b c b c= + + − − − + = + + − − + −4 4 4 2 2 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 22 2 4 2 2 2 2 4   

(a b c ) b c (a b c bc)(a b c bc)= − − − = − − + − − −2 2 2 2 2 2 2 2 2 2 24 2 2
�����������������
;!�4����� �	����A��

   

(a (b c bc)) (a (b c ac)) [a (b c) ] [a (b c) ]= − + − − + + = − − − +2 2 2 2 2 2 2 2 2 22 2
����������� 
����������� 
��������� 
��   

'_&f �	 ~��� 	�C*� �� '�7)*  ��  

(a b c)(a b c)(a b c)(a b c)= − + + − + + − −   

x x (x )(x ) (x )(x )(x )(x )− + = − − = − + − +4 2 2 210 9 9 1 3 3 1 1 )	  
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 �	�- �- �x24   ?���( '�);I� (�&� y� K�
f �	 �����* �,&(

	
 ����* �� .bM :  

x x x x (x x ) x (x ) ( x) A B+ = + + − = + + − = + − = −4 4 2 2 4 2 2 2 2 2 2 24 4 4 4 4 4 4 2 2

x (x x) (x x)⇒ + = + + + −4 2 2 2 2

  

a a b b a a b b a b a b+ + = + + + − =4 2 2 4 4 2 2 4 2 2 2 2

a a b b a b (a b ) (ab) (a b ab)(a b ab)= + + − = + − = + + + −4 2 2 4 2 2 2 2 2 2 2 2 2 2


���������������
     ;!�4� 

a b c a b a c b c+ + − − −4 4 4 2 2 2 2 2 22 2 2

��0	�C*�  � � ���- '_&f '# ~��� �� �� .&- ��  ����� .  

(a b c) a b c ab ac bc

(a b c) a b c ab ac bc

+ + = + + + + +

− − = + + − − +

2 2 2

2 2 2

a b c a b a c b c a b c a b a c b c ( b c b c )+ + − − − = + + − − − + −4 4 4 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2

a b c a b a c b c b c a b c a b a c b c b c= + + − − − + = + + − − + −4 4 4 2 2 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 22 2 4 2 2 2 2 4
�����������������������������

                                 '_&f '# ~��� 	�C*� ��  

(a b c ) b c (a b c bc)(a b c bc)= − − − = − − + − − −2 2 2 2 2 2 2 2 2 2 24 2 2

(a (b c bc)) (a (b c ac)) [a (b c) ] [a (b c) ]= − + − − + + = − − − +2 2 2 2 2 2 2 2 2 22 2
����������� 
����������� 
��������� 
���������
 ;!�4������� �	������A�� ;!�4������� �	������A�� 

       '_&f �	 ~��� 	�C*� �� '�7)*

(a b c)(a b c)(a b c)(a b c)= − + + − + + − −

x x (x )(x ) (x )(x )(x )(x )− + = − − = − + − +10 9 9 1 3 3 1 1

   '_&f .� 	�C*�         E�	7� 	�C*�

 

 

 

  

 �	�- '!�o� ��x24  �	�- �- �

'_&f �	 ~��� 	
 ����* ��

 E�	7� 	�C*�x x x x (x x ) x (x ) ( x) A B+ = + + − = + + − = + − = −4 4 2 2 4 2 2 2 2 2 2 2

a b2 2 �� '!�o� �� ���- :  

a a b b a b (a b ) (ab) (a b ab)(a b ab)

b c2 22 �� �- � '!�o� �� ��0	�C*�  � � ���-

a b c a b a c b c a b c a b a c b c ( b c b c )+ + − − − = + + − − − + −4 4 4 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2

a b c a b a c b c b c a b c a b a c b c b c= + + − − − + = + + − − + −4 4 4 2 2 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 22 2 4 2 2 2 2 4
�����������������������������

                                 

(a (b c bc)) (a (b c ac)) [a (b c) ] [a (b c) ]2 2 2 2 2 2 2 2 2 2

�������



  

(a b) a a b ab b+ = + + +3 3 2 2 33 3   

(a b) a a b ab b− = − + −3 3 2 2 33 3   

( x y) ( x) ( x) y ( x)(y) y x x y xy y+ = + + + = + + +3 3 2 2 3 3 2 2 32 2 3 2 3 2 8 12 6 );I�  

(x ) (x ) (x ) ( ) (x )( ) x x x− = − + − = − + −2 3 2 3 2 2 2 2 3 6 4 23 3 3 3 3 3 9 27 27)K   

                                   x x x ?+ + + =3 28 12 16 1 );I�  

a a b ab b ?− + − =3 2 2 327 27 9 )K  

x x y x y y ?+ + + =6 4 2 2 315 75 125 ) E  

ab a b a b ?− + − =2 2 4 3 61 3 3 )	  

(a b) a a b ab b , (a b) a a b ab b− = − + − + = + + +3 3 2 2 3 3 3 2 2 33 3 3 3  

x x x ( x )+ + + = +3 2 38 12 16 1 2 1 );I�  

a a b ab b ( a b)− + − = −3 2 2 3 327 27 9 3 )K  

x x y x y y (x y)+ + + = +6 4 2 2 3 2 315 75 125 5 ) E  

ab a b a b ( ab )− + − = −2 2 4 3 6 2 31 3 3 1 )	  

a b (a b)(a ab b )+ = + − +3 3 2 2   

a b (a b)(a ab b )− = − + +3 3 2 2  
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  مند آموزان  علاقه

'_&f �	 h
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                (a b) a a b ab b+ = + + +3 3 2 2 3

 '_&f �	 �o�@* L�%� 	�C*�:  

                (a b) a a b ab b− = − + −3 3 2 2 3

  

( x y) ( x) ( x) y ( x)(y) y x x y xy y+ = + + + = + + +3 3 2 2 3 3 2 2 32 2 3 2 3 2 8 12 6

(x ) (x ) (x ) ( ) (x )( ) x x x− = − + − = − + −2 3 2 3 2 2 2 2 3 6 4 23 3 3 3 3 3 9 27 27

  

���- '�7)* �� ��  ��0) .'_&f �	 L�%� 	�C*� �� (                                   x x x ?

a a b ab b ?− + − =

x x y x y y ?+ + + =6 4 2 2 315 75 125

ab a b a b ?

  

?�
T '� ��(a b) a a b ab b , (a b) a a b ab b− = − + − + = + + +3 3 2 2 3 3 3 2 2 33 3 3 3

x x x ( x )+ + + = +3 2 38 12 16 1 2 1

a a b ab b ( a b)− + − = −3 2 2 3 327 27 9 3

x x y x y y (x y)+ + + = +6 4 2 2 3 2 315 75 125 5

ab a b a b ( ab )− + − = −2 2 4 3 6 2 31 3 3 1

  ):چاق و لاغر(ای اتحادهای مجموع و تفاضل مکعب دوجمله

                a b (a b)(a ab b )3 3 2 2

a b (a b)(a ab b )3 3 2 2

 

 

 

آموزان  علاقهدانش ی ویژه
  

'_&f �	 h
&)� L�%� 	�C*�

 '_&f �	 �o�@* L�%� 	�C*�

( x y) ( x) ( x) y ( x)(y) y x x y xy y3 3 2 2 3 3 2 2 3

?���(���- '�7)* �� ��  ��0

'_&f �	 L�%� ��0	�C*� ?�
T '� ��

"#� .  

اتحادهای مجموع و تفاضل مکعب دوجمله



� � � �
a ( x)b ( x)( y)

( x y)( x xy y ) ( x) y
− +

+ − + = +
2

2 2 3 3

3 3 5

3 5 9 15 25 3 5 );I�  

� � � � �
a ( x ) ( x ) ( )b

( x )( x x ) ( x ) x
×

− + + = − = −
2 2 2 2

2 4 2 2 3 3 6

2 2 4 4

2 4 4 8 16 2 4 8 64 )K  

 (  

x ?+ =
3 1 );I�  

a b ?− =6 68 ) K  

x ?+ =327 64 )E  

x y ?− =6 3125 )	  

a b a ab b ?+ − + − =3 3 2 2 )�0  

a b (a b)(a ab b)− = − + +3 3 2 2 "#� .  

x (x )(x x )
↓
+ = + − +

3 21 1 1 );I�  

a b a x , b+ → = =3 3 1   

a b ( a b)( a a b b )
↓ ↓
− = − + +6 6 2 2 2 48 2 4 2 ) K  

A B A a , B b− → = =3 3 2 22   

x ( x )( x x )
↓ ↓
+ = + − +3 227 64 3 4 9 12 16 )E  

A B A x , B+ → = =3 3 3 4  

x y ( x y)( x y x y )
↓↓

− = − + +6 3 2 2 4 2125 5 25 5 )	  

A B A , B x y− → = =3 3 25   

a b a ab b a b (a ab b )+ − + − = + − − + =3 3 2 2 3 3 2 2
���� )�0  

 �k: � ��� 	�C*� �� '�7)*  
  

(a b)(a ab b ) (a ab b ) (a ab b )(a b )= + − + − − + = − + + −2 2 2 2 2 2   

  v�5�� ���(  � �����
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�
( y)

( x y)( x xy y ) ( x) y+ − + = +
2

2 2 3 3

5

3 5 9 15 25 3 5

�
( x ) ( x ) ( )

( x )( x x ) ( x ) x− + + = − = −
2 2 2 2

2 4 2 2 3 3 6

2 2 4 4

2 4 4 8 16 2 4 8 64

  

���- '�7)* �� ��  ��0) .'_&f �	 L�%� �o�@* � h
&)� �� �k: � ��� 	�C*� (

a b a ab b ?

  

?�
T '� �k: � ��� ��0	�C*�a b (a b)(a ab b )+ = + − +3 3 2 2   �a b (a b)(a ab b)− = − + +3 3 2 2

x (x )(x x )1 1 1

1

a b ( a b)( a a b b )− = − + +6 6 2 2 2 48 2 4 2

A B A a , B b− → = =3 3 2 2

x ( x )( x x )+ = + − +27 64 3 4 9 12 16

A B A x , B+ → = =3 4

x y ( x y)( x y x y )− = − + +6 3 2 2 4 2125 5 25 5

A B A , B x y− → = =3 3 2

a b a ab b a b (a ab b )+ − + − = + − − + =3 3 2 2 3 3 2 2
����

                                                                                              �k: � ��� 	�C*� �� '�7)*

(a b)(a ab b ) (a ab b ) (a ab b )(a b )= + − + − − + = − + + −2 2 2 2 2 2 1

  v�5�� ���(  � �����
5-�!

 

 

 

?���(���- '�7)* �� ��  ��0

  

?�
T '� �k: � ��� ��0	�C*�

                                                                                             



[( ) ] [( ) ] [( ) ]

( ) [( ) ] ( )

× + + × + + × + +
= = = + +

− × + + −

2 2 23 3 3 3 3 3

2 3 33 3 3 3

2 2 2 1 2 2 2 1 2 2 2 1

2 1 2 2 1 2 1
   

(a b c)(a b c ab bc ac) a b c abc+ + + + − − − = + + −2 2 2 3 3 3   

(a b c)[(a b) (b c) (a c) ] a b c abc+ + − + − + − = + + −2 2 2 3 3 31

2
   

( a b c+ + )(a b c ab bc ac) a b c abc

a b c abc a b c abc

+ + − − − = + + −

= + − − ⇒ + + =

0
2 2 2 3 3 3

3 3 3 3 3 30 3 3

   

 �� c�] �0  �� �I�� 	�C*� �� c�] �	

a b c abc a b c abc= + + − ⇒ + + =3 3 3 3 3 30 3 3   

( x y )( x y xy x y) ?+ + + + − − − =2 22 1 4 1 2 2 );I�  

(a a )(a a a a a ) ?− − + + + + − =3 2 6 4 5 3 21 1 )K  
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���- ��
� �� ��  .  

  
a b (a b)(a ab b )− = − + +3 3 2 2�� .&-  ����� .  

( ) + +23 32 2 1 �� K�o ���- .  

[( ) ] [( ) ] [( ) ]
[( ) ]

( ) [( ) ] ( )

× + + × + + × + +
= = = + +

−− × + + −

2 2 23 3 3 3 3 3

2 3 33 3 3 3

2 2 2 1 2 2 2 1 2 2 2 1
2 2 2 1

2 12 1 2 2 1 2 1

�d�dN 	�( '# �0 �� � '�b,a �c ����	 :  

(a b c)(a b c ab bc ac) a b c abc+ + + + − − − = + + −2 2 2 3 3 3 3

(a b c)[(a b) (b c) (a c) ] a b c abc+ + − + − + − = + + −2 2 2 3 3 3 3

  
�/ 6��� =��a b c abc+ + =3 3 3 3 .  

 �	�	 ���Q �� �I�� 	�C*�  � ')�5� $�� �5N�� '�a b c+ + =0  �� �T�N 	
 .  

)(a b c ab bc ac) a b c abc

a b c abc a b c abc

+ + − − − = + + −

= + − − ⇒ + + =

2 2 2 3 3 3

3 3 3 3 3 3

3

0 3 3

  
a b c abc+ + =3 3 3 3  . �	�	 ���Q ��a b c= =  �� c�] �0  �� �I�� 	�C*� �� c�] �	

a b c abc a b c abc= + + − ⇒ + + =3 3 3 3 3 30 3 3

  

������ �� ��  ��0.  

( x y )( x y xy x y) ?+ + + + − − − =2 1 4 1 2 2

(a a )(a a a a a ) ?− − + + + + − =3 2 6 4 5 3 2

 

 

 

 �A- E���
( )−3

2

2 1
���- ��
� �� �� 

 �k: � ��� 	�C*�  �a b (a b)(a ab b )− = − + +3 3 2 2

 �	 �� E��� � ?�
T+ +2 2 1

[( ) ]= = = + +23 32 2 2 1

�I�� 	�C*�: �d�dN 	�( '# �0 �� � '�

�I�� 	�C*� �B�	 ?�
T :  

 ���a b c+ + =0 �/ 6���

 �	�	 ���Q �� �I�� 	�C*�  � ')�5� $�� �5N�� '�

 ���a b c= = �/  =��a b c abc

�� �@T  � 	
����	:    

?���( �T�N������ �� ��  ��0



( x y )( x y xy x y)+ + + + − − −2 22 1 4 1 2 2 );I�  

( x) (y) x y x y xy= + + − × × × = + + −3 3 3 3 32 1 3 2 1 8 1 6 �T�N  

(a a )(a a a a a )− − + + + + −3 2 6 4 5 3 21 1 )K  

A a , B a , C A a , B a , C= =− =− → = = =3 2 2 6 2 4 21 1   

AB a , AC a , BC a=− =− =5 3 2   

A B C ABC a a a a a a= + + − = − − − = − − −3 3 3 9 6 5 9 6 53 1 3 3 1 �T�N  

c=− ���- K�AN .  

a b c+ + = + + − − =3 2 3 2 6 0   

a b c abc ( )( )( ) ( )( ) ( )+ + = = × + − − = × − − = × × − =−3 3 3 3 3 3 2 3 2 6 3 9 2 6 3 7 6 126
�������������   

( x) ( x ) ( x )− + + + − − =3 3 31 2 4 5 0   

 =�O� �/ ���5� � �I�� 	�C*�  � ��
* 	�� .  

A B C ABC  .  

A B C ( x) ( x ) ( x ) x x x+ + = − + + + − − = − + + − − =1 2 4 5 1 2 4 5 0   

A B C ABC ( x) ( x ) ( x ) ( x)( x )( x )+ + = ⇒ − + + + − − = − + − − =3 3 3 3 3 33 1 2 4 5 3 1 2 4 5 0  

( x) x

x x x

x x

 − = → = + = → =− → =−
− − = → =−

1 0 1

2 4 0 2 4 2

5 0 5
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( x y )( x y xy x y)+ + + + − − −2 1 4 1 2 2

 �	�	 ���Q �I�� 	�C*� .&- ��a x= 2  �b y=  �c=1 ����	 	�C*� �/ �	 :  

( x) (y) x y x y xy= + + − × × × = + + −3 3 3 3 32 1 3 2 1 8 1 6

(a a )(a a a a a )− − + + + + −3 2 6 4 5 3 2

A a , B a , C A a , B a , C= =− =− → = = =3 2 2 6 2 4 21 1

AB a , AC a , BC a=− =− =5 3 2

A B C ABC a a a a a a= + + − = − − − = − − −3 3 3 9 6 5 9 6 53 1 3 3 1

  
a b c+ +3 3 3  �� � '� ��a = +3 2  �b= −3 2  �=−6

  

           + + = + + − − =3 2 3 2 6 0

a b c abc+ + =3 3 3 3 . �PI :  

a b c abc ( )( )( ) ( )( ) ( )+ + = = × + − − = × − − = × × − =−3 3 3 2 3 2 6 3 9 2 6 3 7 6 126
�������������
;!�4��� �	A�� 

  
( x) ( x ) (x )− + + − + =3 3 31 2 4 5 0 ���- �N �� .  

  
�� ����* �% $�� '� �� 'I	��� ���- :  

( x) ( x ) ( x )− + + + − − =3 3 31 2 4 5 0

A B C+ + =3 3 3 �� bM ��/ �	  =�O� �/ ���5� � �I�� 	�C*�  � ��
*

 ��� �I�� 	�C*�A B C+ + =0 �/  =��A B C ABC+ + =3 3 3 3

C x , B x , A ( x)=− − = + = −5 2 4 1   

A B C ( x) ( x ) ( x ) x x x+ + = − + + + − − = − + + − − =1 2 4 5 1 2 4 5 0

� �
A CB

A B C ABC ( x) ( x ) ( x ) ( x)( x )( x )+ + = ⇒ − + + + − − = − + − − =3 3 3 3 3 33 1 2 4 5 3 1 2 4 5 0

x x x+ = → =− → =−2 4 0 2 4 2

 

 

 

 �	�	 ���Q �I�� 	�C*� .&- ��a x

 ?���( �	�( ���d�a b c+ +3 3 3

����	:  

'5%� ^�] bM   :��a b c abc+ + = 3

a b c abc ( )( )( ) ( )( ) ( )+ + = = × + − − = × − − = × × − =−3 3 3 2 3 2 6 3 9 2 6 3 7 6 126

'I	���  ( x) ( x ) (x )− + + − + =3 3 31 2 4 5 0

�� ����* �% $�� '� �� 'I	���

 �% '� 'I	��� �
�-�A B C+ + =0

')�5� �� ��� ���   ��� �I�� 	�C*�

$�� �	  �f :C x , B x , A ( x)=− − = + = −5 2 4 1

$������� :  

A C

A B C ABC ( x) ( x ) ( x ) ( x)( x )( x )+ + = ⇒ − + + + − − = − + − − =3 1 2 4 5 3 1 2 4 5 0
�����

���� '5�	 ����:  



x y xy ?+ + − =3 38 1 6 );I�  

a ( a) ?+ − − =3 32 8 )K  

( a b) (a b) a ?− − − − =3 3 32 )E  

x y xy ( x y ) ( x y xy x y)
↓

+ + − = + + + + − − −3 3 2 28 1 6 2 1 4 1 2 2 );I�  

A B C A x , B y , C   

a ( a)+ − −3 32 8 )K  

A a , B a , C A B C= = − =− → + + =2 2 0   

ABC a( a)( ) a(a )= = − − = −3 3 2 2 6 2 �T�N  

( a b) (a b) a ( a b) (b a) ( a)− − − − = − + − + −3 3 3 3 3 32 2 )E  

( a b) (b a) ( a)
↓ ↓ ↓
− + − + − =2 0   

A B C A B C ABC+ + = → + + =0 3   

  

( a b)(b a)( a) a( a b)(a b)= − − − = − −3 2 3 2  �T�N  

n n n n n n(a b)(a a b a b ... b ) a b− − − −− + + + + = −1 2 3 2 1   

( a )( a a a a ) ( a) a− + + + + = − = −4 3 2 5 5 52 2 16 16 16 16 16 2 2 32 32 

a ?− =5 1   

120  

  

�I�� 	�C*� .&- '� (  

( a b) (a b) a ?

  

x y xy ( x y ) ( x y xy x y)
↓ ↓

+ + − = + + + + − − −3 3 2 28 1 6 2 1 4 1 2 2

A B C A x , B y , C→ = = =2 2 2 2 34 1

a b c+ + = =�B�/a b c abc+ + =3 3 3 3  .  

A a , B a , C A B C= = − =− → + + =2 2 0

ABC a( a)( ) a(a )= = − − = −3 3 2 2 6 2

( a b) (a b) a ( a b) (b a) ( a)− − − − = − + − + −3 3 3 3 3 32 2

�� =	�@5#� '5%� ��&0  � ��	�)� ���- :  

A B C A B C ABC+ + = → + + =3 3 30 3

( a b)(b a)( a) a( a b)(a b)= − − − = − −3 2 3 2

'_&f �	 F�  ��:  �0 �� � '�a �b ����	 �d�dN :  

n n n n n n(a b)(a a b a b ... b ) a b− − − −− + + + + = −1 2 3 2 1

  

( a )( a a a a ) ( a) a− + + + + = − = −4 3 2 5 5 52 2 16 16 16 16 16 2 2 32 32

  

'�*�� �o�@* 	�C*� .&- '�n'_&f �	 F� ��  (  

 

 

 

���- '�7)*) .�I�� 	�C*� .&- '�

 ��� ��� "I�N  '� ���a b c+ + =0

�� =	�@5#� '5%� ��&0  � ��	�)�

'�*�� �o�@* 	�C*�n'_&f �	 F�

���- '�7)* .)'�*�� �o�@* 	�C*� .&- '�



a (a )(a a a a )− = − + + + +5 4 3 21 1 1   

n n n n n n(a b)(a a a b ... b ) a b− − − −+ − + + = +1 2 3 2 1   

( a b)( a a b a b ab b ) ( a) ( b) a b+ − + − + = + = +4 3 2 2 3 4 5 5 5 52 3 16 24 36 54 81 2 3 32 243  

a ?+ =5 32   

a a (a )(a a a a )+ = + = + − + − +5 5 5 4 3 232 2 2 2 4 8 16   

����	 ?�
T $�� �	:  

n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... b

! ! !

− − −+ = + + + + +1 2 2 3 3

1 2 3
   

n n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... ( ) b

! ! !

− − −− − −
− = − + − + + −1 2 2 3 3

1 2 3
  

(a b) a a b a b ab b+ = + + + +4 4 3 2 2 3 44 6 4 );I�  

(a b) a a b a b a b ab b− = − + − + −5 5 4 3 2 2 3 4 55 10 10 5 )K  

( a b) ( a) ( a) b ( a) b ( a) b
! ! !

− − −+ = + + +5 5 5 1 5 2 2 5 3 35 5 4 5 4 3
2 2 2 2 2

1 2 3
 )E  

( a) b b ( a) ( a) b ( a) b ( a) b ( a) b b
!

a a b a b a b ab b

−× × ×
+ + = + + + + +

= + + + + +

5 4 4 5 5 4 3 2 2 3 1 4 5

5 4 3 2 2 3 4 5

5 4 3 2
2 2 5 2 10 2 10 2 5 2

4

32 80 80 40 10
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a (a )(a a a a )− = − + + + +1 1 1

'_&f �	 F� ��:  =���0n ����	 6��� 	�! :  

n n n n n n(a b)(a a a b ... b ) a b− − − −+ − + + = +1 2 3 2 1

  

( a b)( a a b a b ab b ) ( a) ( b) a b+ − + − + = + = +4 3 2 2 3 4 5 5 5 52 3 16 24 36 54 81 2 3 32 243

  

'�*�� h
&)� 	�C*� .&- '�n'_&f �	 F� ��  (  

 

a a (a )(a a a a )+ = + = + − + − +5 5 5 4 3 232 2 2 2 4 8 16

Z�!a -���   :ای نیوتن b> ∈ℝ  �n W∈ ����	 ?�
T $�� �	

n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... b

! ! !

− − −− − −
+ = + + + + +1 2 2 3 31 1 2

1 2 3

n n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... ( ) b

! ! !

− − −− − −
− = − + − + + −1 2 2 3 31 1 2

1
1 2 3

n! n (n ) ...= × − × ×  �n ∈ℕ  .  

  

(a b) a a b a b ab b+ = + + + +4 4 3 2 2 3 44 6 4

(a b) a a b a b a b ab b− = − + − + −5 5 4 3 2 2 3 4 55 10 10 5

( a b) ( a) ( a) b ( a) b ( a) b
! ! !

− − −× × ×
+ = + + +5 5 5 1 5 2 2 5 3 35 5 4 5 4 3

2 2 2 2 2
1 2 3

( a) b b ( a) ( a) b ( a) b ( a) b ( a) b b

a a b a b a b ab b

+ + = + + + + +

= + + + + +

5 4 4 5 5 4 3 2 2 3 1 4 5

5 4 3 2 2 3 4 5

2 2 5 2 10 2 10 2 5 2

32 80 80 40 10

 

 

 

  

'�*�� h
&)� 	�C*�  �n'_&f �	 F�

( a b)( a a b a b ab b ) ( a) ( b) a b4 3 2 2 3 4 5 5 5 52 3 16 24 36 54 81 2 3 32 243

���- '�7)*) .'�*�� h
&)� 	�C*� .&- '�

ای نیوتن اتحاد بسط دو جمله

n n n n n n(a b) a a b a b a b .... b

n n n n n n n(a b) a a b a b a b .... ( ) b1

 	�C*� $�� �	n! n (n ) ...= × − × ×1 1

( a) b b ( a) ( a) b ( a) b ( a) b ( a) b b+ + = + + + + +5 4 4 5 5 4 3 2 2 3 1 4 52 2 5 2 10 2 10 2 5 2



  

 ��f '� "#� �!�- �
� "#�a =1  �b=1 ��0	 ���Q .  

 ��f '� "#� �!�- �
� "#� �@T �����a =1  �b=1 ��0	 ���Q .

n n n n n n nn n(n ) n(n )(n )
( ) ( ) ( ) ( ) ( ) ( ) ... ( ) ( )

! ! !

n n(n ) n(n )(n )

! !

− − −− = = − × + − + + −

− − −
= − + − + + − =

1 2 2 3 31 1 0 1 1 1 1 1 1 1 1 1
1 2 3

1 1 2
1 1 0

1 2 3

   

 ��
* �� �� '_&f �	 	�C*� .� ?,&f  � F��- �0 L���o �	��/ "#	n  ��  �
5#	 �� F��� �_\�  �

(a b)→ + =   

(a b) a b→ + = +   

(a b) a ab b→ + = + +   

(a b) a a b ab b→ + = + + +   

(a b) a a b a b ab b→ + = + + + +   

(a b) a a b a b a b ab b→ + = + + + + +   

 ��
)  ��
�# 6�@�� ���	 � "�\� �I��

(a b) a a b a b ab b− = − + − +4 4 3 2 2 3 41 4 6 4 1   

(x ) (x ) (x ) (x ) (x ) x− = − × + × − × + × −3 5 3 5 3 4 3 3 2 3 2 3 3 4 52 5 2 10 2 10 2 5 2 2   

x x x x x= − + − + −15 12 9 6 310 40 80 80 32   

− + − + − =−1 10 40 80 80 32 1  

 L���o h
&)�  

 ( ) ( )− = − =−5 51 2 1 1   
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'_&f �	 lA� �	 L���o h
&)�  ��n(a b)+  �����n2  ��f '� "#� �!�- �
� "#�

'_&f �	 lA� �	 L���o h
&)�  ��n(a b)−  ��f '� "#� �!�- �
� "#� �@T �����

n n n n n n n

n

n n(n ) n(n )(n )
( ) ( ) ( ) ( ) ( ) ( ) ... ( ) ( )

! ! !

n n(n ) n(n )(n )
.... ( )

! !

− − −− − −
− = = − × + − + + −

− − −
= − + − + + − =

1 2 2 3 31 1 2
1 1 0 1 1 1 1 1 1 1 1 1

1 2 3

1 1 2
1 1 0

 ��
* �� �� '_&f �	 	�C*� .� ?,&f  � F��- �0 L���o �	��/ "#	

(a b)→ + =0 1

(a b) a b→ + = +1 1 1

(a b) a ab b→ + = + +2 2 21 2 1

(a b) a a b ab b→ + = + + +3 3 2 2 31 3 3 1

(a b) a a b a b ab b→ + = + + + +4 4 3 2 2 3 41 4 6 4 1

(a b) a a b a b a b ab b→ + = + + + + +5 5 4 3 2 2 3 4 51 5 10 10 5 1

  
�� �@�� � "�\� ���� �	 �%� L���o 6��� �@�� 	�C*�  ��


 (...  

(a b) a a b a b ab b− = − + − +4 4 3 2 2 3 41 4 6 4 1

  
������ �� �/ L���o h
&)� � '5
� �� .  

  
(x ) (x ) (x ) (x ) (x ) x− = − × + × − × + × −3 5 3 5 3 4 3 3 2 3 2 3 3 4 52 5 2 10 2 10 2 5 2 2

x x x x x= − + − + −15 12 9 6 310 40 80 80 32

 ��d5A� i��− + − + − =−1 10 40 80 80 32 1

x=1  ��0	 ���Q :( ) ( )− = − =−5 51 2 1 1

 

 

 

1 ('_&f �	 lA� �	 L���o h
&)�

2  ('_&f �	 lA� �	 L���o h
&)�

����	 :  

n n n n n n n( ) ( ) ( ) ( ) ( ) ( ) ... ( ) ( )− = = − × + − + + −1 1 0 1 1 1 1 1 1 1 1 1

F��� �_\�: '� ����  ��
* �� �� '_&f �	 	�C*� .� ?,&f  � F��- �0 L���o �	��/ "#	

�� =	�@5#� ���- .  

(a b) a a b a b a b ab b→ + = + + + + +5 5 4 3 2 2 3 4 51 5 10 10 5 1
  

'_&f �	 $�� "�,( ���  �� �@�� � "�\� ���� �	 �%� L���o 6��� �@�� 	�C*�

 � �@�� ����O� 6 "�\� (...

 ?���( lA�(x )−3 52 ������ �� �/ L���o h
&)� � '5
� ��



 ��
* ��
� �3  ����2   ��
�* �3 3   �����

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
↓ ↓ ↓ ↓ ↓

+ = + + + + +5 5 4 3 2 3 43 3 3 3 33 3 3 5 3 3 10 3 3 10 3 3 5 3 3 3   

 "A�� ��
�     "A�� ��
�         "A�� ��
�         "#� ��
�             "A�� ��
�            "A�� ��
�  

( ) ( ) = × × =2 3310 3 3 10 3 3 90   
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( )3 3 '_&f ���d�   ��
�d��� ��  a	
  

  

( )3 3 ��
* h
&)�  ����� =��
&0 �05 "#� .'_&f �	 bM  ��
* ��
� �

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
↓ ↓ ↓ ↓ ↓↓

+ = + + + + +
2 55 5 4 3 2 3 43 3 3 3 33 3 3 5 3 3 10 3 3 10 3 3 5 3 3 3

 "A�� ��
�     "A�� ��
�         "A�� ��
�         "#� ��
�             "A�� ��
�            "A�� ��
�

10 3 3 10 3 3 90

 

 

 

 ?���( lA� �	( )+ 533 3

 ?���( lA� �	( )+ 533 3

3 ��� .  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
↓ ↓ ↓ ↓ ↓

+ = + + + + +
2 55 5 4 3 2 3 43 3 3 3 33 3 3 5 3 3 10 3 3 10 3 3 5 3 3 3

      "A�� ��
�     "A�� ��
�         "A�� ��
�         "#� ��
�             "A�� ��
�            "A�� ��
�



�� =	�@5#� ���A��� ��0	�&�  � �0 ���- .  

 ���A� �� �*b "#� .  
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  هاها و نامعادلهنابرابری

'A��d� ���� 6���� �d�dN 	�( �	 �/ � �� =	�@5#� ���A��� ��0	�&�  � �0

  

�� �d�dN 	�( �	 ���� .<10 20 ��  ���
�10 .�
-   � "#� �*20.  

a �7� r   � �*b "#� . ���a b≥ ��  ���
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n n { , , , ,...}> → ∈5 6 7 8 9   

�� '!�o� ���
* 	��� . 	
�A�4500  [
M ���
*

x x x /+ ≤ ⇒ ≤ ⇒ ≤2000 750 4500 750 2500 3 3   

  � �I� ��� �*30 .�
- ���� �* .  

x (x ) x x

x / x /

≤ + + < → ≤ + < → ≤ <

→ ≤ < → ≤ <

30 1 50 30 2 1 50 29 2 49

29 49
14 5 24 5

2 2
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 ����] 	�( ���d� �Q��Nn ���� '5�	 '- ���- $���* ���� �� :  

  

n n n ( ) n≥ → ≥ → ≥ → ≥ =300 450 300 900 300 3 300 381 9 9 9 729

 �����729 "#� .  

  

 ���� '5�	 '- ������ ���� ��n n− +>2 1 716 8 .  

  
n n n n n n( ) ( ) n n n− + − + − +> → > → > → − > + → >2 1 7 4 2 1 3 7 8 4 3 2116 8 2 2 2 2 8 4 3 21 5 25

n n { , , , ,...}

  

�� �	��� ���
*  �_�� "(�# �0 �� � '� � 	���750 �� '!�o� ���
*

�� "(�# ��� �\-��N ��  a���&� ��5#� �	 ���
*  

  

���&� ��5#� �	 "(�#.  

x x x /+ ≤ ⇒ ≤ ⇒ ≤2000 750 4500 750 2500 3 3

�� "(�#���&� ��5#� �	 ���
*.  

  

�/ h
&)� '- 	��	 	
f� �I�
5� ����]   � �050 .�
-   � �I� ��� �*

  

x (x ) x x

x / x /

≤ + + < → ≤ + < → ≤ <

→ ≤ < → ≤ <

30 1 50 30 2 1 50 29 2 49

14 5 24 5

15  �*24 �� �/ 	���* '- ����  �010 "#�* .  

 

 

 

 ����] 	�( ���d� �Q��Nn

 ����] ���d� �Q��Nn  �����

 ����] ���d�n  ���� '5�	 '- ������ ���� ��

( ) ( ) n n n> → > → > → − > + → >16 8 2 2 2 2 8 4 3 21 5 25

 �� ��5#� .�2000 �� �	��� ���
*

	��	 .�� "(�# ��� �\-��N ��

 �� ���- Z�! x���&� ��5#� �	 "(�#

 �\-��N 	
�A�3 �� "(�#

	�( "@f ��� �/ h
&)� '- 	��	 	
f� �I�
5� ����]

 $�������x  	��(�  � �%�15



��� .  

x x (x ) x x x x x x− > + → − > + + →− > → <2 2 2 23 6 9 7 9   

 . ����R C>  .'I	��� ��� '��70 �  �

 ?�
T '� '5@0 .� �	 "-� ��/�	 �

 ��� ���� '5@0 �	 "-� $�� 6"#� '5@0 .� �	 =� '5���! ��0

R C

C / x x / x / x x

R x

> = + → > + → > → >
= 

300 1 5 2 300 1 5 0 5 300 600

2

   

���@� "(�# 	�( .  
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�/ �o�@* '- ���- $���* �� �	��(� r�7� �������  � �0 �/ ~&f ~���  � �*  �� �03 ���

  

����� .����	 ?�
T $�� �	 :  

x x (x ) x x x x x x
−

− > + → − > + + →− > → <2 2 2 2 9
3 6 9 7 9

7

  

 ��/�	 '- "#� So�� ��/(R) '��70  � �5��� ���� (C) ��� .

 ?�
T '� '5@0 .� �	 "(�# ���I
* "-� .�C / x= +300 1 5 'I	��� �  ?�
T '� '5@0 .� �	 "-� ��/�	 �

 ?:	��� $�� �	 '- ���x "(�# 	���*  ��� ���� '5@0 �	 "-� $�� 6"#� '5@0 .� �	 =� '5���! ��0

 a��� ��/	
# �/ ���I
* "�I��! '- $�� �* ���@� "(�#  

  

r�7� �� ��/�	 ���� 'I�A� ^�] ��0	 ���Q '��70  � �* :  

C / x x / x / x x= + → > + → > → >300 1 5 2 300 1 5 0 5 300 600

  � D�� '5@0 �	 ���� 6��� ��/	
# "-� $�� "�I��! '- $�� ���� bM600 ���@� "(�# 	�(

   

 

 

 

�/ �o�@* '- ���- $���* �� �	��(�

 �� �q�	�
� 	��(�x �� �����

	
# ?��)* .� �	  ��/�	 '- "#� So�� ��/

 ?�
T '� '5@0 .� �	 "(�# ���I
* "-� .�

R x= 2  ?:	��� $�� �	 '- ���

 a��� ��/	
# �/ ���I
* "�I��! '- $�� �* ���@� "(�#

r�7� �� ��/�	 ���� 'I�A� ^�]

  � D�� '5@0 �	 ���� 6��� ��/	
# "-� $�� "�I��! '- $�� ���� bM



  های خطی

�� l� �/ � ����� .  

"#� F : 'jd� �	 �Q��N l� �/ Z�( � [
] $�� 'j��� �	��/ "#	 .  

��f '� ���� l� �x  ��y  � ��0	 ���Q =�
�I	 �	�(

x , ,=−10 1   

y ( )= × − + =− + =2 1 4 2 4 2   

y= × + = + =2 0 4 0 4 4   

y= × + = + =2 1 4 2 4 6   
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های خطی  خط و معادله:  فصل ششم

  معادله خط

��%�* s�d� Z�( � [
] $�� � =��0	 'I	��� �� l� .� � �� l� �/ �

  

"#� =� ��%�* 'jd� ��& .'� ���� "#� F : 'jd� �	 �Q��N l� �/ Z�( � [
] $�� 'j��� �	��/ "#	

  

 
 
  

  �
 
 
  

1

1
 ��  a"#� F��- 	�P�  

  

 �% '� 'I	��� �PI "#� ����� �0 �� Z�( � [
]y x= �� ��� .  

  

 
 
  

  �
 
 
  

2

5
 ��  a"A�� 	�P�  

  

'!�o� '� �/ [
] ����� "#� .� � .bM :y x= +2 1   

l� =��0	: '� ���� =��0	 ��%�* s�d� �	��/ "#	 ��f '� ���� l� �x

  

y x= + ���- ���M �� .  

  

�� =�
�I	 ���d�  � ��0	y�� ���M �� �0 ���- :  

2 1 4 2 4 2

x

y

−1 0 1

2 4 6

 

 

 

  

معادله خط: درس اول

'I	��� l� �: 'j��� ��%�* s�d� Z�( � [
] $�� �

��  � l� �0 "#� =� ��%�* 'jd� ��&

'I	���   � '- �j� �
 
 
  

0

0

 �% '� 'I	��� �PI "#� ����� �0 �� Z�( � [
]

'I	���   � '- �j� �
 
 
  

3

7

 'jd� �0 Z�(2 '!�o� '� �/ [
] �����

��%�* s�d� l� =��0	

���- ���M �� ��B�	 .  

 l�  � 'jd� '#y x= +2 4

 '�x  63 �� =�
�I	 ���d�



'I	��� 	�����5#� ?�
T �� �� l� � ����� .F�&*x 

�� ��I	 $�&0 '�  ���
�x �y 'j��� �0 ��  �j� �

y x , y x , y x ,...
−

= = = −
1 1

2
3 3

   

y x y x y x
÷= − → = − ⇒ = −4 3 12 3

4 3 12 3
4 4 4

   

�/ ���� '5�	 �� l� .�  � =�
�I	 �  �#� ?�{5�� =�B5#	 ��� �� �0

	
� �0�
� �q� 	�
� l� ��&0 'jd� �	 $��  � .  

y x=− +3 3 );I�  

x y+ =3 3 9 )K  

x y= → =− × + = + =0 3 0 3 0 3 3 );I�  

x y= → =− × + =− + =1 3 1 3 3 3 0             

x

y

0 1

3 0
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'I	��� 	�����5#� ?�
T l� �: 'I	��� �0  �% '� ��y ax b= + 'I	��� 	�����5#� ?�
T ��

�� ��T 'I	��� $�� �	 '- ���0 ����	 ���Q l� .� ��� ���- .�� ��I	 $�&0 '�

	��	 K�
f ��&.  

  

y x , y x , y x ,...
1 1

3 3

  

x y− =3 4 12 '� �� ��A�
�� 	�����5#� ?�
T .  

  

y x y x y x= − → = − ⇒ = −
3 12 3

4 3 12 3
4 4 4

'jd� �	 "#� �!�- l� .� �#� ���� �/ ���� '5�	 �� l� .�  � =�
�I	 �

�� �T� �0 '� � ���- ���- .��P� l� 	
� �0�
� �q� 	�
� l� ��&0 'jd� �	 $��  �

  

���- �#� �� ��  ��0.  

  

                        = → =− × + = + =0 3 0 3 0 3 3

= → =− × + =− + =1 3 1 3 3 3 0

 

 

 

'I	��� 	�����5#� ?�
T

�y �� ��T 'I	��� $�� �	 '- ���0

����	 .'I	��� �� :�� �	��	 K�
f ��&

'I	���  l� �x y− =3 4 12

l� �#�: 'jd� �	 "#� �!�- l� .� �#� ����

�� �� �T� �0 '� � ���-

l� 'I	��� ��	
&����- �#� �� ��  ��0

  

  

  



y x y x= − → = −
9 3

3 9 3
3 3

 )K  

y x y x→ = − → =− +3 3   

x y= → = + =0 0 3 3   

x y= → =− + =1 1 3 2        

x

y

0 1

3 2
  

x y ( )=− → = × − + =
1

8 8 4 0
2

   

                     x y= → = × + =
1

0 0 4 4
2

     

       ����� 6"�#� =�� ~�Q�� ��j� ��� ��B�	 ��x �y    �	 �� '�jd� $���

  
x , y

y x ( )

= =−

= + →− = + →− ≠ + =

2 1

1 1
4 1 2 4 1 1 4 5

2 2

   

  .  �P�I
 
 
 − 

2

1
     � '�I	��� '�� l�� ���
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�� ����* 	�����5#� F�! '� �� l� ��5�� ���- .  

y x y x

  
l� 'I	��� �_- ?�
T �� ?�{5�� ����  � '- "#� ���0 ���P� .  

  

y x= +
1

2
 ���- �#� �� .  

a"#� l� $�� ���  

���- ���M ?�{5�� ��0�
C� �� �� l� 	�
��� ��0 .  

 [
] '� l�  � ��1- ���- ���M �� .  

  
 :  

=− → = × − + =8 8 4 0

x

y

−8 0

0 4
                      

  

'jd� ��/ '-  �
 
 
 − 

2

1
 'jd� �0 ��        ����� 6"�#� =�� ~�Q�� ��j� ��� ��B�	 ��

��� '��� � "#� l� ��� 'jd� $�� � �T�N ���A* ��� ��0	 ���Q l� � .  

= + →− = + →− ≠ + =4 1 2 4 1 1 4 5

 c�] .� �����1-  �B�	 c�] �5 �� �	  ��5�A�� ����� �0 �� '- ��/  .

"A�� ~Q�� .  

 

 

 

 �#�  ����)K (�� ����* 	�����5#� F�! '� �� l� ��5��

y ax= l� 'I	��� �_- ?�
T

 � 'I	��� '� l�y x= +
1

4
2

;I� ('jd� ��/  �
 
 
 − 

2

1
 a"#� l� $�� ���

K ('jd� ?�{5�� ���- ���M ?�{5�� ��0�
C� �� �� l� 	�
��� ��0

E ('jd�  [
] '� l�  � ��

�� �#� �� l� ��5�� ���- :

  

  

;I� ($�� $���* ����'jd� ��/ '-

'I	��� ��� '��� � "#� l� ��� 'jd� $�� � �T�N ���A* ��� ��0	 ���Q l� �

��&0 �� '- �
]  c�] .� �����

y x= +
1

4
2

 "A�� ~Q��



'I	��� �	 $�� '� '�� 	��
� ����  l� �y=0 �� ���Q bM ��0	 :  

y
y x x x x x

== + → = + → + = → =− → =−01 1 1 1
4 0 4 4 0 4 8

2 2 2 2
   

[
] �
C� �� 	�
��� � 'jd� ?�{5��  �0  

�����.  

y x x y y= + → = → = × + = + → =
1 1

4 0 0 4 0 4 4
2 2

   

Z�( �
C� �� 	�
��� � 'jd� ?�{5�� �0  

x
y x y ( ) y

=−= + → = × − + =− + = → =11 1 1 7 7
4 1 4 4

2 2 2 2 2
   

 −
 
 =
 
  

1

7

2

  [
] '� l�  � �� 'jd�1 -  

      
 −
 
  

1

1
 );I�  

( ) ( )− × − + = + = → =3 1 2 1 3 2 5 5 5   

  

− × + × =− + =− ≠3 5 2 4 15 8 7 5   

( ) ( )− × − + × − = − = → =3 5 2 5 15 10 5 5 5   
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�
C� �� 	�
��� s�d� ?�{5�� ��5��x �0)[
] �0 :('I	��� �	 $�� '� '�� 	��
� ����

y x x x x x= + → = + → + = → =− → =−
1 1 1 1

4 0 4 4 0 4 8
2 2 2 2

x=−8 � l�[
] �
C  �0)x�0 (�� ~jQ ����-.  

 −
 =
  

8

0
 [
] �
C� �� 	�
��� � 'jd� ?�{5��

 l� 	�
��� �y x= +
1

4
2

 Z�( �
C� ��  �0)y�0 (�� �� �����

�� ���Q l� � ��0	x=0  �y �� ���M  �����-:  

y x x y y= + → = → = × + = + → =
1 1

4 0 0 4 0 4 4
2 2

Z�( '� ��4 Z�( �
C� �0)y�0 ( ~jQ ���� ��- .  

 
 =
  

0

4
 Z�( �
C� �� 	�
��� � 'jd� ?�{5��

 ��0	 ���Q l� �x=−1   

y x y ( ) y= + → = × − + =− + = → =
1 1 1 7 7

4 1 4 4
2 2 2 2 2

 
 
 
 
  

  
 l� ��� ��  s�d�  � .�x y− + =3 2 5  a��� a"#� ~Q��  

C
 −
 =
 − 

5

5
 )u      

 
 
  

5

4
 )K  

  

− × − + = + = → =3 1 2 1 3 2 5 5 5

'I	��� �	 � "#� ���Q�� ���A*�� ��T l� � "#� ~Q�� l� ��� 'jd� bM 6��- .  

− × + × =− + =− ≠3 5 2 4 15 8 7 5

	���� ���Q l� ��� .  

                − × − + × − = − = → =3 5 2 5 15 10 5 5 5

"#� ~Q�� l� ��� .  

 

 

 

K (�
C� �� 	�
��� s�d� ?�{5�� ��5��

'jd� �	 ����  [
] '� ��8

'jd� ?�{5�� �
�-�  l� 	�
��� �

$�� ����'I	��� �	 ��- �� ���Q l� �

'jd� �	 ���� $�� Z�( '� ��

E ('I	��� �	  ��0	 ���Q l� �

F��-  l� ��� ��  s�d�  � .�

;I� (  

'I	��� �	 � "#� ���Q�� ���A*

K (  

'jd� $��  	���� ���Q l� ���

u (    

      

'jd� $�� "#� ~Q�� l� ���



x ( ) x x x+ × = → + = → =− → =3 2 5 5 3 10 5 3 5   

�� ���M �� Z�( � ��0	 ���- .  

y y y y× + = → + = → = → =
1 2 2 2 9

0 3 0 3 3
2 3 3 3 2

   

='jd� Z�( �
C� �� l� 	�
��� �  �0  

'j���  � ��! [
] 6	
 �T� �/ '� �y / x= +0 8 10  ���M

 a	
  

 �5�y /= × + = + =0 8 5 10 4 10 14   

'� � Y�0 �5Q� "#� �5� "A�� ��7��/ ��! '� ��.  

y ( / ) y= × + = + = → =0 8 0 10 0 10 10 10   

�� =	�7!� ��! [
] '� �5� 	
 .  
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 l�  � ��x y+ =3 2 5   �/ Z�( '- ����/ "#	 '� ��5 a���  

  
 ��f '� bM ����	 �� 'jd� Z�(y  65 �� ���Q ��0	:  

x ( ) x x x
−

+ × = → + = → =− → =
5

3 2 5 5 3 10 5 3 5
3

 
 −
 
 
  

5

3
5

 �� ��� .  

  

x y+ =
1 2

3
2 3

 Z�( �
C� �� �� ������ �0 .  

  
�� �@T [
] ����	 �0 'I	��� �	 bM ����  6x=0 �� ���Q �� ���M �� Z�( � ��0	

y y y y× + = → + = → = → =
1 2 2 2 9

0 3 0 3 3
2 3 3 3 2

 
 
 =
 
  

0

9

2

  
"#� �5� .'� � �5Q�  F�f '� ��x 'j���  � ��! [
] 6	
 �T� �/ '�

 F�f '� ��5 �� �T� �/ '� F��
_�- '� ��! [
] 6	
 �� ��Q  a	


  
x= :  

�5��#  �5�0 8 5 10 4 10 14

�� �5� 	
 . "I�N �	 ��� ��! [
] '�I��10 �5��# '� � Y�0 �5Q� "#� �5�

 y ( / ) y= × + = + = → =0 8 0 10 0 10 10 10

 ���- ��7��/ ��! '� �� ����
_�-4 �5��# �� =	�7!� ��! [
] '� �5�

 

 

 

'jd� ?�{5�� l�  � ��3 2 5

 ��f '� bM ����	 �� 'jd� Z�(

'jd� bM  �� K
_j� �

 
 
 
 
  

5

3
5

'jd� ?�{5��  	�
��� �3

�
C� ��� s�d� F�&*y�� �@T [
] ����	 �0

 ��! .� [
]10 �5��# "#� �5�

�� 	
 .'� � ���  F�f '� ��

'I	��� �	  �� ���Q ��0	x= 5

 ��! [
] bM14 �5��# �� �5�

'� � �5Q� �PI  �5  ���- ��7��/ ��! '� �� ����
_�-

  

  

  



'���  [
] �
C� "�\� "Of �� l� �  �0

�� ����  � Z�( �/ '� ��I	 $�&0 '� 6"#�0 ���
� .  

y x=− +3 2 );I�  

y=−2 )E  

 .  

x y y x y x− = → = − → = −
1 3 3 1 1 14

7 7
2 2 2 2 3 3

   

 ����  � Z�( �2 - �� ��� .  

y ax b x b= + = × +0   

y b b= + =0   

�� �@T ����  � Z�( � ��� .  

 ��7�� "�A� �� "#� ����� = ���� $�� 6l� �/ �����# = ���� ���� l� .� L�

h�@*�� D��7!� ��7��    

 =L�  
=� �] �d!� "!�A�  
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  شیب خط و عرض از مبدأ خط

y ax b= +  	�( 6a �� =����� l� L� 	
 .����* ��a '��� 

���� =��0	 Z�( �
C� �� l� 	�
��� �C� � �� ����  � Z�( �/ '� ��I	 $�&0 '� 6"#�0

  

����&� ���� �� ����  � Z�( � l� L� ��  ��0 .  

x y− =
1 3

7
2 2

 )K  

y x=−
2

3
 )	  

  

 	�����5#� F�! '� 'f
* ��y ax b= +  63-  � l� L�2 "#� ����  � Z�( .

"A�� 	�����5#� F�! '� l� � .��/ �	 	�����5#� F�! '� ���� [�� �PI :  

x y y x y x
÷

− = → = − → = −
3

21 3 3 1 1 14
7 7

2 2 2 2 3 3

y ax b= + l� L� 6
1

3
  ����  � Z�( �

−14

3
 �� ��� .  

y ax b= +  � 'I	��� '� l� 6y=−2  L� ����	a=0  ����  � Z�( �

y ax b= +  6y x=− +
2

0
3

  L� ����	−
2

3
 �� �@T ����  � Z�( �

�#��0 ����* �� s
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شیب خط و عرض از مبدأ خط: درس دوم

'I	��� �	  l� �y ax b= +
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'I	��� �	  l�����&� ���� �� ����  � Z�( � l� L� ��  ��0

;I� ( 	�����5#� F�! '� 'f
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 ���� �d!� "!�A� ��7�� '� h�@*�� ��7�� �� "#� �����
2

3
  �% �	 �)2 (=��M L�  l�
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140  

  

 l�AB  a"#� �5���  
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ی خطوط موازی با محورها نکاتی درباره
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m
a (m )

a

− + −
′= → = → × + =− ×

1 1 1

3 2
  :'5%� ^�]  ��Q ��0  

m m m→ + =− → =− → =2 2 3 2 5   

�� ^�j�� ��
 :  

y (n ) x , y x n= − − = + −21 3 4 2   

145  

  

?�{5�� ��0 ��� ?:	��� �PI ��5A0 ��  �% '�~�� � F
# � [�� ~��  �#

  

y x− = +2 3 4 1  �y (m )x+ = + −3 1 1 5  a���� 	
&( �0 ��

  

�� 	�����5#� �% '� �� 'I	��� �	 �0 ��5����A�
� :  

y x y x y x− = + → = + → = +2 3 4 1 2 4 4 2 2

(m )
y (m )x y (m )x y x

+
+ = + − → = + − → = −

1
3 1 1 5 3 1 6 2

3

m
a (m )

− + −
= → = → × + =− ×

1 1 1
2 1 1 3

3 2

m m m
−

→ + =− → =− → =
5

2

  

  � ����d� '� �� � '� ��  l� �	 ���- $���n   � ����d� '� �� � '� � � �
�n �� ^�j��

y (n ) x , y x n= − − = + −1 3 4 2

 

 

 

�/  � ~�� '- ���f ?�{5�� ��0

�� ���� :  

m  l� �	 �* ��� ���y x2 3 4 1

�� 	�����5#� �% '� �� 'I	��� �	 �0 ��5��

  � ����d� '� �� � '� ��  l� �	 ���- $���



� 

�  

 ���A%� ����  � Z�( ����	 6�� ���� .bM :  

n n
(n )

n n

 − = → =− = →
 − =− → =−

2 1 2 3
1 4

1 2 1
   

  �� � '�� ���n=−1     �	 ��0 �����  � Z��(

a b c

a b c
  ^�j�� �0 �� �*�
T �	 �   '�- ���� :

= ≠
3 2 1

6 4 3
   

−
= =
−

1 2 3

3 6 9
   

d : (n ) x ny

d : nx (n )y

− + − =

′ + − + =

1 1 0

4 1 2 0
   

n n
(n )(n ) n n (n ) n

n n

− −
= ≠ → − − = × → − =

−

1 1
1 1 4 1 4

4 1 2
   

 E�	7� 	�C*� '�7)*(n ) n→ − − =2 21 4 0  

n n

n n

− − = → =−→
 − = → =

1 0 1

1
3 1 0

3

   

   �� � '�� �P�In=−1   l�� �	d  �d′ 

146  

  
L� �	
� �%� �� =�,( '- ��5A0 ^�j�� �0 �� ���B�0 l� �	  ���A%� ����  � Z�( ����	 6��

n n

n n

− = → =

− =− → =−

1 2 3

1 2 1

�� ;_5�� l� �	 ����  � Z�( ���� .� �
� l� �	 bM ��� .  �� � '�� ���

�� ^�j�� �0 �� l� �	 ?�
T $�� �	 '- 	
 ��
 .  

  
d :ax by c

d :a x b y c

 + + =
 ′ ′ ′ ′+ + =

 � �
� �0 �� �*�
T �	 '- ��� :
a b c

a b c
= ≠
′ ′ ′

  
d : x y3 2 1 0  �d : x y′ + + =6 4 3 0 ���  6��� �
� �0 �� : 

  
d : x y  �d : x y′ − + =3 6 9 0 ^�j�� �0 �� ���  6��� :  

  
���� � �
� �0 �� ��  l� �	 '- ���- $���* ���� �� :  

  

(n )(n ) n n (n ) n= ≠ → − − = × → − =2 21 1 4 1 4

(n n)(n n) ( n )( n )→ − − − + = → − − − =1 2 1 2 0 1 3 1 0  E�	7� 	�C*� '�7)*

  ��� ^��j�� �0 �� l� �	 � =� ���A� �
! "�A� '#  ��
� .   �� � '�� �P�I

 

 

 

L� �	
� �%� �� =�,( '- ��5A0 ^�j�� �0 �� ���B�0 l� �	

 �� � '�n= 3 �� ;_5�� l� �	 ����  � Z�(

 l�3- �� �� ^�j�� �0 �� l� �	 ?�
T $�� �	 '- 	


 l� �	
d :ax by c

d :a x b y c

+ + =

′ ′ ′ ′+ + =

0

0

a b c

a b c
= =
′ ′ ′

 .  

  

 l� �	d : x y+ + =3 2 1 0

 l� �	d : x y− + =2 3 0

���d�n ���� � �
� �0 �� ��  l� �	 '- ���- $���* ���� ��

(n n)(n n) ( n )( n )→ − − − + = → − − − =1 2 1 2 0 1 3 1 0

 �� � '�n=
1

3
   ��� ^��j�� �0 �� l� �	 � =� ���A� �
! "�A� '#

�� � �
� ��
.  



Z�( �
C� �� ~Q�� ���� ~jQ �0 ���- .  

��� �
� �0 �� ��	
� �PI .  

    ?:	���� ��_- "�I�N ���� ��� 	
� '� �0

���� '5�	 '- ��	
&( �0 �� �*�
T �	 :  

a a b b′ ′× + × =0   

(n )x y− − + =1 3 4 0   

x (n )y+ + − =2 1 1 0   

(n ) (n ) n n n− − + = → − − − = → =−2 1 3 1 0 2 2 3 3 0 5   

AB (x x ) (y y )= − + −2 2
2 1 2 1   

AB ( ) ( )= − + − = + = =2 23 1 4 2 4 4 8 2 2  

  

147  

  

'jd� �	 �� �B��%� s
j� �/ 6���� ����� �0 �� l� ��� ����  � Z�( Z�( �
C� �� ~Q�� ��

  

�/ ����  � Z�( '- �]
j� Z�( �
C� � �
� "#� =��� ;���* �0�� �0 ���� .��� �
� �0 �� ��	
� �PI

  

 ��	
� 	�����5#� F�! '� s
j� ?:	��� '- �5I�N �	 ����	�/ �	
� 	
&( s�     ?:	���� ��_- "�I�N ���� ��� 	
� '� �0

����	 'C@T �	 �0 �� 	
&( s
j� :  

d : ax by c  �d : a x b y c′ ′ ′ ′+ + =0 ���� '5�	 '- ��	
&( �0 �� �*�
T �	

  

 .���d�n '�  a"#� ��Q  

  

(n ) (n ) n n n− − + = → − − − = → =−2 1 3 1 0 2 2 3 3 0 5

  

A=  �
x

B
y

 
 =
 
 

2

2

 �� K�AN ��  [
��!  � 		�� :  

AB (x x ) (y y )2 2

  

A=  �B
 
 =
  

3

4
 '� �� ����/ "#	 .  

  

= − + − = + = =3 1 4 2 4 4 8 2 2

 

 

 

 ���'jd� �	 �� �B��%� s
j� �/ 6���� ����� �0 �� l� ��� ����  � Z�(

�/ ����  � Z�( '- �]
j�

 ��	
� 	�����5#� F�! '� s
j� ?:	��� '- �5I�N �	 ����	

����	 'C@T �	 �0 �� 	
&( s
j�

 l� �	d : ax by c+ + =0

��	
&( �0 �� ��  l� �	 .

'_T�!'jd� �	 �  �
x

A
y

 
 =
 
 

1

1

'_T�! 'jd� �	 �  �A
 
 =
  

1

2



   
  

�� 6������'j���  � ����
* ����B� .&- ��  � :  

| ax by c |
d

a b

+ +
= 1 1 '_T�! 'jd� � �A  l�  �  

x , y ,a , b ,c= =− = =− =1 12 3 3 4 2   

| ( ) | | | | |
d

( )

× − × − + + +
= = = = =

+ −2 2

3 2 4 3 2 6 12 2 20 20

3 4
   

  

| c |
d

a b
=

+2 2
  

x y h+ − =1 0 0  ����� [
��! +�#��� "
�

| x y h | | x h |
d | x h |

× + × − −
= = = −

+

0 0 0

2 2

1 0

1 0
   

�� "#� ����� :| y b |−0   
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  مند آموزان  علاقه

'jd� �  ����� ��
x

A
y

 
 =
 
 

1

1

  l�  � ��ax by c+ + =0 �� 6������

| ax by c |

a b

+ +

+

1 1

2 2

  
M( , )  l�  �x y− + =3 4 2 0 '�  a"#� ��Q  

  
x , y ,a ,b ,c= =− = =− =2 3 3 4 2

| ( ) | | | | |× − × − + + +
= = = = =

+

3 2 4 3 2 6 12 2 20 20
4

59 16 25

  
 l�  � ?�{5�� ���� �ax by c+ + =0 �� "#� ����� :  

  
�M(x , y )0 0  l�  �x h= �� "#� ����� :| x h |−0 .  

  
M(x , y )  l�  �x h= �� '-  ?�
T '� �� �/ ��
*x y h+ − =1 0 0

| x y h | | x h |
d | x h |

× + × − −
= = = −0

1

  

'_T�! 	�	 ���� ��
* 'jd� �  �M(x , y )0 0  l�  �y b= �� "#� �����

  

M( , )  s
j�  � ��x=−3  �y= 4 '� ����/ "#	 .  

 

 

 

آموزان  علاقهدانش  یویژه

'_T�! ��0�
�� ��� 'jd� �

'_T�! 'jd� � �M( , )−2 3

����	 bM:  

'_T�!  l�  � ?�{5�� ���� �

'_T�! ��0	 ���� 'jd� � �M(x , y )

'_T�! 'jd� �  �M(x , y )0 0

�� "#� :  

�� L�*�* $�&0 '� '_T�! 	�	 ���� ��
*

'_T�! 'jd� �  �M( , )−2 5



ax by c

ax by c

 + + =
 + + =

 'j���  � �� .&- ��  � ����� :  

| c c ' |
d

a b

−
=

+2 2
  

x y x y×+ + = → + + =23 4 1 0 6 8 2 0
��B(���= 

   

| c c | | ( ) |
d

a b

′− − −
= = = =

+ +2 2 2 2

2 8 10

106 8
   

����B� �q� �	 �� .����� 'jd� �0M(x , y) ��� �� ~Q��-

��� .'I	��� �PI ��� �'j���  �  �#  ��  �

'_T�! 'jd� � �M(x , y)  ��
x

M
y

 
 
  

  �L1   

| a x b y c | | a x b y c |

a b a b

+ + + +
=

+ +

1 1 1 2 2 2

2 2 2 2
1 1 2 2
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 l�  �x=−3  :| ( ) | | |− − = =2 3 5 5 .  

 l�  �y= 4 �� "#� ����� :| |− − =5 4 9 .  

�0  � � �
� l� �	 �:  � �
� l� �	 '_T�! �	�- ���M ����
ax by c

ax by c

+ + =

′+ + =

0

0

  

  

x y

x y

 + + =
 + − =

3 4 1 0

6 8 8 0
 '� �� ����/ "#	 .  

  

�� �0 '�� �� s
j� � ���-:  

 x y x y+ + = → + + =3 4 1 0 6 8 2 0

�� "#� ����� � �
� l� �	 '_T�!:  

| c c | | ( ) |
= = = =

2 8 10
1

10

  : ی بین دو خط ی نیمساز زاویه

L : a x b y c+ + =1 1 1 1   �L : a x b y c+ + =2 2 2 2 0 ����B� �q� �	 ��

 l� �	  � '- "#� ��9�� $�� ����	 �
! l� �	  �#L1  �L2 �� '_T�! .� '� ���

'_T�! 'jd� �  �M(x , y)  ��
x

M
y

 
 
  

  l�  �L= 2 '_T�!

| a x b y c | | a x b y c |

a b a b

+ + + +1 1 1 2 2 2

2 2 2 2
1 1 2 2

ax by c+ + =0

ax by c′+ + =0

 

 

 

'_T�! 'jd� ��M  l�  �

'_T�! 'jd� � �M  l�  �

'_T�! �0  � � �
� l� �	 �

 

'_T�!  � �
� l� �	 �
+ + =

+ − =

3 4 1 0

6 8 8 0

  

'I	��� ��5�� �� �0 '�� �� s
j� �

�� "#� ����� � �
� l� �	 '_T�!

ی نیمساز زاویه معادله

 l� �	L : a x b y c+ + =1 1 1 1 0

 l� �	  � '- "#� ��9�� $�� ����	 �
! l� �	  �#

�� �T�N 		�� :  



D : x y , D : x y3 4 1 0 5 12 1 0 '� �� ����/ "#	.  

| x y | | x y | | x y | | x y |

( )

+ − − + + − − +
= → =

+ + −2 2 2 2

3 4 1 5 12 1 3 4 1 5 12 1

3 4 5 12
   

x y x y+ − − +
→ = → + − = − +

3 4 1 5 12 1

5 13
   

x y x y ( )→ + − = → + − =14 112 18 0 7 56 9 0 1   

x y x y+ − − + −
= → + − =− + −

3 4 1 5 12 1

5 13
  : ��  

x y x y ( )→ − − = → − − =64 8 8 0 8 1 0 2   

�� ��%�* =�B5#	 .� �0 �� �I
O)� �	 � ��0	 .  

x y x y m x

y x x y x m

  − = − = = −      
  = + + = − + =    

3 2 6 2 3 11 2 1

5 1 3 5 7 6 4 2 0
   

�� =	�@5#� �j� ?:	��� =�B5#	  � �0 ���- . K�
f 6=�B5#	 K�
f

 '� �	�( �	 �� 'I	��� �	 �0 b�# ���- K��5�� �� '�
�  ��

'I	���  �  �T�N �  �� F�	 ���5� K�
f 6~&f
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 l� �	 $�� �D : x y , D : x y′+ − = − + =3 4 1 0 5 12 1 0

  

| x y | | x y | | x y | | x y |

( )

+ − − + + − − +
= → =

3 4 1 5 12 1 3 4 1 5 12 1

5 13

x y x y→ = → + − = − +
3 4 1 5 12 1

39 52 13 25 60 5

x y x y ( )→ + − = → + − =14 112 18 0 7 56 9 0 1

x y x y
x y x y

+ − − + −
= → + − =− + −

3 4 1 5 12 1
39 52 13 25 60 5

x y x y ( )→ − − = → − − =64 8 8 0 8 1 0 2

 �% '� ���
*)1 ( ��)2 (��� .  

  های خطیدستگاه معادله

'I	��� �	 'I	��� �	 �� l� � �� ��%�* =�B5#	 .� �0 �� �I
O)� �	 �

  

x y x y m x

y x x y x m

  − = − = = −      
  = + + = − + =    

3 2 6 2 3 11 2 1

5 1 3 5 7 6 4 2 0

'jd� �	�- ���M ���� 6���� ~]�d5� l� �	 ��� �/ ~]�d* � �� =	�@5#� �j� ?:	��� =�B5#	  � �0

  

 ��0���5�  � �%� ���� i�� $�� �	x  ��y  '� �	�( �	 �� 'I	��� �	 �0 b�# ���- K��5�� ��

�/ �5Q� '- �� ~&f �0 �� �� �0 	
 cPN �0���5�  � �%� ���- .'I	���  �

�� $���* 7�� �� [�� ���5� K�
f 6?:	���  � �%� �	 ���7B��f �� � ���- ���- .  

  

x y

x y

 + =
 − =−

2 3

2 1
 ���- �N �!PN i�� '� �� .  

 

 

 

'I	��� ��� �'���   �#  l� �	 $�� �

'I	��� ��� ���  �#  �% '� ���
*
  

دستگاه معادله: درس سوم

�j� ?:	��� =�B5#	: 'I	��� �	

= + + = − + =5 1 3 5 7 6 4 2 0

'jd� �	�- ���M ���� 6���� ~]�d5� l� �	 ���

"#� 'I	��� �	 v�5�� .  

1 (�!PN i��:  ��0���5�  � �%� ���� i�� $�� �	

�� K�o  ���-�/ �5Q� '-

�� ���M �� $���* 7�� �� [�� ���5� K�
f 6?:	���  � �%� �	 ���7B��f �� � ���-

 ?:	��� =�B5#	
x y

x y

+ =

− =−

2 3

2 1



 L��o �x 'I	��� �	  ����� F�	 �1 "#� . ���

x y x y x y

x y x y x y

  + = + = + =    → →  
  − =− − × − =− − + =    

2 3 2 3 2 3

2 1 2 2 1 2 4 2
   

x y x y+ − + = +2 2 4 3 2   

y y= → = =
5

5 5 1
5

   

x y

x x x

+ =

+ = → = − = → = =

2 3

2 1 3 2 3 1 2 1
   

x y x y x y

x y x y x y

  + = + = + =    → →  
  + = − × + = − − =    

3 2 1 3 2 1 3 2 1

0 3 0 3 3 0
   

x y x y y y+ − − = + →− = → =−3 2 3 3 1 0 1 1   

    

        x y+ =0   

x x− = → =1 0 1   

x y

x y

 + =
 − =

2 3 7

3 5 1
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 �� cPN ���� ���� K��5�� ���- .L��ox 'I	��� �	  ����� [�� �2  L��o �x

 6���- K�ox � �0�
� cPN .bM :  

x y x y x y

x y x y x y

  + = + = + =    → →  
  − =− − × − =− − + =    

2 3 2 3 2 3

2 1 2 2 1 2 4 2

����	 'I	��� �	 $�!�] ~&f �� :  

�� ���Q =�B5#	 ?:	���  � �%� �	 �� ��0	 :  

x x x+ = → = − = → = =
2

2 1 3 2 3 1 2 1
2

  
x y

x y

 + =
 + =

3 2 1
 ���- �N �!PN i�� '� �� .  

  
�� K�o  �* ���-x 	
 cPN .  

x y x y x y

x y x y x y

  + = + = + =    → →  
  + = − × + = − − =    

3 2 1 3 2 1 3 2 1

0 3 0 3 3 0

�� ~&f �� 'I	��� �	 $�!�] ���- :  

x y x y y y+ − − = + →− = → =−3 2 3 3 1 0 1 1

����	 �_T� =�B5#	 F�	 � 'I	��� �	 :      

  

"#� l� �	 	�
��� �C� .  

  
���- �N �!PN i�� '� �� ���d� =�B5#	 .  

 

 

 

���5�x  �� cPN ���� ��

'I	���  �	 �� F�	 �2-  6���- K�o

����	 'I	��� �	 $�!�] ~&f ��

 K�
f [�Ny=1 �� ���Q =�B5#	 ?:	���  � �%� �	 ��

 ?:	��� =�B5#	
x y

x y

+ =

+ =

3 2 1

0

'I	���  �	 �� F�	 �3- �� K�o

�� ~&f �� 'I	��� �	 $�!�]

 ���7B��f �� �y=−1 ����	 �_T� =�B5#	 F�	 � 'I	��� �	

'jd� bM �
 
 
 − 

1

1
  "#� l� �	 	�
��� �C�

���- �N �!PN i�� '� �� ���d� =�B5#	



 � =	�	 F�)�� �� K�o b�# 6=	�- '���Q �� �0

x yx y

x yx y

y y

 + =+ = → 
 − + =−− − = 

= → =

6 9 213 2 3 7

6 10 22 3 5 1

19 19 1

   

'� �� �B�	 [
O)� ���d� � =	�	 ���Q =�
�I	 '� �0 �� "#	 ����/ .  

x ( ) x x x+ = → + = → = − = → = =2 3 1 7 2 3 7 2 7 3 4 2   

'� �B�	 [
O)� LAN �� �� [
O)� �	  � �%� �0 �� "#	 ����/ .

	
 ����* �I
O)� .� 'I	��� .� '� =�B5#	 �* ���-.  

'I	��� �	 ���  ��f '� �	 �y  ���d�x2  ���Q

y x= +1   

x x x x x= + → − = → =2 1 2 1 1   

y x y y= → = × = → =2 2 1 2 2   

152  

  
'I	��� � '5!�� �q� �	 ��  L���o �	 �� �0x �� K�o ���- .  

 L���o �
� ���� '5�	 'f
*x  "�,( �0 �	 �0)"�\� (�/  � �%� ��5A0  � =	�	 F�)�� �� K�o b�# 6=	�- '���Q �� �0

���- .  

x y

x y

y y

+ =

− + =−

= → =

6 9 21

6 10 2

19 19 1

'I	���  � �%� �	 �� =��/ "#	 '� �� �B�	 [
O)� ���d� � =	�	 ���Q =�
�I	 '� �0

x ( ) x x x+ = → + = → = − = → = =
4

2 3 1 7 2 3 7 2 7 3 4 2
2

 l� �	 $�� 	�
��� �
 
 
  

2

1
 �� ��� .  

'I	���  � �%�  � =	�@5#� �� i�� $�� �	 '� �B�	 [
O)� LAN �� �� [
O)� �	  � �%� �0

'I	��� �	 �� =� '�#�C� [
O)� b�# �� $�7B��f �B�	 � 	
 ����* �I
O)� .� 'I	��� .� '� =�B5#	 �* ���-

  

���- �N ���7B��f i�� '� �� .  

  

����B� �q� �	 �� [�� � . 'I	��� $�� �	y  LAN��x "#� =� '5
� .'I	��� �	 ���

LAN �� 'I	��� .� '� ��0	x �� ��#� :  

x x x x x= + → − = → =2 1 2 1 1

���d� ���- ���7B��f ?:	���  � �%� �	 ��y '� �� "#	 / �� .  

y x y y= → = × = → =2 2 1 2 2

 .  

  

y x

y x

 = −
 + =

1

2 7
 ���- �N ���7B��f i�� '� �� .  

 

 

 

 [
O)� ��5��x 'I	��� � '5!�� �q� �	 ��

 L���o �
� ���� '5�	 'f
*

'I	��� �� ~&f �0 �� �� �0 ���-

���d� [�Ny=1 '� 'I	���  � �%� �	 �� =��/ "#	

'jd� ?�{5�� $�������  l� �	 $�� 	�
��� �

  

2 (���7B��f i��: 'I	���  � �%�  � =	�@5#� �� i�� $�� �	

'I	��� �	 �� =� '�#�C� [
O)� b�#

 =�B5#	
y x

y x

 =
 = +

2

1
 ���- �N ���7B��f i�� '� ��

'I	��� ����B� �q� �	 �� [�� �

LAN �� 'I	��� .� '� ��0	x

 ��� �
�-�x=1 ���d� ���- ���7B��f ?:	���  � �%� �	 ��

'jd�  �
 
 
  

1

2
 "#� K�
f .

 �j� ?:	��� =�B5#	
y x

y x

= −

+ =

1

2 7

  



y x (x ) x x x x+ = → − + = → − + = → =2 7 2 1 7 2 2 7 3   

y x y y= − → = − → =1 3 1 2   

x y

x y

 − =−
 + − =

1 2
1

4 3
2 1 3 2

5 2 5

   

�� �/ v�5�� K�>� $��* E��� ��A- "I�N  � �� 'I	�

x y
x y x y

x y x y x y

 − =−  − =− − =−   → →  
  + + − = − =   − =

1 212 1
3 8 12 3 8 124 3

2 1 3 2 4 2 15 4 4 15 2
10

5 2 5

   

 ����� � �
� l� �	 '- ��� �� .      Y��0 l�� �	 '�- "�#� S�o��

�� '5@� $%&���k =�B5#	 6�0�B5#	 $��� '�  	
�) .    �� �0�B5�#	 $���� ����
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'I	��� �	 �� �/ bM U"#� =��/ "#	 �� $�7B��f F�	 � ���- :  

y x (x ) x x x x+ = → − + = → − + = → =2 7 2 1 7 2 2 7 3

'I	��� �	  ���d� [�� �y '� �� "#	 ��/ :  

y x y y1 3 1 2

  

  

 .  

  

.�
- �	 'I	��� K�o �� "#� �5O� ��A- ��0 �� �/ v�5�� K�>� $��*

���- �N �� �/ b�# � =	�- .bM :  

x y x y

x y x y x y

 − =− − =−   → →  
  + + − = − =  

3 8 12 3 8 12

2 1 3 2 4 2 15 4 4 15 2

�� �N =� '5@� i�� �	  � �%� .&- '� �� �T�N =�B5#	 :�N ���- .  

  مند آموزان  علاقه

'� =� =	�	 l� 'I	��� �	 ��� '�
�  ����� � �
� l� �	 '- ��� ��

	���� K�
f =�B5#	 .�� '5@� $%&���k =�B5#	 6�0�B5#	 $��� '�

�� "#�	�� ���A* .� '� ���- �N ��#� (  

 

 

 

'I	���  � [�� �y '� 'I	��� �	 �� �/ bM U"#� =��/ "#	

�	�	 ���Q ��x= 3 'I	��� �	

 
 
  

3

2
 "#� [�
# K�
f .  

���- �N �� ���d� =�B5#	 .

'I	��� �� =�B5#	 �N �	  .�
- �	 'I	��� K�o �� "#� �5O� ��A- ��0

���- �N �� �/ b�# � =	�-

�� �N =� '5@� i�� �	  � �%� .&- '� �� �T�N =�B5#	 :�N

آموزان  علاقهدانش  یویژه

$%&���k =�B5#	: '� =� =	�	 l� 'I	��� �	 ���

'jd� ������ �-�5�� � .	���� K�
f =�B5#	

�� "#�	�� ���A* .� '� ���- �N

  

  



x y a b c

x y a b c

 + − = → = ≠
 ′ ′ ′+ + =

3 4 2 0

6 8 5 0
   

x y x y

x y x y

 − × + − = − − + =  → → =+ 
 + + = + + =  

2 3 4 2 0 6 8 4 0

6 8 5 0 6 8 5 0
   

�� =�B5#	 6���� ^�j�� l� �	 '- ��� ��	��	 K�
f ��& . $��� '�

�� $��  � �0 �� ���A* .� '� � ���� ��#� (.  

x y a b c

x a b c

 − + = → = = →
 ′ ′ ′− + =

5 4 0
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3  '�4 �� ����* ~_o [
] D��7!� '� ~��� l�C� D��7!� "�A� ��/ a"#� ��d� ��-)?�����* x�0/ (a"#� "��X ����d�  

  

  

  

  

  

  



A C { } B (A C) { }− = ⇒ − =2 2∩   

B C { , },C A {, } (B C) (C A) { , , , }− = = ⇒ − =2 4 1 3 1 2 3 4∩ ∪ ∩   

B A { , },C B { , } (B A) (C B)− = − = ⇒ − − =∅4 5 3 1  

 '(
&)��� 	��	.  

A B { },B C { , , , , } (A B) (B C)= = ⇒ − =∅2 1 2 3 4 5∩ ∪ ∩ ∪  

,{a},{b},{{c}},{a, b},{a,{c}},{b,{c}},{a,∅   

,{},{ },{{ , }},{ , },{ ,{ , }},{ ,{ , }},{ , ,{ , }}∅ 1 2 1 2 1 2 1 1 2 2 1 2 1 2 1 2  

  
u,u,	(, )	,u,	(, )u,	,	(, )	,	,	({S=  
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A C { } B (A C) { }2 2

 bM 6	��	 
>( .� '(
&)� $��=12 2 	��	 '(
&)��� .  

B C { , },C A { , } (B C) (C A) { , , , }− = = ⇒ − =2 4 1 3 1 2 3 4∩ ∪ ∩

	��	 '(
&)��� .  

B A { , },C B { , } (B A) (C B)− = − = ⇒ − − =∅∩

"#� �O* '(
&)� $�� .	���� �
>( Y�0 bM . ����n =0 . �PI=02 1  '(
&)��� 

A B { },B C {, , , , } (A B) (B C)= = ⇒ − =∅2 1 2 3 4 5∩ ∪ ∩ ∪

	��	 '(
&)��� .  

(A B) (A B)∪ ∩  ��(A B) (B A)− −∪   

(A B) (B C)∩ ∪ ∩   

,{a},{b},{{c}},{a, b},{a,{c}},{b,{c}},{a, b,{c}}

	��	 "d��j� '(
&)��� .  

,{},{ },{{ , }},{ , },{ ,{ , }},{ ,{ , }},{ , ,{ , }}1 2 1 2 1 2 1 1 2 2 1 2 1 2 1 2

})u,u,u(, )	,u,u(, )u,	,u(, )	,	,u(, )u

 

 

 

  
1.  

  

;I�(  

 bM 6	��	 
>( .� '(
&)� $��

K(  

=42 16 	��	 '(
&)��� 

E(  

"#� �O* '(
&)� $��

	(  

 bM=02 1 	��	 '(
&)��� 

2.   

;I� ((A B) (A B)−∪ ∩

K ((A B) (B C)∩ ∪ ∩

3.   

;I�(  

 �� '-=32 8 	��	 "d��j� '(
&)��� 

K(  

4.   

;I�(  
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K ( '� 'f
* ��S "I�N  K
_j� ��0A �� �� ��A�
�:  

})	,u,u(, )u,	,u(, )u,u,	({A =  

P(A)= 3
8

   

E (�5��� �� � �5�	 .� ���� 6�5�	 .� �Q��N.  

})	,u,u(, )u,	,u(, )	,	,u(, )u,u,	(, )	,u,	(, )u,	,	(, )	,	,	({B =  

P(B)= 7
8

   

	 ("I�N ld! �� �� ���0 "#� �5��� �0�AM  � �0�5�	 	���* '- ��A�
�.  

})	,	,u(, )	,u,	(, )u,	,	(, )	,	,	({C =  

P(C)= =4 1
8 2

   

5.  

b c ac
a a

a (b c) ac bcc b b c
a a a(a b) c b ac
b b c bc

÷ ×÷ ÷ = = = = × =
÷ ÷ ÷ ×

2
1   

 �
�abc ,a, b, c= ∈2 ℤ "I�N '&0 bM�� �� $%&� ��0��A�
�:  

a a
a b a b

b b
c c

c c

 =− =   = = = =−      = =−   
   = =    =− =−   

1 1
1 1

1 1
2 2

2 2
   

a a a a

b b b b

c c c c

   = =− = =−            = = =− =−   
      = =− =− =         

1 1 1 1

2 2 2 2

1 1 1 1
  

a a a a

b b b b

c c c c

   = = =− =−            = =− =− =   
      = =− = =−         

2 2 2 2

1 1 1 1

1 1 1 1
  

  

����	 �5I�N �0 �	 :A { , }= 1 4   

6.   

;I� (�� 'f
5� K�o �T�  � =	�@5#� �� ��
 :n(S) = × =6 6 36.  

S {( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), , ( , )}= 11 1 2 1 3 1 4 1 5 1 6 2 1 6 6…   

K (�� "#� ����� K
_j� "I�N:  

A {( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , )}= 2 2 2 3 2 5 3 2 3 3 3 5 5 2 5 3 5 5   

P(A)= =
9 1

36 4
   



B {( , ), , ( , ), ( , ), , ( , ), ( , ), , ( , ), ( , ), ( , ), ( , )= 1 2 1 6 2 3 2 6 3 4 3 6 4 5 4 6 5 6… … …  

C {( , ), ( , ), ( , ), ( , )}= 3 6 4 5 5 4 6 3  

P(C)= =
4 1

36 9
   

= + = + =29 291 1 1 1 2
29 29

   

=7 12
3 3

   

=23 52
9 9

   

���- .      ���O� ��0 $��� �
�q�� $��� ����

× = × × = × ⇒ < < < ⇒ < < <
× = × × = × 

1 15 15

3 15 45
2 9 18

15 18 21 25 1 2 7 55 9 45
7 3 21 45 45 45 45 3 5 15 9

15 3 45
5 5 25

9 5 45

   

↓

↓ ↓

< < < <
29

1
29 7 23

3 9

1 2 7 5
2 2 2 2 2

3 5 15 9
   

,
× ⇒ < <
×

3 1 5 3 4 5
10 2 5 10 10 10
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B {( , ), , ( , ), ( , ), , ( , ), ( , ), , ( , ), ( , ), ( , ), ( , )}1 2 1 6 2 3 2 6 3 4 3 6 4 5 4 6 5 6… … …

 $�������P(B)= =15 5
36 12

.  

C {( , ), ( , ), ( , ), ( , )}

 ��0�A- "#� �!�- �0�A- �1
3

  �2
5

  �7
15

  �5
9

  'A��d� �0�� �����-

�� 'A��d� ��� � ����� ���-.  

⇒ < < < ⇒ < < <
15 18 21 25 1 2 7 5

45 45 45 45 3 5 15 9

�� E��� �0 �� �A- �	 ��- ���5�� �	 �/ $�� ��0�A- � ���- �� �� �0 ��A�
�:  

 

 

 

E ($%&� ?:�N:  

 �PIn(B) =15 . $�������

	 ($%&� ?:�N:  

7.   

'A��d� ����  ��0�A- "#� �!�- �0�A- �

�� v�5�� E��� �A- �� 'A��d� ��� � �����

bM  

  

8.   

�� E��� �0 �� �A- �	 ��- ���5�� �	
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�D)� 

EF3� 

�D)� 

/ $�� ��0�A-��� �0 �� ��A�
� 

�/ ����  �0�A- E��� '-25 E��� � ?�
T 6	
  �	 �� �05 �� K�o ���-:  

  

< < < < < < < < < <15 16 17 18 19 20 21 22 23 24 25
50 50 50 50 50 50 50 50 50 50 50

 < < →
15 20 25

50 50 50
   

�/ ���� [�N  �0�A- E��� '-25 �/ ���� 6	
  �� �� �02  ����- ��Ad* .     $��� ����� �� ���0��A- 	
� "�Q	    K���5�� ���-

�� E��� � ?�
T '- ���- �/ ��0  �� �02 D�� ���� ��PM.  

, , , ,
16 18 20 22 24
50 50 50 50 50

  

⇒ < < < < < <8 9 10 11 12 3 8 9 10 11 12 1
25 25 25 25 25 10 25 25 25 25 25 2

   

  

9.   

;I� (( )− − =7 7       

K (− − = −7 7      

E( =5 5  

	 (| | ( )− =+ − = −2 2 2 2 2 2
�����     

�0 (�| | ( )− =− − =− + = −1 3 1 3 1 3 3 1    

�( | | ( )− =+ − = −3 2 3 2 3 2
�������  

10.   

 �N �	[�w# F�&*  ���� "�\� ^_j� ��Q  � =��/ ����� ?���( '- ���- ���- ���� [�w# $�� '���� ��0 .    ��T�N ���� �P�I

�� ^_j� ��Q ����� ���( �� ?���( ��&0 6��� "�\� ^_j� ��Q ���	  6� �@�� ^_j� ��Q ���	 ?���( �T�N ��� ��� ����/

���� �� ^_j� ��Q � ^_j� ��Q ���	 ?���( � ����	�� K�o �@�� "�,( �	 � ���-.  

;I�(  

/ /→ − −3 1 7 1 3 0 7≃ ≃   

( )− − = − = −1 3 3 1 3 1   

K (  

/ / /
( ) / / /

/ / /

→ ×
→ × − × − −

→ × 

3 1 7 2 1 7 3 4
2 3 3 2 3 4 4 2 0 8

2 1 4 3 1 4 4 2

≃ ≃
≃ ≃

≃ ≃
  

�� K�o �@�� "�,( �	 �PI 6"#� �@�� ^_j� ��Q ���	 �T�N ���-.  

( )× − × = − × − × = × − ×2 3 3 2 2 3 3 2 3 2 2 3  

u (��  ����	/5 2 2≃ .bM:  

/ /− − =−1 5 1 2 2 1 2≃   

 ���/− −1 5 1 2≃ �	 ��5- 	
� �0�
� "�\� �	�( �T�N 6���- K�o . ����� ����d*+7   

����	 L_j� $��  � =	�@5#� ��:  

( ) ( )− − = − + = + − + = −5 1 5 5 5 5 5 5 5 5 5 5   



x→ = °115  K�
� l�EF||RF′   

Z→ = °115  K�
� l�RF ||KF′ ′′   

y= − =0 0 0180 115 65   
  

A BC ~ BD E
∆ ∆


(� �)

   
ˆ ˆB B=v�5��   

ˆ ˆC D= 1   

BE ED BD

AB AC BC
= =   

y y

x
= = → = → = → =

+

24 18 24 1 1

48 24 24 48 2 24 2
   

x x
x
= → = + → =

+

18 1
36 24 12

24 2
   

 �_\� h�@*��ACD �CK  �_\� h�@*��

bM "#� "��X ����d� � �
� l� �	 � :AH CK=.  

ABC ACDS S= +  'd� �� "N�A�  

ABCD

ABCD

S AB CK CD AH AB AH CD AH

S AH (AB CD)

= × × + × = × + × ⇒

⇒ = × +

1 1 1 1

2 2 2 2
1

2  
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→ = °

→ = °115

 
A BC ~ BD E

∆ ∆

)

y y
y= = → = → = → =

24 18 24 1 1
12

48 24 24 48 2 24 2

x x= → = + → =36 24 12

 '- ����	d a= 2  .  

d a= =   

a a= × = × =  "N�A�a= →8   

ABCDS (AB CD) AH= + ×
1

2
   

h�@*�� ;{� �	 K�o =�(�Q �	 h
&)� �� "#� ����� 'd� �� "N�A� .  

�� �#� �� ���- .�� �_\� �	 '� ����* 'd� �� 	
 .AH  �_\� h�@*��

=�(�Q �	 '- $�� '� 'f
* �� '_T�! � ��5A0 � �
� 'd� �� � bM "#� "��X ����d� � �
� l� �	 �

S AB CK CD AH AB AH CD AH

S AH (AB CD)

= × × + × = × + × ⇒
1 1 1 1

2 2 2 2

 

 

 

11.    

 ��'f
* ����	 �% '�:  

  

12.   

�% '� 'f
* ��:  

  

13.    

'�>Q ����� �� +�
k�\�! �  '- ����	

bM :d a= =2 8 2

a a= × = × =8 8 64

14.    

Z�! :AB||CD   

�%N :S (AB CD) AH= + ×

h�@*�� ;{� �	 K�o =�(�Q �	 h
&)� �� "#� ����� 'd� �� "N�A�

?��X� :�jQAC �� �#� ��

ABC "#� .  

=�(�Q �	 '- $�� '� 'f
* ��

�PI : 



   

'��� ��0������� �0 �� ��# �	 ��� .

y y y y°+ + = °→ = °→ = °48 180 2 132 66   

 . bMD̂ x=1  .  

i���)� ��k �_��	 � .  

ˆy x D y x x y x x x= + → = + → = → °= ⇒ = °1    

z x z= °− → = °− °= °180 180 33 147   

(MN) ( a) ( a) a a   �(MN) (AN) (AM)= +2 2 2   

M N PQ  �a= 2  ~��� "N�A�A BCD
□
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 6AB BP=  �B̂= °48   

AB BP �_\� bMABP ���A5� "#� $�Q�AI� .'���  bM'��� ��0

�_\� �_��	 ��0°180 "#� .  

y y y y°+ + = °→ = °→ = °48 180 2 132 66

���A5� 7�� '���  � "#� $�Q�AI�'��� ��0 ������� �0 �� ��# �	 ��� .

'���  �	 h
&)� �� "#� ����� �f��� � i���)� ��k �_��	 �

y x D y x x y x x x= + → = + → = → °= ⇒ = °2 66 2 33

= °− → = °− °= °180 180 33 147

���-:  

Â , AB AD a= ° = =90  6M �N ��5A0 ~��� ~_o �	 l#� .  

AM a= �t�Q �_\� ���A5� '���7I� "#� $�Q�AI� .  

�� �_\� $�� ���� �� +�
k�\�! � ��A�
�:  

(MN) ( a) ( a) a a= + = =2 2 2 2 21 1 2 1

2 2 4 2

(MN) a= =2 21

2
  ~��� "N�A�M N PQ

□

.�
- ~��� "N�A� "�A� r�7� ~��� '� �*  �*
1

2
 "#� .  

    �AC AE=   

  

CD EB=  �AC AE=   

 

 

 

15.    

  

Z�! :AP PD=  6AB BP

 Z�! '� ���AB BP=

Â y=1   

'���  h
&)��_\� �_��	 ��0

 �_\�APD ���A5� 7��

'���  �0 �_\� �0 �	 '���  �	 h
&)� �� "#� ����� �f��� �

16.   

 �� �#� �� ��  �%���-

A , AB AD a= ° = =90

AN a=
1

2
  �AM a=

1

2

'j��� �� �_\� $�� ���� �� +�
k�\�! �

.�
- ~��� "N�A� "�A�

  

17.    

 Z�! :CD BE= AC AE

�%N :BC DE=   

 ?��X�)��0�� :(  

1-  Z�! �� ���CD EB=



)Z  Z   (A D E A CB
∆ ∆

≅   

 ��q� ��7f�DE BC=   

  

ˆ ˆd||d (B B ) (C C )′ → + + + = °3 4 1 2  �BC  K�
�  

 Z�! '� ���ˆ ˆC C=1 2�   Z�! '� ���ˆ ˆB B=3 4   

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ(B B ) (C C ) B C B C+ + + = → + = → + = °3 3 1 1 3 1 3 1180 90   

  

Ê E+ °= °→ = °90 180 90   

  

 �jQ

 .  

AM MC BM MD= → =  �AC BD=  

�
� � "#� $�Q�AI�Â= °30  bMB̂ = °1 30  �_\� �

 � ��5A0 ����� �0 �� �� '��� ��0Ĉ= °60  "#�

 ���� 6������� ~_o '# �0 � "#�BM MC BC= =  �

AC  ')�5� �	 :
AC

BC=
2
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AC CD AE EB AD AB+ = + → =   

 v�5��  

�� ')�5� ����� :  

ˆ ˆd||d , B B , C C′ = =3 4 1 2   

'��� �&%� �_��	 ���d5� ��0 ��� .ˆ ˆˆ ˆd||d (B B ) (C C )→ + + + = °3 4 1 2 180

 Z�! '� ���ˆ ˆC C

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ(B B ) (C C ) B C B C
°

+ + + = → + = → + = °3 3 1 1 3 1 3 1

180
180 90

2

 �_\� �_��	 ��0BE C
∆

 °180 "#� .ˆˆ ˆE B C+ + = °3 1 180   

AC �� �#� ��  bM ���-AM MC=  �!�]  �AC  �jQ

�� ;{� �� �B��%� � ����� �0 �� � "#� ��j5A� �jQ �0 ���-

AM MC BM MD= → =

�
�BM AM= ���A5� bM "#� �
� � "#� $�Q�AI�= °

"#� $�Q�AI� . �
�BM MC= '���   � .� �0 bM � ��5A0 ����� �0 �� �� '��� ��0

���A5� �_\� [�N � "#� h,o:�M̂ = °1 60  ���� 6������� ~_o '# �0 � "#�

 ;{� '-AC 6=	
�BM ;{� �0AC �BC  ;{�AC

 

 

 

2- AC CD AE EB AD AB+ = + → =

3- ˆ ˆA A=  v�5��

 l����  �1  62  �3 �� ')�5�

18.    

Z�! :ˆ ˆˆ ˆd||d , B B , C C= =3 4 1 2

�%N :Ê= °90   

  

?��X� :  

'���  h
&)� �_\� �_��	 ��0

19.    

'����  ~_o �� 	��� �AC

 � "#� ��j5A�BD �� ;{� �� �B��%� � ����� �0 �� � "#� ��j5A� �jQ �0

bM :  

�_\� �	A M B
∆

 �
�BM AM

BM C
∆

 ���A5� "#� $�Q�AI�

 �B̂ = °2 60 .���A5� �_\� [�N

AM BM=  6AM  ;{� '-

  



− + = − + × = − × + =5 3 2 27 75 5 3 2 3 3 5 5 3 2 3 3 5 3 4 3);I�  

− + = − × + = × − × +3 3 3 34 3 3 1 33 3 3 3 316 3 54 7 2 2 3 2 3 7 2 2 2 3 2 3 7 2 )K  

= − + =− + =3 3 3 3 32 2 9 2 7 2 7 2 7 2 0   

/ / / / /

/ /

− − + − +

− −

× × × = × × × × = × ×

= × = ×

19 7 1 19 7 1 19 7

11 10

25 10 4 25 10 2 5 10 10 4 25 10 2 5 4 25 10

10 625 10 1 0625 10
   

×
= = = = =

3 3 3

3
3 3

2 32 64 64

88 8
);I�  

( ) | |− = − = −210 11 10 11 10 11 )K  

x x x x x x( )+ + + + + += → = → =2 4 2 3 4 2 3 125 125 5 5 5 5   

x x x x+ = + →− = → =−2 3 12 10 2 5   

x x x x( )+ += → = → × = → = =1 4 1 4 4 4625 3 5 3 5 5 3 5   

x x x x x x( ) ( )
− − × −

+ − + ++ × + = + × + = + × +
1 1

2 2 4 2 2 2 2 4 4 4 42 225 625 5 3 5 625 5 3 5 625 5 3   

= + × + = + + = =
3

3 625 3 3 3 3 9 3
625

   

− − − − −
= × = = =

3 3 32 2 33 3 3 3 3

3 3 3 34 2 6

5 2 5 2 2 5 2 2 5 4 2 5 4 2

3 16 3 2 2 3 2
 );I�  

= = × = = ×
6 5

3 6 6 53

32 32 32 2 4 2 32

2 2 22
 )K  
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DC DA A B B C x′ ′ ′ ′→ = + + = ���A5� 'd� ��  $�Q�AI�  

DA B C , DA B C x D A

ˆ ˆA D

′ ′ ′ ′ ′= + = → =

→ = °→ = °1 30 60

   

− + = − + × = − × + =3 25 3 2 27 75 5 3 2 3 3 5 5 3 2 3 3 5 3 4 3

− + = − × + = × − × +3 3 3 34 3 3 1 33 3 3 3 316 3 54 7 2 2 3 2 3 7 2 2 2 3 2 3 7 2

= − + =− + =3 3 3 3 32 2 9 2 7 2 7 2 7 2 0

( )/ / / / /− − + − +

− −

× × × = × × × × = × ×19 7 1 19 7 1 19 7

11 10

25 10 4 25 10 2 5 10 10 4 25 10 2 5 4 25 10

10 625 10 1 0625 10

= = = = =3 33 8 2 2

( ) | |− = − = −10 11 10 11 10 11

x x x x x x( )+ + + + + += → = → =2 4 2 3 4 2 3 125 125 5 5 5 5

��
* �PI 6"#� �%� ��0 bM ���� ��A%� ���� �0 �0 :  

x x x x+ = + →− = → =−2 3 12 10 2 5

x x x x= → = → × = → = =1 4 1 4 4 4
4

3 3
625 3 5 3 5 5 3 5

5 625

( )
x x x x x x( ) ( )

− − × −
+ − + ++ × + = + × + = + × +

1 1
22 2 4 2 2 2 2 4 4 4 42 225 625 5 3 5 625 5 3 5 625 5 3

= + × + = + + = =3 625 3 3 3 3 9 3

( )( )− − − − −
= × = = =

×

3 3 32 2 33 3 3 3 3

23 3 34 2 6

5 2 5 2 2 5 2 2 5 4 2 5 4 2

3 2 123 2 2 3 2

×
= = × = = ×

5 6
6

5

32 32 32 2 4 2 32
2 2 32

22

 

 

 

20.   

DC DA A B B C x′ ′ ′ ′→ = + + =2

x
DA B C , DA B C x D A= + = → =

2

 
  

21.   

5 3 2 27 75 5 3 2 3 3 5 5 3 2 3 3 5 3 4 3
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