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;I�(  

K(  

E(  

	 ('(
&)� �� �� [�� 	��(� �

'(
&)�  �{x x , x }∈ >ℕ 3

x2  ��
* '� �� �	�( �0 ����

�
�� .  

'(
&)�  �{ x ,x }∈ <−ℤ 2

.�
- 	��(�  � �*2- '(
&)� S�CT �

'(
&)�  �A { , , , , }3 6 9 12…



B { x }
x

= ∈
1

ℕ   

{ , , , , }∉56 3 6 9 12   

bM 6"#� ����] �	�(1
9

 '(
&)� 
>( �

$�� �� � "A��  K�>� '-3 "A��.  

{r} '(
&)� ��   �M  
>( '� 6"#�M.  

 $������� 6A { }= 3 .3  
>(A  '� 6"#�
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B { , , , , }= 1 1 11
2 3 4

 ��A�
�� �o��� �t,( �� ��.  

  

  
a"#� "#�	�� F��-  

∈1 1 1
9 2 3

   K ({ , , , , }56 3 6 9 12…

  

'(
&)� �»;I� «�� ����] 	��(� ����� �
� � �
��9 bM 6"#� ����] �	�(

'(
&)� �
� �»K «K�>� ��03 �� � �
��56 �%
 '�k3 $�� �� � "A��

  
 .� F��- 6a"#� "#�	�� F��- � "#�	 ��  F�%N�  �  

  K (r M⊆   

  ? ({r} M⊆   

  

'(
&)� ��   �M  
>( '%_� 6"A��M "#�.  

 "�,( ��� ∈  �I� ��- s
��� '(
&)� '� �� 
>( �� �
 .� ����{r}

  
A {x x }= ∈ =  ��/A=3a  

  
 
>( ����	 �O�* "#� ��3  K�
f �
� 6x =2 6  �� "#� �����x=3 $������� 6

 

 

 

'(
&)�  �B { , , , , }…
1 1 1
2 3 4

� "#�	 F��- a"#� "#�	�� F��-

;I� ({ , , , }∈1 1 11
9 2 3

…

;I� ("#� "#�	 .'(
&)�

»;I� «���
��.  

K ("#� "#�	 .'(
&)� �
�

 ���M {r,s, t}= .� F��- 6

;I� (r M∈   

u ({r} M∈   

;I� ("#�	.  

K ("#�	�� . ��� r '(
&)� �� 

u ("#�	�� . "�,( ��� 

? ("#�	.  

  

 ���A {x x }= ∈ =ℤ 2 6

  

A '(
&)�  
>( ����	 �O�* "#� ��

 ���A�A.  

  



a"#� "#�	 .� F��- 6�
��  

A B B A⊂ ⊂   

A { , , , , , , , , , , }= − − − − − − …6 5 4 3 2 10 1 2 8   

B { , , , , , ..., , ...}= − − − −10 9 6 5 9…  

{ }A k k , k= − ∈ − ≤ <ℕ3 1 3 5   

x
B { x , x }

x
= ∈ − ≤ <

+
ℤ

2

2
4 2

1
  

�� ���Q �� ��0	:  

{ }A , , ,= 2 5 8 11   

B { , , , , }= 16 9 4 1 0
17 10 5 2

  

  هااجتماع، اشتراک و تفاضل مجموعه

  ��� =	�	 D���&�     � "�#� ?����( � 	
�
 :

��
�� v�5��.(  
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 '(
&)� �  �{a} �/ � ��5A0 ?��@5�����B� �%� �� �0.  

  
A {x x , x }= ∈ − < <  �B {x x , x }= ∈ > −ℤ 11 a"#� "#�	 .� F��- 6�
��

A B B A⊂ ⊂

  
��A�
�:  

A { , , , , , , , , , , }…6 5 4 3 2 10 1 2 8

B { , , , , , ..., ,...}

'(
&)� ��>(� F�&* �����  �A  �	 B ��5A0 . bMA B⊂.  

  
'(
&)�  � .� �0 ��>(� ��A�
�� �� ��  ��0.  

B { x , x }

  
 ��f '�k  	��(�, , ,4 3 2 1 ) $�� ����] 	��(�3-  �5 (�� ���Q ��

, , , , ,− − − −10 1 2 3 4 �� ���Q �� ��0	:  

اجتماع، اشتراک و تفاضل مجموعه: درس سوم

'(
&)� �	 v��5
�  �A  �B '(
&)� '� '- "#� ��  ?�
�TA B∩   ��� =	�	 D���&�

 �	 �0 '- ���>(� F�&* �A  �	 �0 � B  ��
�� '5
�	 ���Q) �	A  � B ��
�� v�5��

  :استفاده از نمودار ون

A B {x x A, x B}= ∈ ∈∩  

 

 

 

 
>( '- ���- 'f
*a 

 ���A {x x , x }= ∈ − < <ℤ 7 9

 ��>(�A  �B �� �� ��A�
�

��&0�� '- �
] '(
&)� ��>(� F�&* �����

'(
&)�  � .� �0 ��>(�

 [
��! �	k −3 1  ��f '�

 ��f '�x  	��(�, , , , ,− − − −10 1 2 3 4

v��5
� :'(
&)� �	 v��5
�

'(
&)�  �	 �0 '- ���>(� F�&* �

استفاده از نمودار ون

�o��� 	�&� �� :A B {x x A, x B}= ∈ ∈



A B 6B C∩  �A C∩  ���� ��

A B { , , , } { , , } { , , }= − =1 2 0 4 0 2 4 0 2 4∩ ∩  

B C { , , } { , , }= − =∅0 2 4 3 1 6∩ ∩  

A C { , , , } { , , } { }= − − = −1 2 0 4 3 1 6 1∩ ∩  

  

A B A B A⊆ → =∩   

A B∩ . �-�5�� 
>( Y�0 ����

  

A B=∅∩   
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A { , , , }  �B { , , }= 0 2 4  �C { , , }= −3 1 6 '(
&)�  ��0A B∩B C

  

'(
&)� v�5�� ��0
>( �� "I�N �0 �	 �� �0��A�
�:  

A B { , , , } { , , } { , , }1 2 0 4 0 2 4 0 2 4

A C { , , , } { , , } { }= − − = −1 2 0 4 3 1 6 1

  

����� '(
&)� �0 v��5
�A 	
� ����� 6i	
� ��A "#� .A A A=∩ .  

  

"#� �O* ����� 6�O* �� '(
&)� �0 v��5
� .A ∅=∅∩.  

  

A B A=∩ .  

�0  � ��f '(
&)� �	: �� �0  � ��f �� � �7)� �� '(
&)� �	  =���0 6�����A B=∅∩

'(
&)� v��5
� "#� �O* 6	�! � E�  	��(� �.  

 

 

 

 ���A { , , , }= −1 2 0 4B { , , }

���-.  

'(
&)� v�5�� ��0
>(

����� '(
&)� �0 v��5
�

"#� �O* ����� 6�O* �� '(
&)� �0 v��5
�
  

 ���A B⊆ �/  =��A B A

�0  � ��f '(
&)� �	

������.  

[�\� ���� :'(
&)� v��5
�

  



A B B A=∩ ∩   

E B A B C D E F

∅

=∅⇒ =∅∩ ∩ ∩ ∩ ∩ ∩
�								


   

 �	 '- ���>(� F�&* '(
&)�  � "#� ?���( � ��0	A  ��B 

  

x B}∈��A B {x x A = ∈∪   

  

A B  �A C∪ ���- ���� ��.  

A B { , , , , , , } { , , , , , , } { , , , , , }= − = − = −1 2 0 4 5 0 6 1 2 0 0 4 5 6 1 2 0 4 5 6∪  

A C { , , , , , , } { , , , , , , } { , , , , }= − − = − − = −1 2 0 4 4 1 6 1 10 2 4 4 6 10 2 4 6∪  
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 �T�N 6�
��A B C D E F∩ ∩ ∩ ∩ ∩ ������ ��.  

  
 ����� '(
&)� �	 �0 ���� '- ��	�- =	�@5#� '5%� $��  � [�w# �N �	B  �A:  

	�- �)��f �� �>(� ��
*.  

'(
&)� �0 �� �O* v��5
� $��`&0 "#� �O* 6��.  

E B A B C D E F=∅⇒ =∅∩ ∩ ∩ ∩ ∩ ∩
�								


 '(
&)� �	 h�&5f�A  �B  	�&� �� ��A B∪ �� ����  �	 '- ���>(� F�&* '(
&)�  � "#� ?���( � ��0	

  

  
A { , , , }  �B { , , }= 5 0 6  �C { , , }= −4 1 6 '(
&)�  ��0A B∪

  
'(
&)� ��>(� � �� �0 ���- �� �0 ����%* � ��A�
� �� cPN �� �0 ���-:  

A B { , , , , , , } { , , , , , , } { , , , , , }= − = − = −1 2 0 4 5 0 6 1 2 0 0 4 5 6 1 2 0 4 5 6

A C { , , , , , , } { , , , , , , } { , , , , }= − − = − − = −1 2 0 4 4 1 6 1 10 2 4 4 6 10 2 4 6

  
 ����� '(
&)� �0 h�&5f�A  	
� ����� 6i	
� ��A "#� .A A A=∪  

 

 

 

 ���E B =∅∩  �T�N 6�
��

  

 ����� '(
&)� �	 �0 ���� '- ��	�- =	�@5#� '5%� $��  � [�w# �N �	

 ������ 	�- �)��f �� �>(� ��
*

'(
&)� �0 �� �O* v��5
� $��`&0

 

  

h�&5f�:  '(
&)� �	 h�&5f�

��5A0 �	 �0 �� �.  

�� ��	
&�  � =	�@5#�:  

  

�o��� 	�&� ��:  

 ���A { , , , }= −1 2 0 4B { , , }

  

'&0 '(
&)� ��>(� �

 ����� '(
&)� �0 h�&5f�



  

A B A B B⊆ → =∪   

  �	 '�- ���>(� '(
&)�  � "#� ?���( � ��0	A   �	 � ��5�A0B 

  
A B {x x A, x B}− = ∈ ∉   

(A B) (A B)∪ ∩   

A B {a, b,c,d} {c,d, e, f} {a, b}− = − =   
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"#� '(
&)� 	
� ����� 6�O* �� '(
&)� �0 h�&5f� .A A∅=∪  

  
A B B=∪.  

 '(
&)� �	 �o�@*A  �B  �� ��A B− �� ����   �	 '�- ���>(� '(
&)�  � "#� ?���( � ��0	

  
A {a,b,c,d}  �B {c,d,e,f }= '(
&)� ��>(� ������ �� ��  ��0.  

  K ((A B) (A B)−∪ ∩

(A B) (B A)− −   

  

A B {a, b,c,d} {c,d, e, f} {a, b}− = − =

 �	 �I� ��5A0B ��5A��.  

 

 

 

"#� '(
&)� 	
� ����� 6�O* �� '(
&)� �0 h�&5f�

 ���A B⊆ �/  =��A B B=

  

�o�@*:  '(
&)� �	 �o�@*

��5A��.  

  

 ���A {a,b,c,d}=B {c,d,e,f }

;I� (A B−   

E ((A B) (B A)− −∪

;I�(  

 
>( �	a  �b  �	A  �	 �I� ��5A0



A B {a,b,c,d,c,d,e, f} {a,b,c,d,e, f}

A B {c,d}

= =
=

∪
∩

  

A B {a,b,c,d} {c,d,e, f} {a,b}

B A {c,d,e, f} {a,b,c,d} {e, f}

− = − =
− = − =

  

���- ���� �����>(� �� �� ��  ��0.  

A B { , , , , } { , } { , , }

B (A B) { , } { , , }

− = − =
⇒ − = =∅

1 2 3 4 5 3 5 1 2 4
3 5 1 2 4∩ ∩

   

A B { , , }
(A B) (A B) { , , } { , } { , , , , } AA B { , }

− =
⇒ − = = ==

1 2 4
3 5 ∪ ∩ ∪∩

   

.  
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A B {a,b,c,d,c,d,e, f} {a,b,c,d,e, f}
(A B) (A B) {a,b,c,d,e, f} {c,d} {a,b,e, f}⇒ − = − =∪ ∩

 ����� ���� '�#�C� ��Q i�� ���-:  

A B {a,b,c,d} {c,d,e, f} {a,b}
(A B) (B A) {a,b} {e, f} {a,b,e,f}

B A {c,d,e, f} {a,b,c,d} {e, f}

− = − =
⇒ − − = =− = − = ∪ ∪

  
A { , , , , }  �B { , }= 3 5 '(
&)� ���- ���� �����>(� �� �� ��  ��0

   

(A B) (A B)−   

  

A B { , , , , } { , } { , , }

B (A B) { , } { , , }⇒ − = =∅
1 2 3 4 5 3 5 1 2 4

(A B) (A B) { , , } { , } { , , , , } A⇒ − = = =1 2 4 3 5 1 2 3 4 5∪ ∩ ∪

�� 'f
5� "Q	 �&- ��  ���A* '- ��

(A B) (A B) A− =∪ ∩ "#� ���Q��.

  
=��0	 ���� '- �*���( ������ �� "#� =�
 x�� "&AQ �.  

  
�� "#� ����� �B�� "&AQ:[A (B C)] (A B C)− ∪ ∪ ∩ ∩.  

 

 

 

K(  

(A B) (A B) {a,b,c,d,e, f} {c,d} {a,b,e, f}⇒ − = − =

E ( ��5�� �	B A−  ����� ��

(A B) (B A) {a,b} {e, f} {a,b,e, f}

 ���A { , , , , }= 1 2 3 4 5

;I� (B (A B)−∩ 

K ((A B) (A B)− ∪ ∩

;I�(  

K(  

�� 'f
5� "Q	 �&- ��

=��0	 ���� '- �*���(

  

 6�%
 �	 "Q	 ���� "#� ����� �B�� "&AQ



����� �	
  

��
� �	
 

  

  �B ��5A0 �0  � ��fA B A− = ⇒   

�
B

A

B (A (B A)) B A B⇒ − − − = − =
�
�
�

   

C { , , }= 4 5 6  ���d�m  '- ������ ��
] ��

B { , , , , }= 2 3 4 5 6   

B A { , , , , } { , m, }− = −2 3 4 5 6 1 3   

{ , , , , } { , m, } C { , , , , } { , m, } { , , }− = ⇒ − =2 3 4 5 6 1 3 2 3 4 5 6 1 3 4 5 6  

 ها و احتمال

= �����M �0 �	�	 y� [�&5N�  

"I�N  �� �� K
_j� ��0A   �	�	 y� [��&5N� �

n(A)
P(A)

n(S)
=   
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��	� �

 �������
� �	


  
�/ 6�
��  �T�N =��B [A (B A)]− − − ������ ��. 

  
A 

  

B (A (B A)) B A B⇒ − − − = − =

  
 ��
�� '5
�	 ���- Z�!A { ,m, }= 1 3  �B {n n , n }= ∈ ≤ <ℕ 2 7  �C { , , }4 5 6

C B A .  

  

B A { , , , , } { , m, }

 .bM:  

{ , , , , } { , m, } C { , , , , } { , m, } { , , }− = ⇒ − =2 3 4 5 6 1 3 2 3 4 5 6 1 3 4 5 6

 ���� 6	

 ���Q�� ���A* '-m = 2 �
��.  

ها و احتمال مجموعه: چهارم درس

�� =	�@5#� ��  �_- �
5#	  � �����M �0 [�&5N� '�#�C� ���� ���-:  

  
 

'&0 ���
 '(
&)� ��� "I�N �  	�&� �� �� $%&� ��0S'&0 ���
 '(
&)� 6  "I�N

�� '5

� ��  �%
 '� :�� �
5#	 6��0	 ���� 	

:  

'(
&)� ��>(� 	���*  �A  �n(S) '(
&)� ��>(� 	���*  �S "#�. 

 

 

 

 ���A B A− = �/ 6�
��

  

     

 ��
�� '5
�	 ���- Z�!A { ,m, }

��
�� '5
�	 :C B A= −

 ;���* �����B ����	:  

bM:  

 �!�]  �B A C− =

�/ ���� $�������  ���� 6	

 ���Q�� ���A* '-

  

�� =	�@5#� ��  �_- �
5#	  � �����M �0 [�&5N� '�#�C� ����

  

  

'&0 ���
 '(
&)� ���

 	�&� �� �� �����MP(A) �� '5

� ��  �%
 '� :�� �
5#	 6��0	 ����

 '-n(A) '(
&)� ��>(� 	���*



 �
��.  

  

n(A)
A { } P(A)

n(S)
= → = = 15

6
  

B { , , , } .      6�0������M '�- ���
�� '5�
�	 '�f
*

n(B)
P(B)

n(S)
= = =4 2

6 3
   

 �@T �5I�N $��� h
Q� [�&5N� �B�	 ?���( '�

n(C)
C P(C)

n(S)
=∅→ = = =0 0

6
   

  

   ��� E���� c��z  � �!	�{* ?�
T '� ?��- .�  ����- .

�
�� 	�! [�� 	�(.  

A { , , , , , }= 10 1112 13 14 15   

n(A)
P(A)

n(S)

=
→ = =

=

6 6 2
15 515
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�� K�*�M �� +�* .� ���- .�/ [�&5N� "#� K
_j� =�
 �0�z 	�( '-:  

  K (.�
-  � �*5 

�
�� �&Q� �	 [�� 	�(.  

  
S { , , , , , }= 1 2 3 4 5 6 ���
� '�
&� ��>! ��.  

 K�>� '- �	�( �O�*5  	�( 6�
��5 "#�.  

"#� �
>( .� . bMn(A) =1  �S 66 	��	 
>( . bMn(S) = 6.  

���
� �!	�{* �����M.  

  � �*5  �	 '-S ��
��6{ , , , }1 2 3 4 ��5A0 . bMB { , , , }= 1 2 3 4

'�
&� ��>! �  �S ��5A0.  

, , , , ,1 2 3 4 5 6 ��5A�� �&Q� �	 .� Y�0 '- ��5A0 . �@T �5I�N $��� h
Q� [�&5N� �B�	 ?���( '�

"#� [�C� ���
�.  

  
=��&
 �� ?��-  ��0, , , , ,15 4 3 2 1… 	��	 ���Q .   ��� E���� c��z  � �!	�{* ?�
T '� ?��- .�

?��- ��� 	�( '- ������ �� �/ [�&5N� � '5

� �� :  

  K (�
�� 	�! [�� 	�(

  
 	��(�, , , , ,15 4 3 2 1… "#� . �PIS { , , , , }= 1 2 3 15…   

 � ��*���( �>! $�� �&Q� �	 	��(�:  

 

 

 

  

�� K�*�M �� +�* .�

;I� ( K�>�5 �
��.  

E (�
�� �&Q� �	 [�� 	�(

'(
&)�  �S { , , , , , }1 2 3 4 5 6

;I� ( K�>� '- �	�( �O�*

'(
&)�  �A "#� �
>( .�

 '�A ���
� �!	�{* �����M

K (.�
- 	��(�  � �*

'(
&)���  '�
&� ��>! �

E ( +�* ��� 	��(�, , , , ,1 2 3 4 5 6

$�� �� � "#� �� '- "#� [�C� ���
�

 �!�z �	15 =��&
 �� ?��-

'(
&)�  �S ?��- ��� 	�( '- ������ �� �/ [�&5N� � '5

� ��

;I� (�
�� �&Q� �	 .  

  

'�
&� ��>!  �S  	��(�, , , , ,15 4 3 2 1

;I� ( � ��*���( �>! $�� �&Q� �	 	��(�

bM:  



n(C)
C { , , , , } P(C)

n(S)
= → = = =3 5 7 1113   

 �� ��{5�� '� �� �/ '- 	
� �0�
�} �, u{S=  ����

������ �� ��  	��
� [�&5N� � =	�	 ��%�* ��:   

����� "�M '%# .� ld!.  

S=   

  

n(S)⇒ = 4   

n(A)
A { } P(A)

n(S)
(�,�)= → = = 1

4
   

P(B)→ = = = }) u, � (, ) �, u({B=  
   

����	 6��0	 ���� ��  �%
 �� �� '%# �0 "I�N ���:  
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 $�� 	�!1  �*15  � ��*���(:  

n(C)

n(S)
= → = = =5 1

15 3

  
 �����M ��>! 6���- K�*�M �� ��} ��, "�M{S=  �� ��{5�� '� �� �/ '- 	
� �0�
�

  
=	�- K�*�M �� '%# �	 ���- Z�! ��� .'(
&)�  �S ������ �� ��  	��
� [�&5N� � =	�	 ��%�* ��

����� �� '%# �	 �0.  K (����� "�M '%# .� ld!

  

"#� =��/ �� '%# �	 �0 '- �5I�N:  

����� "�M '%# .� ld! '- ���0.   

n(B)
P(B)

n(S)
→ = = =2 1

4 2

�5��	 ��	
&�  � =	�@5#� :(����	 6��0	 ���� ��  �%
 �� �� '%# �0 "I�N ���

����	 :�� ��	
&�:  

  

"#� ��/��- ���A� $%&� ?:�N ���&* $5!�� �q� �	 ���� i�� $��.  

 

 

 

K ( [�� 	��(� $�� 	�!

'%# ���  �����M ��>! 6���- K�*�M �� ��

�� ��0	.  

=	�- K�*�M �� '%# �	 ���- Z�!

;I� (����� �� '%# �	 �0

  

;I� ("#� =��/ �� '%# �	 �0 '- �5I�N

K ("I�N ����� "�M '%# .� ld! '- ���0

 �B�	 i�� '� �N)�5��	 ��	
&�  � =	�@5#�

  � =	�@5#� �� $�����������	 :�� ��	
&�

"#� ��/��- ���A� $%&� ?:�N ���&* $5!�� �q� �	 ���� i�� $��



  

 )�,3(, )u,2(, )�,2(, )u,1(, )�,1({S=  

n(S)⇒ =12   

})�,6(, )�,4(, )�,2({A=  

n(A)
n(A) P(A)

n(S)
= → = = =3 13

12 4
   

5(, )u,4(, )u,3(, )u,2(, )u,1({B=  

n(B) P(B)= → = =6 16
12 2
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�� �� '%# .� � =	�- K�*�M �� +�* .� �� ����:  

��A�
�� ��.  

a"#� ��d� 6	

 �0�z E�  	�( +�* � �� '%# '-  

 ��d� ����� "�M '%# '-a"#�  

  

�� �#� �� '�
&� ��>! �5��	 ��	
&� ��Q [�\� ��������-.  

})u,6(, )�,6(, )u,5(, )�,5(, )u,4(, )�,4(, )u,3(, 

= → = = =3 1
12 4

})u,6(, )u,5

 

 

 

  

�� �� '%# .� � =	�- K�*�M �� +�* .�

;I� ('(
&)�  �S ��A�
�� ��

K (�/ [�&5N� a"#� ��d� 6	

 �0�z E�  	�( +�* � �� '%# '-

E (�/ [�&5N�  ��d� ����� "�M '%# '-

�� �#� �� '�
&� ��>! �5��	 ��	
&� ��Q [�\� �����

  

;I�(  

K(  

E(  



 '5

� ;_5�� ��0)?��- .� ��� L�-�* �0 (  � bM �

 	�( ?��- $�� ��� '-2 a"#� ��d� 6�
�� 

S { , , , , , }= 12 13 21 23 31 32   

A { , , , }= 12 21 23 32  

n(A)
P(A)

n(S)
= = =4 2

6 3
   

$�� [�&5N�  �� =�
 K��5�� 	�( '-3  D���   ��P�M

S { , , , } n(S)= → =1 2 1000 1000…   

bM:  

A { k k } n(A)= ≤ ≤ → =3 1 333 333   

P(A)=
333

1000
   

�� "#� ����� 6��
�� ��PM:  

  

D�� 	��(� 	���*  �� ��PM3  $��1  �*1000  

  � x��&0 ��01  �*13 =��&
 =�
 ���P� ��� .

a"#� ��d� 6�
��  
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'(
&)� �&Q� �	 ?���-�* F�&*  	��(� �{ , , }1 2 3 ?��- ��� ��  '5

� ;_5�� ��0

���� �!	�{* �
] '� �� ?��- .� 6�0 ����	 .�/ [�&5N�  	�( ?��- $�� ��� '-

  

�� "#� ����� '�
&� ��>!:  

������:  

  
{ , , , , }1 2 3 1000… �� K��5�� c	�{* '� �	�( ���- .$�� [�&5N�

  

1 2 1000 1000

 $�� 	��(� '(
&)�1  �*1000  �� '- �
��3 D�� ��5A0 ��PM .bM

A { k k } n(A)= ≤ ≤ → =3 1 333 333

 $�� 	��(� 	���* '-1  �*1000  �� '-3 D�� �� "#� ����� 6��
�� ��PM

    D�� 	��(� 	���*

  
 �	 =�O�4 =�O� F�&* � "#� 	�  � ��@# 67��Q 6��/ x��   � x��&0 ��0

�� ����� c	�{* '� =�O� .� ����/ .$�� [�&5N�  =�O� '-3  �� 	� 6  ��@#a"#� ��d� 6�
��

 

 

 

'(
&)� �&Q� �	 ?���-�* F�&*

?��- �	�- s
_�� ���� �!	�{* �
] '� �� ?��- .� 6�0

  

�� "#� ����� '�
&� ��>!

 �� K
_j� �����MA ������

bM:  

'(
&)�  �  �{ , , , , }1 2 3 1000…

a"#� ��d� 6�
�� 

  

 ���- Z�!A   $�� 	��(� '(
&)�

$�� �B�	 i��  $�� 	��(� 	���* '-

    

'A�-  ���
 ��52  �	 =�O�

�� ����� c	�{* '� =�O� .�



 + � 	� 6∩  �����M6   ����� �� ��@#

n(S) = 52   

n( ) P( )= ⇒ =∩ ∩ 13 1 3
52

� �   

n( ) P( )= ⇒ =∩ ∩ 16 1 6
52

� �   

P( ) P( ) P( )

 ��	����  !� "	��
#$� 

	��% � � �= + = + =3 6 3 6∩ ∩ ∩ ∩
�

�

�

  

n ⇒ =102 2 1024   

a	��	 
>( ��� '(
&)� $��  

n n n( )− − −= =3 1 2 3 1 6 24 2 2   

'(
&)� .� ��0  �24 a"#� �
>(  
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 � 	� »+ «��0	 ���� �� ��@# .  ?�
T $�� �	3∩  �����M3 

P( ) P( ) P( )�= + = + =1 1 13 6 3 6
52 52 26

∩ ∩ ∩ ∩

  مند دانش آموزان علاقه

'(
&)� .� ��0  �n  �� "#� ����� �
>(n2.  

  

 6�
>(a	��	 '(
&)���  ���  

  

  

'(
&)� .� ��0  ����� ��n−3 14 "#� .a	��	 
>( ��� '(
&)� $��

  

�� "#� ����� '(
&)� $�� ��>(� 	���* bM :n−6 2.  

  

'(
&)� .� ��0  �28 '(
&)���  	���* ����� ��� �
>( '(
&)� .� ��0

 

 

 

 ���- Z�!»  « � 	� 

�� ��0	 .����	:   

bM:  

دانش آموزان علاقه یویژه

'(
&)���  	���* '(
&)� .� ��0

'(
&)� .�  �10  6�
>(

'(
&)���  	���* '(
&)� .� ��0

�� "#� ����� '(
&)� $�� ��>(� 	���* bM

'(
&)���  	���* '(
&)� .� ��0



÷ = =28 24 42 2 2 16   

 �/ ��048 �� '!�o� '(
&)���  	

 .  $���

n n+ − =22 2 48   

n n( ) n− = ⇒ = → =22 2 1 48 2 16 4    

  

�� D��&�  �� �/ � ��0	n �� ���
5-�!-

'(
&)� .� �
>(  �n  =	�@5#� ��  �
5#	  � �
>(

n!

r!(n r)!−
   

  

�� "#� ����� $��� 
>( :
(n k)!

r!(n k r)!

−
− −

   

a"#� ��� 6��
��  
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'(
&)� ��0
>( 	���*  ��2 '(
&)���  	���* '� 6���- '!�o� 
>(  �/ ��0

  

  

( ) n− = ⇒ = → =2 2 1 48 2 16 4

 	��(� K�o �T�N 6?��#�C� �	 "I
O# ����1  �*n  	�&� �� ��n! �� D��&�

 � "#� ?���( ���
5-�! :!= × × × ×5 5 4 3 2 1 .  

'�#�C� ���� :�� F
O@�  � =	�@5#� �� '(
&)���  	���* � ��0r '(
&)� .� �
>(

  

 ��04 '(
&)� �
>(  �A { , , , , }= 1 2 3 4 5 a"#� ���  

  

n = . bM
! ! !

!( )! ! ! !

×
= = =

−

5 5 5 4
5

4 5 4 4 1 4
   

  

.  

  

 ��0r '(
&)� .� �
>(  �n  �Q�! �
>(k �� "#� ����� $��� 
>(

  

 ��02 '(
&)� �
>(  �{a,b,c,d,e}  �Q�! '-a, d a"#� ��� 6��
��

 

 

 

'� ��� '(
&)� ��0
>( 	���*

a	��	 
>( ��� '(
&)�  

���
5-�!:  	��(� K�o �T�N 6?��#�C� �	 "I
O# ����

����
� . [�\� ��
�( '�5  � "#� ?���( ���
5-�!

'�#�C� ���� :�� F
O@�  � =	�@5#� ��

�� 		��:  

'(
&)���  	���*  ��0

$�� �	  �fr =4  �n=5

!=0 1  �!=1 1 "#�.

'(
&)���  	���*  ��0

'(
&)���  	���*  ��0



n
(n k)! ( )! !

r
r!(n k r)! !( )! ! !

k

=  − − × ×= ⇒ → = = =
 − − − − × ×= 

5

2 3

2

   

�� "#� ����� $��� 
>(:  

(n k)!

(r k)!(n r)!

−
− −

  

a"#� �* ��� 

n
(n k)! ( )! !

r
(r k)!(n r)! ( )!( )! !

k

=  − −= ⇒ → = =
 − − − −= 

5

2 1

2

  

�� "#� ����� �
>( :n k−2. 

 

'(
&)���  	���* ����� ��� �
>(   '�(
&)� .�� ��0  �x+3   �
�>(

x x+ +÷ = =5 3 22 2 2 4   

���PB��f �� 

���PB��f �� 

22  

  
����	 :�� [
��! '� 'f
* �� [�\� $�� �	:  

(n k)! ( )! !

r!(n k r)! !( )! ! !

− − × ×
= ⇒ → = = =

− − − − × ×

5 2 3 3 2 1
2 3

2 5 2 2 2 1 2 1 1

  
 ��0r '(
&)� .� �
>(  �n  ���
 �
>(k �� "#� ����� $��� 
>(

  
 ��02  '(
&)� �
>({a,b,c,d,e}  ���
a, d a"#� �* ���

  
 (n k)! ( )! !

(r k)!(n r)! ( )!( )! !

− −
= ⇒ → = =

− − − −

5 2 3
2 1

2 2 5 2 3

  

 �Q�! �� ���
 ��0k '(
&)� .�  � 
>(  �n �� "#� ����� �
>(n k

  

�� "#� ����� '(
&)� .� �
>( E�  � �
>( 	�! ��0 :n−12. 

  
'(
&)� .� ��0  �x+5 '(
&)���  	���* ����� ��� �
>(

  

  
K { , , , , , }= 1 2 3 4 5 6 '(
&)���  ���  �Q��N �3 a	��	 �
>(  

���PB��f ��

���PB��f ��

 

 

 

����	 :�� [
��! '� 'f
* �� [�\� $�� �	

'(
&)���  	���*  ��0

'(
&)���  	���*  ��0

  

'(
&)���  	���*  �Q�! �� ���
 ��0

  

'(
&)���  	���* �� "#� ����� '(
&)� .� �
>( E�  � �
>( 	�! ��0

  

'(
&)���  	���* '(
&)� .� ��0

a"#� 

  

'(
&)�  �K { , , , , , }1 2 3 4 5 6



'(
&)���  	���* h
&)� ���� �
>(�0 �3  6 �
>(4  6 �
>(5  � �
>(

! ! ! !

!( )! !( )! !( )! !( )!
+ + + =

− − − −
6 6 6 6

3 6 3 4 6 4 5 6 5 6 6 6
   

 '����- ��
����] '����� 6������
��nB B B⊂ ⊂ ⊂1 2 ⋯  �����T�N

(B B ) (B B ) (B B ) B B2 1 3 2 1 1− − − = −∪ ∪…∪.  

  

A { , , , } �… �/  '�������(
&)� =��������� �

A { , , , }

A { , , , }
A A A { , , , , }

A { , , , }

= 
= 
⇒ =


= 

…

…
∩ ∩…∩

⋮
…

3

4
3 4 8

8

3 4 12
4 5 13

8 9 17
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 �Q��N =�
 '5@� �
� [�w# ?�
T3 '(
&)���  	���* h
&)� ���� �
>(

bM: 

! ! ! !

!( )! !( )! !( )! !( )!
+ + + =

− − − −
6 6 6 6 42

3 6 3 4 6 4 5 6 5 6 6 6

  تعمیم اجتماع و اشتراک

nA , A , , A1 2… ����B� �q� �	 ��:  

�� "#� ����� �0 :
n

i n
i

A A A A
=

= 1 2
1

∪ ∪…∪∪  

�� "#� ����� �0 :
n

i n
i

A A A A
=

= 1 2
1

∩ ∩…∩∩  

  

nB , ,B ,B 6n '����(
&)���   �M  '����- ��
����] '����� 6������
��

(B B ) (B B ) (B B )− − −2 1 3 2 1∪ ∪…∪ ����/ "#	 '� ��.  

  
 '- "#� So�� �%
 '� 'f
* ��n n n(B B ) (B B ) (B B ) B B2 1 3 2 1 1−− − − = −∪ ∪…∪

  
A { , , , }=1 1 2 10  �A { , , , }=2 2 3 11…  �A { , , , }=3 3 4 12…

 a	��	 
>( ���  

  

A A A { , , , , }⇒ =∩ ∩…∩3 4 8 8 9 10 1112

	��	 
>(.  

 

 

 

'� ��� �Q��N =�
 '5@� �
� [�w# ?�
T

6 �� �� �
>(�0�
� .bM

تعمیم اجتماع و اشتراک

n '(
&)�  =�
�I	 �nA , A , , A

'(
&)� $�� h�&5f� �� "#� ����� �0

'(
&)� $�� v��5
� �� "#� ����� �0

 �������nB , ,B ,B2 1…

n n(B B ) (B B ) (B B )−− − −2 1 3 2 1∪ ∪…∪

  

 '- "#� So�� �%
 '� 'f
* ��

 
 ����������A { , , , }…1 2 10

A A A3 4 8∩ ∩…∩

 '(
&)� $�� bM5 	��	 
>(



{A, B A B

A B A, B

⊆
⊆
∪

∩
 )1  

} {A B A C B D

C D A C B D

⊆ ⊆
⇒

⊆ ⊆
∪ ∪
∩ ∩

 )2  

}A B
A B C

A C

⊆
⇒ ⊆

⊆
∩ )3  

}A C
A B C

B C

⊆
⇒ ⊆

⊆
∪ )4  

{A B A
A B

A B B

=
⊆ ⇒

=
∩
∪

 )5  

{A (B C) (A B) (A C)

A (B C) (A B) (A C)

=
=

∪ ∩ ∪ ∩ ∪
∩ ∪ ∩ ∪ ∩

 )6  

KPf $���
Q   {A (A B) A

A (A B) A

=
=

∪ ∩
∩ ∪

 )7  

  

a"#� "#�	 =��
&0  

(A B) C A (B C) (A B) C (A B) (A C) A C C A C= → = ⇒ = ⇒ ⊂∪ ∩ ∪ ∩ ∪ ∩ ∪ ∩ ∪ ∪   

�� D��&� ��0	.  

    D���>(� 	����* ���� � �0��5� �� '(
&)� 6�
�� 	��C� '(
&)� .� ��>(� 	���* ���

{n(A B) n(A) n(A B)

n(A B) n(A) n(B) n(A B)

− = −
= + −

∩
∪ ∩
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  خواص اصلی اجتماع و اشتراک

A B A C B D

C D A C B D

���PM ~� 
* $���
Q  
A (B C) (A B) (A C)

A (B C) (A B) (A C)

∪ ∩ ∪ ∩ ∪
∩ ∪ ∩ ∪ ∩

KPf $���
Q

  

���A* ��/ 6��
�� '(
&)� '#(A B) C A (B C)=∪ ∩ ∪ ∩ a"#� "#�	 =��
&0

  

����	 ���PM ~� 
* �
��Q '� 'f
* ��:  

(A B) C A (B C) (A B) C (A B) (A C) A C C A C= → = ⇒ = ⇒ ⊂∪ ∩ ∪ ∩ ∪ ∩ ∪ ∩ ∪ ∪

"#� ���Q�� ���A*.  

  عدد اصلی یک مجموعه

'(
&)� .� ��>(� 	���*  ����� �0��5� �A �� �_T� 	�( ��  �� � ���
�n(A) �� D��&�

�0��5��� � �0��5� ��0:     D���>(� 	����* ���� � �0��5� �� '(
&)� 6�
�� 	��C� '(
&)� .� ��>(� 	���* ���

�� �0��5��� 6�
��� 	��C� �����.  

  :های مهم عدد اصلی

'(
&)� �	 �0 ���� �0��5� �:  

n(A B) n(A) n(A B)

n(A B) n(A) n(B) n(A B)∪ ∩

 

 

 

خواص اصلی اجتماع و اشتراک

 ���A  �B  �C ���A* ��/ 6��
�� '(
&)� '#

����	 ���PM ~� 
* �
��Q '� 'f
* ��

(A B) C A (B C) (A B) C (A B) (A C) A C C A C= → = ⇒ = ⇒ ⊂

���A C⊂ "#� ���Q�� ���A*

عدد اصلی یک مجموعه

'(
&)� .� ��>(� 	���*

'(
&)� �0��5��� � �0��5� ��0

�� �0��5��� 6�
��� 	��C�

های مهم عدد اصلی ویژگی

;I� ('(
&)� �	 �0 ����



n(A B C) n(A) n(B) n(C) n(A B) n(A C) n(B C) n(A B C)= + + − − − +∪ ∪ ∩ ∩ ∩ ∩ ∩   

n(A B) n(A) n(A B)− = − ∩  

n((A B) C) n(A B) n(A B C)− = −∩ ∩ ∩ ∩  

n(A) n(A B C)− ∩ ∩  

n(A) n(B) n(A B)+ −2 ∩   

a"#� ��d� 6��5A�� ��PM  

 	�( ��Ad* S�CT "&AQ E��� ����90  ��7 ������ �� .  

D�� �&Q� �	 	��(� 	���*  �� ��PM7[ ]=
90

7
  

D��  �� �0 � ��PM11 D�� ��PMA B:∩   

D�� �&Q� �	 	��(� 	���*  �� ��PM77[ ]=
90

77
   

    

n(A B) n(A) n(A B) [ ] [ ]− = − = − = − =∩
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'(
&)� '# �0 ���� �0��5� �:  

n(A B C) n(A) n(B) n(C) n(A B) n(A C) n(B C) n(A B C)= + + − − − +∪ ∪ ∩ ∩ ∩ ∩ ∩

�����M ��0:  
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 ���- "��X ��0�
�BD CE= .  

 $�Q�AI�ˆˆ(B C,AB AC)= = 6BD   �A&��B̂  �CE 

 ���- "��X ��0�
�BD CE=  . �
�BD  �CE �� �A&�� .$������� :  

 

BCD E BC EC BD
∆ ∆

⇒ ≅ → =
� 1 � )

 

 �BD "#� . ���AB CD=  a  

  

C D E A B E AB CD
∆ ∆

⇒ ≅ → =
(1 � 1 )

  

BC ED=  6ˆ ˆB E=1 1  �ˆD̂ C=1 1  .��0	 ���� :ˆ ˆO O=1 3

 ��4�����$�

(2	3#� ��4$� 

��4$� (2	3#� 

 

 

 

���A5� =�
�I	 �_\�  ����� ���Q�AI�

�� �%
  � =	�@5#� ��  ���- "��X ��0�
�

Z�! :A BC
∆

 ���A5�  $�Q�AI�

�%N :BD CE= .  

  

?��X� :��  ���- "��X ��0�
�BD CE

 

 �%
 �	E  l#�AC  �BD

  

�%
 ����� :  

 =�
 =	�	 �%
 �	BC ED=

  

  

  



����	 �%
 $��� :  

OBC OE D O O
∆ ∆

⇒ ≅ → =
(   � 1 �)

 

  

ˆ ˆB E

BC DE

ˆ ˆC D

= = 
= 

2 2

1 1

   

  

  




   

ˆ ˆA A=1 2 �%
 � '_�A� Z�!  

AP AP= v�5��  

AC AB=  �%
 � Z�!  

ˆ ˆP T= )PQ ||ST � PT K�
�(  

ˆ ˆR R=1 2 +�� '� ���d5�  

PR RT=  Z�! '� ���  

52  

  

�_\� �5O��&0  � �0 [�w# $�� �N ���� �� .&- �0 ����� .  

O E D
∆

 ���- =�B� "Q	 �� �� .�0 � '_�A� Z�! �� ��� ����	 �%
 $���

ˆ ˆO BC OE D O O
∆ ∆

⇒ ≅ → =1 3

  

 '���   �A&��A  "#� .  

 �_\� �	
� $�Q�AI�PBC ��A�
�� ��.  

  

"#� $�Q�AI� .A P B A PC PB PC
∆ ∆

⇒ ≅ ⇒ = ⇒


(1 � 1 )

  

 l#�PT  ���- "��X 6�
��R  l#�QS "A0 7�� .  

  

 l#�PT  ����PR RT= .  

 ���� "#�QR RS= .  

RQ RS→ = )  Z   (P Q R R ST
∆ ∆

⇒ ≅


   

ˆ ˆP T

ˆ ˆR R1 2

PR RT

 

(2	3#� ��4$�  

(2	3#� ��4$�  

 

 

 

�_\� �5O��&0  � �0 [�w# $�� �N ����

 �_\� �	O BC
∆

  �OE D
∆

  

 ��  �%
 �	AP   '���   �A&��

 ���A5� ��I	  �_\� �	
� $�Q�AI�

�_\�P BC
∆

 ���A5� "#� $�Q�AI�

 ���PQ||ST  �R  l#�PT

  

  

  

Z�! :PQ||ST  �R  l#�

�%N :R  l#�QS  ���� "#�

?��X� :  

  

RQ RS→ =

  
  



'&_- �0 '� � ����
�� "Q	 �� �� '_�A� ?�
T ���� ��5�� 6'#��0 ��0  '5
�	 �!�- 'f
* '_�A� ?�
T  � ��

���- "Q	 ��  	��
� '� .  

  � '- �	
&( ��0M � '���  ~_o �	 �A�� �#�  6	



ˆ ˆB B1 2 .�&� '5@� $��  �  "!�� ')�5� ��
*

  

=��M �� =	�- ;{� �� l�CD  l#�  �AB  '5
P�

CM MD=  .  

=	�- ;{� �� �B��%� �/ ��� �� =��  '- "!�� ')�5� ��
*

�_\� �5�O�&0  �_\� �	 ���� ���� 6"#� �0

'���  �� �0 �_\�  � �%� �   � bM � ��
�� �0

53  

  حل مسئله در هندسه 
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حل مسئله در هندسه : درس چهارم
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  های متشابه  شکل
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Â
M̂= +090

2
         

 '���  �	 �f��� ��0 �A&�� $�� �B �C 'j���  � '� ��  � �� "#	 / �� .

Â
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EF ||BC

AF FC

=  →
= 

  

�� ;{� �� ��- . 

  

     

  

 ����� ���)� '���  �	 h
&)� $��`&0°180 "#� .  
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= ���� "�A� �_\� �0 �	 h�@*�� b%( "�A� �� "#� ����� ~_o �	 �0 � ~_o �	 �/ ��q� ��0

 �z��5� h�@*�� �	 "�A� b%(
AB c BH

CHAC b CH

BH

′
= = = →

′′′′

′

1
              

 :.�
- �B�	 ~_o �	  h
&)�  � ��_o �0 �_\� �0 �	 �o�@*  � � �*

�� �T� �0 '� �� �\_\� ~_o �	 l#� '- �j� "#� �/ ;{� � � �
� F
# ~_o �� ��-

 s
j�AH )h�@*��( 6AN ) �A&�� ( �AM )'���� (�� ;{� ��

�
�� �_\� l�C� ;{� . �_\� "N�A�S 'j���  � � �� "#	 '� ��  ��/  

a b c
P S P(P a) (P b) (P c)

+ +
→ = → = − − −

2
  

������� �0 �� �� .  

'���  �	 �0 � ������� ���d� ��0 ���B��%� �&%� ~_o .� '� ���)� � . ����� ���)� '���  �	 h
&)� $��`&0

���B��%� ;{�� �0�jQ .  

"#� �%
 �/ ���d* 7-�� �jQ �	 ~]�d* .  

 h�@*�� �� "#� ����� "N�A� × =�(�Q.  

��	
&( �0 �� �	 '� �	 �_��	 ��0 �A&�� .  

 

 

 

32- = ���� "�A� �_\� �0 �	

  

 �z��5� h�@*�� �	 "�A� b%(

  

34- �_\� �	
f� s�
 :

35- =��M�� �T� �0 '� �� �\_\� ~_o �	 l#� '- �j�

  

  

=��M $��  ���� 6l�EF  s
j�

36 - ���P �
�� �_\� l�C� ;{�

P S P(P a) (P b) (P c)→ = → = − − −

37- � �
5� �	 h,o:� :  

  

;I� - '��� h,o� ������� �0 �� ��

K - '���  '���  �	 �0 � ������� ���d� ��0

 E– ���B��%� ;{�� �0�jQ

	 - 'jd�  "#� �%
 �/ ���d* 7-�� �jQ �	 ~]�d*

�0-  h�@*�� �� "#� ����� "N�A�

� - ��	
&( �0 �� �	 '� �	 �_��	 ��0 �A&��



= ���� � 'd� �� �/ =�(�Q �	 � �  h
&)� ;{� ����� �/ �

      

  

  

'���  �� �/ '- ��/ �� �f��� � = ���� � �����  �/ �

'���  6�
�� =���	  � ��*� �B�	 ~_o � =���	 �� +�&� �/  �_z �

	AB
Â=

2
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 �� "#� ����� � 
I "N�A�
2

  .  

�� '�#�C� � 
I "N�A� ����&0 � 
I '�
 �� "��- "N�A� 		�� .  

� �
5� �(
� ��j5A� "#���	 �� �/ ��
� '&0 bM "#� h,o:� .  

�%
 ���d* �
C� � ������� � 	
&( �0 �� �0�jQ ~��� �0 �	 ��� .  

 �� ��Ad* h�@*�� �	 K�o =�(�Q �	 h
&)� �� "#� ����� 'd� �� "N�A�2 .  

l#� �/ �# �	 '- �j� 'd� �� ��# �	 ��0  
� 6�
��= ���� � 'd� �� �/ =�(�Q �	 � �

"#� 'd� �� =�(�Q �	 ��0 .  

AE ED EF||AB (AB DC)
, EF

BF FC EF||DC

=  +→ =
=  2

       

'���  ��0 �A&�� 	�
���  �'� ~��� .� ��j5A� �0 �_��	 ��0 �� "#	 ��/ .  

'���  6�/ E��� �	 =���	  � �*� �	 	��5�� 	�
���  � �� 	
f� '� �� '���  �� �/ '- ��/

	 	CD BA
M̂

−
=

2
  

~_o .� � =���	 l�C� ��� �� �/ +�� '- �� ��  '���  6�
�� =���	  � ��*� �B�	 ~_o � =���	 �� +�&� �/

'���  .� ��  �%
 �	 = ���� � "#� �_z � �� "#� ����� �/ � :
	AB

2

&��6	�  !� �(��.

(�' 

 

 

 

38-  �� "#� ����� � 
I "N�A�

39- �� '�#�C� � 
I "N�A� ����&0 � 
I '�
 �� "��- "N�A�

  

  

 

 

  

40- � �
5� �(
� ��j5A�

41- �%
 ���d* �
C� � ������� � 	
&( �0 �� �0�jQ ~��� �0 �	

42-  �� ��Ad* h�@*�� �	 K�o =�(�Q �	 h
&)� �� "#� ����� 'd� �� "N�A�

43- =��M l#� �/ �# �	 '- �j�

= ���� "#� 'd� �� =�(�Q �	 ��0

(AB DC)

44- '���  ��0 �A&�� 	�
���  �

45- '���  6�/ E��� �	 =���	  � �*� �	 	��5�� 	�
���  �

�� "#� ����� :  

46 - '���  ~_o .� � =���	 l�C� ��� �� �/ +�� '- �� ��

�� ����� .'���  �Â '���  .� ��  �%
 �	



�� ����� ��

 ��
�� .  

                

AM MB CM MD               

 =�
 ��%�* D�� �	  � �:
&�� '- 	��	 F�� '�>Q �
�� '5
�	  ��� ?��X� �� ��0�� '� �/ �5#�	 [
�Q '- "#�	 �

�� .&- �/ b%( � bI�* F�� '� ��  �#��� '� '��	� �	 '- �����

  

 ?�
T �	 ��>@* � L�-�*
a c a b c d

b d b d

± ±
= → = )1   

 E��� �	 ��>@* � L�-�*
a c a c

b d b a d c
= → =

± ±
 )2  

a c a c a c
k k

b d b d b d

+ −
= = → = =

+ −
 )3  

a c a c a c

b d b d b d

± ±β
= → =

± ±β

2

2
 )4  

a b a b a b

b a b a b

+ + +
= → = → = =

+ +

5 5 2 2 10 5

3 2 8 2 8 4
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'jd�  � '- �#�&� �	 [
] �� �#� =���	 �/ �� =���	 E��� �	 ~Q�� � �� ����� ��



MA MB=               

���- ~jQ =���	 ���	 �� �B��&0 �*� �	 =���0 .����	 :  

AM MB CM MD× = ×      

  به ریاضی مند علاقه آموزان 

 =�
 ��%�* D�� �	  � �:
&�� '- 	��	 F�� '�>Q �
�� '5
�	  ��� ?��X� �� ��0�� '� �/ �5#�	 [
�Q '- "#�	 �

����	 [
�Q �� �/ �5#�	 '- .  

����B� ')�5� �� �/ �5#�	 ���� '- .  

�_\� '���* �t�A�  � ����A� ?� '�>Q  � '#��0 �	 �0 �� .&- �/ b%( � bI�* F�� '� ��

/  � ��Q ��� �  �/ '� ��5�� '- "#�  ��� �*���d� '� �� �0 �� �	�M .  

  : خواص نسبت تناسب

 ?�
T �	 ��>@* � L�-�*

 E��� �	 ��>@* � L�-�*

a c a c a c
k k

b d b d b d
= = → = =

a c a c a c

b d b d b d

 

 ?���( ���d� 6�
��
a b

a b

+

+

2 2

2
  ������ ��  .  

  
a b a b a b

b a b a b

+ + +
= → = → = =

+ +

5 5 2 2 10 5

3 2 8 2 8 4

 

 

 

47- 'jd�  � '- �#�&� �	 [
]

48- ���- ~jQ =���	 ���	 �� �B��&0 �*� �	 =���0

آموزان دانش ی ویژه

'_&f �0  =�
 ��%�* D�� �	  � �:
&�� '- 	��	 F�� '�>Q �
�� '5
�	  ��� ?��X� �� ��0�� '� �/ �5#�	 [
�Q '- "#�	 �

"#� :  

1- Z�! :����	 [
�Q �� �/ �5#�	 '-

2- �%N :����B� ')�5� �� �/ �5#�	 ���� '-

�X� �	�_\� '���* �t�A�  � ����A� ?�

�/ �� �0 �� �	�M ./  � ��Q ���

خواص نسبت تناسب

 ���
a

b
=

2

3
  ?���( ���d� 6�
��



 L#��* �* 	

 '5

� ���
*
a b c a

x y

+ +
= a�
�� ���Q��  

a b c a b c a b c a+ + + +
= = = → =

+ +3 5 7 3 5 7 15 3
   

�/ '- ��B�	 l� �0 �� 6����/ ���M ���A5� ��0  6��- ~jQ �� �0

�� ���M ���A5� ��0 ���A5� �I�
5� �
] '� �	 '� �	 ����/-

�/ '- l� �0 �� 6��
�� '_T�! .� '� �I�
5� �
] '� �	 '� �	 '- � �
� ��0 =��M 6��- ~jQ �� �0 -

���- Z
( �� �%N � Z�! ��f ���� '�>Q b%( (  

��5A�� � �
� ����7I 6����/ ���M L#��5� ��0 .  

	��5�� �� �� �B�	 ~_o �	 �� 	

 �#� �_\� ~_o .� � �
� '- �j� �/ =��M 6�0 l�  ���M �z��5� ��0

=��M ~_o �	 �/ �� � ��- ~jQ �� �0 l�  ~_o �	 �� �z��5� ��0
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a b c
= =

3 5 7
  ��f '�x �y �� �	��(� '�  L#��* �* 	

 '5

� ���
*

x   2 (y= 3  �x= 3   

x   4 (y= 3  �x=15   

  
  

a b c a b c a b c a+ + + +
= = = → =

3 5 7 3 5 7 15 3

  : ی دسته خطوط موازی با فواصل مساوی

=��M �/ �� � ���- ~jQ �� l� .� � �
� l� ��� ��� l� �/ '- ��B�	 l� �0 �� 6����/ ���M ���A5� ��0

	��/ �0�
� ���M ���A5� ��0 .  

d ||d ||d
A B B C ...

AB BC ...

 ′ ′ ′ ′→ = =
= = 

1 2 3   

=��M 6l� .� �� '- � �
� s
j� 'C@T �0 �	 l� �� ���M ���A5� ��0���A5� �I�
5� �
] '� �	 '� �	 ����/

l� 'C@T �0 �	 �/ '- l� �0 �� 6��
�� '_T�! .� '� �I�
5� �
] '� �	 '� �	 '- � �
� ��0

��/ ��0�
� ���M	 .  

 "A�� ���Q�� �
! �)���- Z
( �� �%N � Z�! ��f ���� '�>Q b%(

=��M 6l� �	 ��� l� ��� ��� ���� l� ��5A�� � �
� ����7I 6����/ ���M L#��5� ��0

  : ی تالس و عکس آن

	��5�� �� �� �B�	 ~_o �	 �� 	

 �#� �_\� ~_o .� � �
� '- �j�

���#��5� �_\� �/  � �z��5� h,o� �� '- ��/ .  

�/ 	��5�� �� �_\� ~_o �	 �j� ��� =��M ~_o �	 �/ �� � ��- ~jQ �� �0

	
� �0�
� � �
� �_\� F
# ~_o �� 6	��/ ���M �
�7� .  

  : ی تالس و عکس آن با استفاده از شکل
AM AN

MN||BC
MB NC

⇔ =
  

  

  

  

 

 

 

 ��
�� '5
�	 ���
a b c
= =

3 5 7
  1 (y=15 �x= 3

  3 (y= 3  �x= 7

  5 (x y= = 5   

  

 '��7�»4 «"#� S�CT.  

ی دسته خطوط موازی با فواصل مساوی قضیه

=��M �/ �� � ���- ~jQ �� l� .� � �
� l� ��� ���

=��Ml� 	��/ �0�
� ���M ���A5� ��0

  

A B B C ...

  

')�5� 1: =��M 6l� .� �� '- � �
� s
j� 'C@T �0 �	

'_T�@I� ��� .  

')�5� 2: l� 'C@T �0 �	

l� ���A5� ��0  ��/ ��0�
� ���M

�-P*: '�>Q b%(  "A�� ���Q�� �
! �

=��M 6l� �	 ��� l� ��� ��� ����

ی تالس و عکس آن قضیه

'�>Q bI�* �: 	��5�� �� �� �B�	 ~_o �	 �� 	

 �#� �_\� ~_o .� � �
� '- �j�

�� ���#��5� �_\� �/  � �z��5� h,o� �� '- ��/

'�>Q b%( bI�* �: �/ 	��5�� �� �_\� ~_o �	 �j� ���

	
� �0�
� � �
� �_\� F
# ~_o �� 6	��/ ���M �
�7�

ی تالس و عکس آن با استفاده از شکل ی قضیه خلاصه



�� ���M �\_\� �0 ~_o '- 	��/  �/ ��0  

 'C@T �0 �	 � ���#��5� ��q� '� ��q� 6����/

�/ �� 6� �
� s
j� l#
* � ���- ~jQ �� � �
5� l� ��� '- � �
5��� ��0 =��M �0l�  L#��5� ��q� '� ��q� ��0

DD EE′ ′+  '� ������/ "#	 .  

AD DD
DD ||BC DD

AB BC

AE EE
EE ||BC EE

AB BC

′
′ ′→ = = → =

′
′ ′→ = = → =

1 8

3 3
2 16

3 3

   

��# '� 	��C� � =�(�Q � �
� �j�  '# '� �0�jQ l#
* �0

 a��-  

AM MF a
A DC:MF||DC

AD DC k

DM ME a
A D B :MF||AB

AD AB k

∆

∆

→ = =

→ = =
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�/ 	��5�� �� �� �B�	 ~_o �	 �� 6	

 �#� �\_\� ~_o .� � �
� '- �j� �� ���M �\_\� �0

���#��5� �
�7� �_\� h,o� �� ��q� '� ��q� .  

  

  

AM AN MN
MN ||BC

AB AC BC
→ = =  

  

� �
5� l� ��� '- ���0 �� ���M +�&0 l� �	 ��  'C@T �0 �	 � ���#��5� ��q� '� ��q� 6����/

�/ �� 6� �
� s
j� l#
* � ���- ~jQ �� � �
5� l� ��� '- � �
5��� ��0

AB A B
.... AC , A C

BC B C

′ ′
′ ′= = ⇔

′ ′
   

  

AD DE EB= =  �DD ||EE ||BC′ ′ �� �
�� .DD EE′ ′

  

DD ||BC DD

DD EE

EE ||BC EE

′ ′→ = = → =  ′ ′→ + =
′ ′→ = = → = 

1 8

3 3 8
2 16

3 3

  

=�(�Q ����� '# r�7� � "#� .�
- � .=��M ��# '� 	��C� � =�(�Q � �
� �j�

"#� =�
 ��Ad* ���A� "&AQ .=��M $�� ��# l� �� ��Ad* �5�A� '� '� �� �0  a��-

  

AM MF a

AMAD DC k

DM ME a DM

AD AB k

→ = = → =
→ = = 

2
23
3

 

 

 

')�5� 1: �/ 	��5�� �� �� �B�	 ~_o �	 �� 6	

 �#� �\_\� ~_o .� � �
� '- �j�

���#��5� �
�7� �_\� h,o� �� ��q� '� ��q�

')�5� 2 :=��M l� � �
5� l� ��� '- ���0

l� �/ �� 6� �
� s
j� l#
* � ���- ~jQ �� � �
5� l� ��� '- � �
5��� ��0

��#�&0 6��/ ���M .  

��#�&0.... AC , A C′ ′

  
  

  

 ��  �%
 �	BC= 8  6AD DE EB

  

  

  

=�(�Q 'd� �� .� �	 =�(�Q ����� '# r�7� �

"#� =�
 ��Ad* ���A� "&AQ

  



DE||AB = ����  �EC  ������ ��.  

EC DC AC EC
ED||AB EC /

AE BD AB EC
→ = = = = → = → =  

'��# ��_o��O� �	  �� ~o� F��- �0 '� "�A� =	 
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AB AC= =5 3 60  �AD '���   �A&�� �A "#� .DE||AB

  

EC DC AC EC
ED||AB EC /

AE BD AB EC
→ = = = = → = → =

−

20 5 5
12 5

12 3 20 3

  

 '� �_\� ~_o �0 ��  �%
 �	4 "#� =�
 ��Ad* ���A� "&AQ .'��# ��_o��O� �	

  2 (l�C� �0  

  4 ('���5�  

  

  

AD BE

AC BC
= =  ��� ')�5� 6    '�- ������DE 

s�d� $�������E �D  l�  �AB '_T�! .� '�  ���

BF AG AB= =   ��_\� �	 ')�5� �	 6ADG  �FEG 

����	 ���A� h�@*�� � =�(�Q ���  U��5A0 "N�A� �0 .    �	 ��0  � ���� [��N

�� ')�5� 6���- �- �� 	

 :BGHE AFHDS S=  

 

 

 

 ��  �%
 �	AB AC= =5 3 60

  

 '� �_\� ~_o �0 ��  �%
 �	

 a����	  

  1 ("N�A� �0    

  3 ("�O�&0    

  5 (������ �5�A� .  

'��7�  «1 «"#� S�CT.  

 '- $�� '� 'f
* ��
AD BE

AC BC
= =

1

4

 � �
�AB �� �
�� .s�d� $�������

 �
� �BF AG AB= =
3

4

����	 ���A� h�@*�� � =�(�Q ���  U��5A0 "N�A� �0

 "N�A� �_\�G F H
∆

 �� ')�5� 6���- �- ��

  



� �
5� "N�A�  "N�A� �T�	 ��� h,o:�

  

MN||BC A M N ~ A B C ( ) (I)
∆ ∆

→ → = =   

S
MP||AC B M P ~ A BC ( ) ( ) (II)

S AB

∆ ∆

→ → = = =   

MNCP ABC ABC ABC ABC ABCS S S S S S⇒ = − − = =
4 9 12

25 25 25
 (I)  �(II)   

'�>Q '� 'f
* �� 6��
�� ����	 bI�* � :  

  

A BC:MN||AB

CM CP x
A C N : MP||AN

MA PN x

∆

∆

→ = =

→ = =

   

x
x x x x /

x

−
⇒ = ⇒ = − ⇒ = ⇒ =

16 16
16 144 9 25 144 5 76

9
   

bI�* 

'������>Q  �

bI�* 
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AM MB  ��_o��O� �MNCP  �
5� "#� h,o:� � .� �
5� "N�A�

  

AMN

ABC

S AM
MN||BC A M N ~ A B C ( ) (I)

S AB
→ → = =2 4

25

BMP

ABC

S BM
MP||AC B M P ~ A BC ( ) ( ) (II)
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  کسرها  گویا کردن مخرج
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های جبریعبارت: پنجمفصل 
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های جبری و مفهوم اتحاد عبارت: درس اول

  

���5�: �� D��&� �� �0�
�I	 	��(� '- ���0	�&�

?���( ���f ��0:  ���f [�&(� 6���5� �	���* ���
 ���f ?���( �0

�� ���f ?���( ����� .�� K
AC� ���f ?���( .� �0 	�( .�

���f ?���( ���d�: ?���( ��0���5� ��f '� =���0

	
� �0�
� ���f .  

 ���f ?���( �T�N
x xz

+1

 ���f ?���( $�� �	y, xz

z= 3 �� ���Q��0	:  

'_&f .� �� �0: =	�# �� ���f ?���( h
� $��*

�� �d�dN 	�( .� �	�(

.�'_&f  ?�
T '� ��nax

?���( .� ��  ���f ��0

?���(.� ��  ���f ��0 



x  .� 6����	 ��A- �� �@�� ��
* '-

   5 (x− −3   

2   5 (x−12   

   5 (�@T  

'_&f ���
� ���5� �/ '� "�A� ��.  

 '� "�A�x 'f�	  �  2 "#�  

 '� "�A�y 'f�	  � 3    "#�x y2 35   

 "#� �@T 'f�	  � �0���5� ���# �  

93  

?���( $������� 6"#� �@���� � S�CT �	�( 6���5� �0 ��
* ����� ���0
x

1
  �x

?���( � ��5A�� �� ����� ���02  �xπ 2  � ...'_&f .� ��5A0 ��.  

  

'_&f a"#� ��  

 (x3   3 (x
1

2   4 (2

  

  

  

'_&f .� ��  ?���( F��-  a"#� ��  

 (
y

2
   3 (y− 5  4 (x2

  

  

  

'_&f .� �	 ���5� ��
* ���
*  a�
�� ��  

 (
1

2
   3 (1 -  4 (

3

2
 

  

  

"#� ���AN 	��(� ld! ��
*  6�� .  

���5� .� '� "�A� ��:  .� �	 ���5� ��
*'_&f 'f�	 �� ��   .�'_&f

  

 '� "�A�

 '� "�A�z  "#� �@T 'f�	  � �0���5� ���# �

 

 

 

�-P* :?���( $������� 6"#� �@���� � S�CT �	�( 6���5� �0 ��
*

'_&f ?���( � ��5A�� ��

 .� ��  ?���( F��-'_&f

1 (x−2   2 (x

  

'��7�  «4 «"#� S�CT.  

'_&f .� ��  ?���( F��-

1( 
x

y
   2 (

y

'��7�  «3 «"#� S�CT.  

�� '��7� F��- '_&f .� �	 ���5� ��
* ���
*

1( π  2 (
1

2

'��7�  «5 « S�CT"#�.  

'_&f .� ;���* '� ��� "#� ���AN 	��(� ld! ��
*  6��
  

.� 'f�	 '_&f ���5� .� '� "�A� ��



�/ �z��5� ��0 �/ 6��
�� ��A%� �0  '���5� �� �0

ax , ax

xy , y x

 −
 −

2 2

3 3

5 7

2
3

3

   

x y , x y

ax ,axy




2 3 3 2

  

	�- ^��@* �� � ~&f ��
* . �!�- ��- $�� ����

x x x , x x x

x y xy

+ = + ≠

+ ≠

5 7 12 5 7 12

3 5 8
   

 .  

�!�N ��0	�&� � �0 �	 �� 	�( L���o "#� �!�- �0 �	 �0)�0���5� ( ��

x ( )xy ( )( ) x x y x y× − = − × × × =−2 3 2 3 3 35 3 5 3 15 );I�  

xy ( )x y y ( ) ( ) ( ) x x y y y x y× − × = × − × × × × × × =−2 2 2 2 3 43 3
2 5 2 5 3 2

5 5
 )K  

94  

  
"A�� ���5� F�� �-� '� � ��� 'f�	 ���� 6��
�� '5
�	 ���5� .� ld! ��� .  

  
x →35   

 '_&f .� ��� �	 ���� ��
* � �!�N ��0	�&� � �/ �z��5� ��0

  
'���5� ��  ��0���.  

  

��5A�� '���5� ��  ��0.  

��  �0: '_&f .� ld! ���� �� ��
�� '���5� '- ���0 	�- ^��@* �� � ~&f ��
*

	�- �- �0  � �� � ~&f �0 �� �� �0 .  

  

x x x , x x x+ = + ≠ 25 7 12 5 7 12

�&� bM ��5A�� '���5� �PI 6��5A�� b�f .�  � 	�- ����&f �0 �� ��
* .

'_&f .� �	�- K�o ���� �� �!�N ��0	�&� � �0 �	 �� 	�( L���o "#� �!�- �0 �	 �0

  

x ( )xy ( )( ) x x y x y× − = − × × × =−2 3 2 3 3 35 3 5 3 15

xy ( )x y y ( ) ( ) ( ) x x y y y x y× − × = × − × × × × × × =−2 2 2 2 3 43 3
2 5 2 5 3 2

5 5

 

 

 

  

"A�� ���5� F�� �-� '� � ��� 'f�	 ���� 6��
�� '5
�	 ���5� .� ld! ���

 .�'_&f 'f�	  � ��  3x →
  

.� '_&f �� '���5� ��0: 

���
� .  

'_&f .�� �'���5� ��  ��0

'_&f .�� ���5A�� '���5� ��  ��0

'_&f .� ^��@* � ~&f ��

�/ �	�( L���o "#� 	�- �- �0  � �� � ~&f �0 �� �� �0

x , y3 5 �&� bM ��5A�� '���5� �PI 6��5A�� b�f .�  �

'_&f .� K�o �� �0  :'_&f .� �	�- K�o ����

���- K�o �0 �	 .  

xy ( )x y y ( ) ( ) ( ) x x y y y x y2 2 2 2 3 4



'_&f ��� 6�T�N ���- ^��@* �� ~&f �B��%  "#� �� .'_&f ���  ��

x x , x x , ax y axy axy, x , x y xy− + − − − + +2 2 2 2 4 2 22 3
4 4 1 2 3 3 5 2

3 2
   

x x+ −5 2 1     

x x x−− +3 2 32 5 5     

��
* ���� �� �
�� ���AN 	�( �0.  

'f�	 �� ��  '_&f ��� �/ ���
� �� .  

 '� "�A� 'f�	x  :3  

x y x y+ +3 73 5 4   

 '� "�A� 'f�	y  :7  

 .  

r�7�  � �� ��.�
- �* ��
* $��*  '� ��
* $��*

95  

'_&f .� �	���* '� � �� �� ��'_&f ��� 6�T�N ���- ^��@* �� ~&f �B��%

 ~&f �� �� '_&f .� ��� ���f �
�� '���5� ��k �� .  

  

��� ��  ���f ��0'_&f��5A0 ��.  
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4 4 1 2 3 3 5 2

3 2

  

 a"#� ��  

    2 (x x+ −2 1

5 2 5 3     4 (x x x3 2 32 5 5

  

  

"#� "#�	�� '- �@�� �� � "#� ��A- �� �0 .'_&f ��� �	 ��
* ���� ��

���5� .� '� "�A� ��: '_&f ��� �- �	 ���5� ��
* $��5��� 'f�	 �� ��

  

 '� "�A� 'f�	

 '� "�A� 'f�	

  

"A�� F : 'f�	 $���* �	 �/ F�� �-� 6�
�� '5
�	 ���5� .� ld! �� .

  

 "#�x x+ + →35 2 1   

'_&f ��� 	�����5#� F�! =���5� .� ��: '_&f =���0 '_&f ��� ��0 r�7�  � �� ��

�� ����* 	�����5#� F�! '� 6��A�
�� L�*�*	
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?���(��� ��  ���f ��0
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x

+ +
1

2     

3 (x x− + −35 2 5 3

5 (x x− −+ +3 24 2 6   

'��7� '�d� ��
* "#� "#�	�� '- �@�� �� � "#� ��A- �� �0

'_&f ��� .� 'f�	 ���5� .� '� "�A� ��

'_&f ��� ��� "A�� F : 'f�	 $���* �	 �/ F�� �-� 6�
�� '5
�	 ���5� .� ld! ��

'_&f ��� 'f�	 ��  3  "#�
  

'_&f ��� 	�����5#� F�!

�� ����* 	�����5#� F�! '� 6��A�
�� L�*�*
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( x x ) (x x ) x x x x x x x+ + − + − = + + − − + = + − +3 2 3 3 2 3 3 25 4 1 2 3 5 4 1 2 3 4 4 2 4   

 .�  � F��- �0 � '5

� �0�# "�M 75���M �	 ?�
T '� �� ��

) (x ) (x x ) ?+ − + =2 31 1 2 2  

)(x )(x ) ?− + =2 1 2  

) (xy ) (x y ) ?+ + − =3 1 1  

(x ) (x x ) (x )(x ) (x )( x) (x )( ) ( )(x ) ( )( x) ( )( )+ − + = + − + + + − +2 3 2 3 2 2 31 2 2 2 2 1 1 2 1 2 )1  
  

x x x x x x x x x= − + + − + = − + − +5 3 2 3 5 3 2   

(x )(x ) x x x x x− + = + − − = + −2 21 2 2 2 2 )2  

  

(xy ) (x y ) (xy)(x) (xy)(y) (xy)( ) ( )(x) ( )(y) ( )+ + − = + + − + ++ + −1 1 1 1 1 1 1 )3  
  

x y xy xy x y= + − − + −2 2   

  5 (7  

A x(x ) x x= + = +22 2  

B (x )(x ) x x x x x= − + = + − − = + −2 22 4 4 2 8 2 8   

A B x x (x x ) x− = + − + − =2 2 22 2 8   

x =	�- cPN �� �Q�� "N�A� 6���  =����

x+5 19   5 (19  
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) (x ) (x x ) ?

  

(x ) (x x ) (x )(x ) (x )( x) (x )( ) ( )(x ) ( )( x) ( )( )+ − + = + − + + + − +2 3 2 3 2 2 31 2 2 2 2 1 1 2 1 2

x x x x x x x x x= − + + − + = − + − +5 3 2 3 5 3 22 2 2 2 2 2 2

(x )(x ) x x x x x− + = + − − = + −2 21 2 2 2 2

(xy ) (x y ) (xy)(x) (xy)(y) (xy)( ) ( )(x) ( )(y) ( )+ + − = + + − + ++ + −1 1 1 1 1 1 1

x y xy xy x y= + − − + −2 2 1

  
B (x )(x )= − +2 4  �T�N 6�
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B (x )(x ) x x x x x= − + = + − − = + −2 22 4 4 2 8 2 8
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'_&f ��� �	 K�o ��
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(x ) (x x ) (x )(x ) (x )( x) (x )( ) ( )(x ) ( )( x) ( )( )+ − + = + − + + + − +1 2 2 2 2 1 1 2 1 2

x x x x x x x x x= − + + − + = − + − +2 2 2 2 2 2 2

(xy ) (x y ) (xy)(x) (xy)(y) (xy)( ) ( )(x) ( )(y) ( )( )+ + − = + + − + ++ + −1 1 1 1 1 1 1

 ���A x(x )= +2  �B (x )(x )2 4

1 (4    2 (
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 	���� '� �_�j5A�  �x+3

 a"#� F��-  

1 (x+4 17   2 (5 17
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] = [�� ��j5A� "N�A�  

(x )(x ) x x= − + = + −1 4 3 4  F�	 ��j5A� "N�A�  

x x (x x ) x x x x x= + + − + − = + + − − + = +2 2 2 28 15 3 4 8 15 3 4 5 19 "N�A� �o�@*  �0  

x x x x x ?+ − + − =5 4 5 5 41
3 2 4 4

2
 )1  

x x ?÷ =5 72 8 )2  

( x )( x ) ?=5 44 2 )3  

( x ) ?=3 52 )4  

) x x x x x ( )x ( )x x x− + + − = − + + − = −5 5 5 4 4 5 4 5 41 1 13
1 3 4 2 4 3 4 2 4 2

2 2 2
  

x x
) x x x

x x x
÷ = = × = × =

5 5
5 7 2

7 7 2

2 2 1 1 1
2 2 8

8 8 4 4
  

( x )( x ) ( )(x x ) x= × × =5 4 5 4 94 2 4 2 8 )3  

( x ) (x ) x x= = × =3 5 5 3 5 5 15 152 2 2 32 )4  

( x x ) ( x x x ) ?+ − + + − + =2 5 2 4 53 2 3 4 5 8 );I�  

( x x x ) (x x ) (x ) ?+ − + − + + + =7 5 7 52 4 6 2 2 )K  

(x )(x ) ?+ − =2 3 1 )u  
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(x )(x ) x x= + + = + +25 3 8 15
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x x (x x ) x x x x x= + + − + − = + + − − + = +2 2 2 28 15 3 4 8 15 3 4 5 19
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) x x x

x x x
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a b ab a ab b= + + = + +2 2 2 22 2   
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r�7� ~��� "N�A�=  '�#�C� ����  F�	 i��  S1   

a b b(a b) (a b)(b) a b ba b ab b= − − − − − = − − + − + =2 2 2 2 2 2   

   a ab b= − +2 22   

(a b) a ab b→ − = − +2 2 22  
  

( x ) ?+ =22 1 );I�  

(x ) ?− =2 21

2
 )K  

( ) ?+ =22 3 3 )E  

( ) ?− =25 2 2 )	  

( a b) ?+ =24 3 )�  
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2

2
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(a b)(a b) (a b)= + + = + 2

'_&f �	 ~��� 	�C*� "#�� c�] �  6��S ,S ,S3 2 1  �S4 �� ~&f �0 �� ��

�� ���� �� �- �0	 .  
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( x ) ( x) ( x)( ) ( ) x x x x+ = + + = + × × + = + +2 2 2 2 2 2 22 1 2 2 2 1 1 2 2 2 1 1 4 4 1 );I�  

(x ) (x ) (x )( ) ( ) x x x x x x− = − + = − × × + = − × + = − +2 2 2 2 2 2 4 2 4 2 4 21 1 1 1 1 1 1 1
2 2 2

2 2 2 2 4 2 4 4
 )K  

( ) ( ) ( )( ) ( )+ = + + = + + ×2 2 22 3 3 2 2 2 3 3 3 3 2 6 6 9 3 )E  

= + + = +2 6 6 27 29 6 6  

( ) ( )( ) ( )− = − + = − + = −2 2 25 2 2 5 2 5 2 2 2 2 25 20 2 8 33 20 2 )	  

( a b) ( a) ( a)( b) ( b) a ab b+ = + + = + +2 2 2 2 24 3 4 2 4 3 3 16 24 9 )�  

( xy x ) ( xy) ( xy)( x ) ( x ) x y xy x ( ) (x )− = − + = − × × +3 2 2 3 3 2 2 2 2 3 2 3 21 1 1 1 1
2 2 2 2 2 2 2

2 2 2 2 2
 )   
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( ) ( ) ( )( )= − = − + = − + =2 2 2 21999 2000 1 2000 2 2000 1 1 4000000 4000 1 3996001   
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x x x x

+ = + + = + + = + +2 2 21 1 1 2 1 1
2 2   

x (x ) x x x x x− − + − −+ = + × = + = +1 2 1 2 1 1 11 1   

( x ) x (x ) x (x ) x
x

−⇒ + − + = + + − + =2 1 21 1 1
1 2   
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( x ) ( x) ( x)( ) ( ) x x x x+ = + + = + × × + = + +2 2 2 2 2 2 22 1 2 2 2 1 1 2 2 2 1 1 4 4 1

(x ) (x ) (x )( ) ( ) x x x x x x− = − + = − × × + = − × + = − +2 2 2 2 2 2 4 2 4 2 4 21 1 1 1 1 1 1 1
2 2 2

2 2 2 2 4 2 4 4

( ) ( ) ( )( ) ( )+ = + + = + + ×2 2 22 3 3 2 2 2 3 3 3 3 2 6 6 9 3

2 6 6 27 29 6 6

( ) ( )( ) ( )− = − + = − + = −2 2 25 2 2 5 2 5 2 2 2 2 25 20 2 8 33 20 2

( a b) ( a) ( a)( b) ( b) a ab b+ = + + = + +2 2 2 2 24 3 4 2 4 3 3 16 24 9

( xy x ) ( xy) ( xy)( x ) ( x ) x y xy x ( ) (x )− = − + = − × × +3 2 2 3 3 2 2 2 2 3 2 3 21 1 1 1 1
2 2 2 2 2 2 2

2 2 2 2 2

x y x x y x x y x y x= − × × × × × + = − +2 2 3 6 2 2 4 61 1 1
4 2 2 4 2

2 4 4

  

'_&f�	 ~��� 	�C*� .&- '� �� ��  ��0 ������ �� .  

  

( ) ( ) ( )( )= + = + + = + + =2 2 2 21001 1000 1 1000 2 1000 1 1 1000000 2000 1 1002001

( ) ( ) ( )( )= − = − + = − + =2 2 2 21999 2000 1 2000 2 2000 1 1 4000000 4000 1 3996001

  

( x ) x (x )
x

−+ − +2 1 21
 �� "#� ����� :(x )>0   

 (1 -  3 (2 -  4 (1  

  

�� =	�@5#� �� ���-.  

x
( x ) ( x ) ( x ) ( ) ( ) x x

x xx x x x
+ = + + = + + = + +2 2 21 1 1 2 1 1

2 2

x (x ) x x x x x
x

− − + − −+ = + × = + = +1 2 1 2 1 1 1 1

( x ) x (x ) x (x ) x
x x

⇒ + − + = + + − + =
1 1 1

1 2
x

+ +
1

2 x−
x

−
1

 

 

 

  

2 1 2 2 2 1 1 2 2 2 1 1 4 4 1

(x ) (x ) (x )( ) ( ) x x x x x x− = − + = − × × + = − × + = − +2 2 2 2 2 2 4 2 4 2 4 21 1 1 1 1 1 1 1

2 2 2 2 4 2 4 4

( xy x ) ( xy) ( xy)( x ) ( x ) x y xy x ( ) (x )− = − + = − × × +3 2 2 3 3 2 2 2 2 3 2 3 21 1 1 1 1

2 2 2 2 2

?���( �T�N'_&f�	 ~��� 	�C*� .&- '� �� ��  ��0

1001 1000 1 1000 2 1000 1 1 1000000 2000 1 1002001

1999 2000 1 2000 2 2000 1 1 4000000 4000 1 3996001

 ?���( �T�N( x ) x (x )−+ − +2 1 2 1

1 (�@T  2 (

'��7�  )5(  "#� S�CT.  

 	�C*�  �'_&f �	 ~��� �� =	�@5#� ��

x x

x

1
= 2



'_&f �	 ~��� 	�C*�  � $5!�� .&- �� ����#� ����	 �� :  

x (x ) x x ( )
x x x x

+ = → + = → + × + =2 2 2 21 1 1 1
2 2 2 4   

x x
x x

→ + + = → + = − =2 2
2 2

1 1
2 4 4 2 2   

�(a b) a (ab) b+ = → + + =2 2 2 2 2

6

5 2 5   

a b a b→ = + + → + = − =2 2 2 2 25 12 25 12 13   

( ) ( ) ( ) ( )+ = + → + = + × +2 2 2 25 2 6 2 3 5 2 6 2 2 2 3 3
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 �T�N 6�
��x
x

+2
2

1
 d� a"#� ��  

  

x
x

+ =
1

   ��
* '� ��2 �� '_&f �	 ~��� 	�C*�  � $5!�� .&- �� ����#�

x (x ) x x ( )
x x x x

+ = → + = → + × + =2 2 2 21 1 1 1
2 2 2 4

x x
→ + + = → + = − =2 4 4 2 2

  

ab  �T�N 6�
��a b+2 2 ������ �� .  

  

'_&f �	 ~��� 	�C*� .&- '� ��(a b) a ab b+ = + +2 2 22 ����	:  

(a b) a (ab) b+ = → + + =2 2 2 2 25 2 5

a b a b→ = + + → + = − =2 2 2 2 25 12 25 12 13

  

+ = +5 2 6 2 3.  

  

'_&f �	 ~��� 	�C*�  � � ����#� �� .&- �� ����� .  

( ) ( ) ( ) ( )+ = + → + = + × +

+ = + +

+ = +

2 2 2 25 2 6 2 3 5 2 6 2 2 2 3 3

5 2 6 2 2 6 3

5 2 6 5 2 6

 

 

 

 ���x
x

+ =
1

2  �T�N 6�
��

 ?���( c�] �	 �0
x

+ =
1

2

 ���a b+ = 5  �ab= 6

'_&f �	 ~��� 	�C*� .&- '�

 ��0	 ����+ = +5 2 6 2 3

 ��
* '� �� $�!�]2 �� '_&f �	 ~��� 	�C*�  � � ����#�



 (a b)(a b) a b+ − = −2 2   

(x )(x ) ?+ − =2 2 );I�  

( x )( x ) ?− + =2 1 2 1 )K  

(x )(x ) x x

(a b)(a b)

+ − = − = −

↓ ↓ ↓

+ −

2 2 22 2 2 4

 

);I�

  

( x )( x ) ( x )( x ) ( x) x− + = + − = − = −2 1 2 1 2 1 2 1 2 1 4 1 )K  

( x y)( x y) ?− + =2 3 2 3 );I�  

( x y)( x y) ?− + =2 2 )K  

(x )( x ) ?+ − =2 21 1 )E  

( a b )( a b ) ?− + =2 2 2 23 6 2 )	  

( x y)( x y) ( x) ( y) x y− + = − = −2 3 2 3 2 3 4 9 );I�  

( x y)( x y) ( x) y x y− + = − = −2 2 2 22 2 2 4 )K  

(x )( x ) ( x )( x ) (x ) x a , b x+ − = + − = − = − = =2 2 2 2 2 2 2 4 21 1 1 1 1 1 1 )E  

( a b )( a b )− +2 2 2 23 6 2 )	  

  

a b ( a b )+ = +2 2 2 26 2 2 3   

( a b )( ( a b )) ( a b )( ) ( a b ) ( a b )( a b )− + = − + = − +2 2 2 2 2 2 2 2 2 2 2 23 2 3 3 2 3 2 3 3   

A a , B b= =2 23   
(A B)(A B) A B+ − = −2 2   

( a b )( a b ) [( a ) (b ) ] [ a b ] a b→ − + = − = − = −2 2 2 2 2 2 2 2 4 4 4 43 6 2 2 3 2 9 18 2   
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  چند اتحاد دیگر، تجزیه و کاربردها 

  
������ �� ��  ��0.  

  
����	 E�	7� 	�C*� .&- '�:  

(x )(x ) x x+ − = − = −2 2 22 2 2 4

a x , b
( x )( x ) ( x )( x ) ( x) x

a ( x) , b

 = =− + = + − = − = − 
 = =

2 2

2 2 2

2 1
2 1 2 1 2 1 2 1 2 1 4 1

2 1

  
������ ��.  

( x y)( x y) ?

( a b )( a b ) ?

  
a x b y

( x y)( x y) ( x) ( y) x y
a ( x) b ( y)

 = =− + = − = − 
 = =

2 2 2 2

2 2 2 2

2 3
2 3 2 3 2 3 4 9

2 3

a x b y
( x y)( x y) ( x) y x y

a ( x) b y

 = =− + = − = − 
 = =

2 2 2 2

2 2 2 2

2
2 2 2 4

2

(x )( x ) ( x )( x ) (x ) x a , b x+ − = + − = − = − = =2 2 2 2 2 2 2 4 21 1 1 1 1 1 1

 	�(  � [�w# $�� �N ����2  ?���( �	( a b )+2 26 2 �� �
5-�! ����	 ����� :  

( a b )( ( a b )) ( a b )( ) ( a b ) ( a b )( a b )− + = − + = − +2 2 2 2 2 2 2 2 2 2 2 23 2 3 3 2 3 2 3 3

( a b )( a b ) [( a ) (b ) ] [ a b ] a b→ − + = − = − = −2 2 2 2 2 2 2 2 4 4 4 43 6 2 2 3 2 9 18 2

 

 

 

چند اتحاد دیگر، تجزیه و کاربردها : درس دوم

  :اتحاد مزدوج

?���( �T�N������ �� ��  ��0

����	 E�	7� 	�C*� .&- '�

a x , b

a ( x) , b

= =

= =2 2 2

2 1

2 1

?���( �T�N��   ��0 ������ ��

a x b y

a ( x) b ( y)

= =

= =2 2 2 2

2 3

2 3

a x b y

a ( x) b y

= =

= =2 2 2 2

(x )( x ) ( x )( x ) (x ) x a , b x+ − = + − = − = − = =2 2 2 2 2 2 2 4 2

 	�(  � [�w# $�� �N ����

 $������� :  

( a b )( ( a b )) ( a b )( ) ( a b ) ( a b )( a b )

��0	 ���Q :  



  

�� "��X 	�C*� $�� 6 �0 		�� .  

(a b c) a b c ab ac bc+ + = + + + + +2 2 2 2 2 2 2   

(a b c) a b c ab ac bc+ + = + + + + +2 2 2 2 2 2 2   

(a b c) (a b c) (a b c)= + + + + = + +  ~_o × ~_o = ~��� "N�A�  

~��� F�&* ~&f  .�
- ��0 = ~��� "N�A�  

(x y ) ?+ − =24  

(x y ) x y ( ) (x)(y) (x)( ) (y)( )+ − = + + − + + − + −2 2 2 24 4 2 2 4 2 4   

x y xy x y= + + + − −2 2 16 2 8 8  
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���- "��X "N�A�  � =	�@5#� �� �� E�	7� 	�C*� .(a b)(a b) a b+ − = −2 2   

  

 �%
 �B�� "&AQ [�d5�� ��1 �%
 ��%�* �2 '�#�C� � �/ "N�A� � �� "��X 	�C*� $�� 6 �0

  : ای اتحاد مربع سه جمله

(a b c) a b c ab ac bc+ + = + + + + +2 2 2

  

���- "��X "N�A�  � =	�@5#� �� �� ��.  

 (a b c) a b c ab ac bc+ + = + + + + +2 2 2

  

 ~_o '� ����� "N�A� �a b c+ + ����	 :  

(a b c) (a b c) (a b c)= + + + + = + + 2

a b c ab ac bc= + + + + +2 2 2 2 2 2 ~��� F�&* ~&f

  
'_&f '# ~��� 	�C*� .&- '� �� �� '� �� ����/ "#	 .  

  
(x y ) x y ( ) (x)(y) (x)( ) (y)( )+ − = + + − + + − + −2 2 2 24 4 2 2 4 2 4

x y xy x y16 2 8 8

 

 

 

���- "��X "N�A�  � =	�@5#� �� �� E�	7� 	�C*�

  

  

  

  

 �%
 �B�� "&AQ [�d5�� ��

  

اتحاد مربع سه جمله

'_&f '# ~���  	�C*����- "��X "N�A�  � =	�@5#� �� �� ��

�#��0 ?��X�: '�#�C� ��  ~_o '� ����� "N�A� �

 

 

 

?���( �T�N '_&f '# ~��� 	�C*� .&- '� �� �� 



( x y)( x y) ?+ − − + =3 4 5 3 4 5  

�� �
5-�! "#�� "&# 75���M  	�C*� '� ����* �� �/ � �����

( x y)( x y) ( x [ y]) ( x [ y]) ( x) ( y)

x ( y y) x y y

+ − − + = + − − − = − −

= − + − = − − +2 2 2 2

3 4 5 3 4 5 3 4 5 3 4 5 3 4 5

9 16 25 40 9 16 25 40
   

  297 );I�  

( )− = − × × + = − + =2 2 2100 3 100 2 100 3 3 10000 600 9 9409 );I�  

( )( )+ − = − = − =2 21000 2 1000 2 1000 2 1000000 4 999996 )K  
  

(x a)(x b) x (a b)x ab+ + = + + +2   

(x a)(x b) x (a b)x ab+ + = + + +2   

����	 :  

  

(x a)(x b) x ax bx ab x (a b)x ab+ + = + + + = + + +2 2   
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'� �0	�C*� .&- '� �� ��  ����/ "#	 .  

( x y)( x y) ?

  
"#� ��A%� 75���M �	 �0 �	 .'_&f �	 �	 �@��  �  �	 �B�	 ��� �
5-�! "#�� "&# 75���M

( x y)( x y) ( x [ y]) ( x [ y]) ( x) ( y)

x ( y y) x y y

+ − − + = + − − − = − −

= − + − = − − +

2 2

2 2 2 2

3 4 5 3 4 5 3 4 5 3 4 5 3 4 5

9 16 25 40 9 16 25 40

  
?���( �T�N 6�0	�C*� .&- '�'� �� ��  ��0   "#	 ����/ .  

×1002 998  )K    

  
− = − × × + = − + =2 2 2100 3 100 2 100 3 3 10000 600 9 9409

+ − = − = − =2 21000 2 1000 2 1000 2 1000000 4 999996

 : ی مشترک

(x a)(x b) x (a b)x ab+ + = + + +

  

���- "��X "N�A�  � =	�@5#� �� �� v�5�� '_&f 	�C*�.  

 (x a)(x b) x (a b)x ab+ + = + + +

  

 Z�( � [
] '� �_�j5A� "N�A�x a+  �x b+ ����	

(x a)(x b) x ax bx ab x (a b)x ab+ + = + + + = + + +2 2

 

 

 

?���( �T�N '� �0	�C*� .&- '� �� �� 

x3"#� ��A%� 75���M �	 �0 �	

�� E�	7����- :  

( x y)( x y) ( x [ y]) ( x [ y]) ( x) ( y)2 23 4 5 3 4 5 3 4 5 3 4 5 3 4 5

?���( �T�N 6�0	�C*� .&- '�

ی مشترک اتحاد جمله

  

���- "��X "N�A�  � =	�@5#� �� �� v�5�� '_&f 	�C*�

 ?��X��#��0: '�#�C� ��   Z�( � [
] '� �_�j5A� "N�A�

  



(x )(x ) ?+ + =2 4 );I�  

( x )( x ) ?− + =2 1 2 4 )K  

(x )(x ) x ( )x x x

a b

↓ ↓
+ + = + + + × = + +2 22 4 2 4 2 4 6 8

 
);I�

  

( x )( x ) ( x) ( )( x) ( )( ) x x− + = + − + + − = + −2 22 1 2 4 2 1 4 2 1 4 4 6 4 )K  

(x )(x ) ?− + =5 3 );I�  

( x )( x ) ?− + =5 6 5 2 )K  

(x )(x ) ?− − =2 23 5 )E  

( x )( x ) ?− + =2 23 7 3 11 )	  

( x)( x) ?− − =10 7 )�  

( x y)( x y) ?− − =2 3 2 5 )   

(x )(x ) x ( )x ( ) x x− + = + − + + − × = − −2 25 3 5 3 5 3 2 15 );I�  

( x )( x ) ( x) ( ) x ( )( ) x x− + = + − + + − = − −2 25 6 5 2 5 6 2 5 6 2 25 20 12 )K  

(x )(x ) (x ) ( )x ( )( ) x x− − = + − − + − − = − +2 2 2 2 2 4 23 5 3 5 3 5 8 15 )E  

( x )( x ) ( x ) ( ) x x x− + = + − + − × = + × −2 2 2 2 2 4 23 7 3 11 3 7 11 3 7 11 9 4 3 77 )	  

x x= + −4 29 12 77   

( x)( x) ( x) ( )( x) x x− − = − + + − + × = − +2 210 7 10 7 10 7 17 70 )�  

( x y)( x y) ( x) ( y y) x [( y)( y)] x xy y− − = + − − + − − = − +2 2 22 3 2 5 2 3 5 2 3 5 4 16 15 )   
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���- ���M �� ��  ��0 .  

  
 v�5�� '_&f 	�C*� .&- '�(x a)(x b) x (a b)x ab+ + = + + +2����	:  

(x )(x ) x ( )x x x+ + = + + + × = + +2 22 4 2 4 2 4 6 8

( x )( x ) ( x) ( )( x) ( )( ) x x− + = + − + + − = + −2 22 1 2 4 2 1 4 2 1 4 4 6 4

  
������ �� ��  ��0.  

  
(x )(x ) x ( )x ( ) x x− + = + − + + − × = − −2 25 3 5 3 5 3 2 15

( x )( x ) ( x) ( ) x ( )( ) x x− + = + − + + − = − −2 25 6 5 2 5 6 2 5 6 2 25 20 12

(x )(x ) (x ) ( )x ( )( ) x x− − = + − − + − − = − +2 2 2 2 2 4 23 5 3 5 3 5 8 15

( x )( x ) ( x ) ( ) x x x− + = + − + − × = + × −2 2 2 2 2 4 23 7 3 11 3 7 11 3 7 11 9 4 3 77

( x)( x) ( x) ( )( x) x x− − = − + + − + × = − +2 210 7 10 7 10 7 17 70

( x y)( x y) ( x) ( y y) x [( y)( y)] x xy y− − = + − − + − − = − +2 2 22 3 2 5 2 3 5 2 3 5 4 16 15

 

 

 

?���( �T�N���- ���M �� ��  ��0

 v�5�� '_&f 	�C*� .&- '�(x a)(x b) x (a b)x ab

)'_&f  �x2 v�5��(  

?���( �T�N������ �� ��  ��0

( x y)( x y) ( x) ( y y) x [( y)( y)] x xy y− − = + − − + − − = − +2 2 22 3 2 5 2 3 5 2 3 5 4 16 15

  



 ����* S�CT L���o �� ���f ?���( ��� �� �	 K�o

�
�� '5
�	 	
f� v�5�� ���( .� =�
 =	�	 �� . ���

�/ v�5�� ���( �0  $�� �	 � "#� �0

"#� v�5�� ���( 6��
* $��5&- �� �0 .  

��
* $��5&- �� v�5�� ��0���5� K�o �T�N (  

v�5�� ���(  � �����
5-�!ab ac a(b c) a+ = + →   

x x x(x )+ = +2 2 2  
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$�� ���� ���f ?���( .� �T�N ?�
T '� �� ?���( �/ '-  ����* S�CT L���o �� ���f ?���( ��� �� �	 K�o

  

'�7)* �	 i�� $�I�� i�� $��  '_&f ��� .� "#� �� .  

�� =	�@5#� i�� $��  � ����   �	 '- ���-'_&f��� ?,&f $�� �
�� '5
�	 	
f� v�5�� ���( .� =�
 =	�	 ��

r�7� 6��
�� '5
�	 .� ��k �	�( L��o 6?,&f F
Ad� $��* �/ v�5�� '�_( �/ v�5�� ���( �0

'_&f .� $�� v�5�� ��0���5� '&0 K�o �� "#� v�5�� ���( 6��
* $��5&- �� �0

  

 v�5�� ���(xy "#�) .��
* $��5&- �� v�5�� ��0���5� K�o �T�N

  

x , xy8 2  �x4  v�5�� ���(x2 "#� .  

  

x z , x y z3 2 2 2  v�5�� ���(x z2 "#� .  

~� 
* "�T��  � '�7)* ���� �� =	�@5#� ~&f '� "�A� K�o ���PM ���� ���- :  

v�5�� ���(  � �����
5-�!

  

 .  

  

  � �����
5-�! ��x ����	:  

  

x x y4 8 ���- '�7)* �� .  

 

 

 

  تجزیه 

'�7)*  $�� ���� ���f ?���( .�

���- .  

  های تجزیه روش

1 - �����
5-�!: '�7)* �	 i�� $�I�� i�� $��

�� =	�@5#� i�� $��  � ���� 

r�7� 6��
�� '5
�	 .� ��k �	�( L��o 6?,&f

�T�N 6�0���5� '_&f .� $�� v�5�� ��0���5� '&0 K�o

 $��xyz  6xy2  v�5�� ���(

'_&f '# $��  �x , xy28 2

'_&f �	 $��  �x z , x y z3 2 2 2

~� 
* "�T��  � '�7)* ����

x x+2 2 ���- '�7)* �� .

v�5�� ���(x "#�  .  � �����
5-�! ��

'_&f ���  ��x x y+3 24 8

  



           x x y x (x y)+ = +3 2 24 8 4 2   

               F
x x y

x , y
x x
= =

3 2

2 2

4 8
2

4 4
   

= 2 ( , , )2 4 6K.F.F  

 �� ��Ad*  "&AQ E��� �T�N � ���-

x y xyz xy xy(x z y)+ + = + +2 22 4 6 2 2 3   

x(x ) y(x ) (x )(x y)+ − + = + −1 1 1   

��� �I� "!�� �
5-�! ?���( �-  � �� v�5�� 	�&� .� ��
* '5#	 ��� '� �� ?���(  �

"!�� �
5-�! �-  � �� ?���( .� ��
* .  

ax ay x y a(x y) (x y) (x y) (a )+ + + = + + + = + +2 2 2 2
�����
 
�����
 
���������������
   

(x y)+       � �
5-�!2     � �
5-�!a   
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����	 bM 6"#�:  

                       

( , )=4 8 4 K.F.               F

  

x y xyz xy+ +2 22 4 6 ���- '�7)* �� .  

  

xy2   � �PI 6"#�xy2 �� �
5-�!  �� �� '# �0 � �����xy2

��A�
� .  

x y xyz xy xy(x z y)+ + = + +2 4 6 2 2 3
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(a (b c bc)) (a (b c ac)) [a (b c) ] [a (b c) ]= − + − − + + = − − − +2 2 2 2 2 2 2 2 2 22 2
�����������
 
�����������
 
���������
 
���������

 ;!�4������� �	������A�� ;!�4������� �	������A�� 

       '_&f �	 ~��� 	�C*� �� '�7)*

(a b c)(a b c)(a b c)(a b c)= − + + − + + − −

x x (x )(x ) (x )(x )(x )(x )− + = − − = − + − +10 9 9 1 3 3 1 1

   '_&f .� 	�C*�         E�	7� 	�C*�

 

 

 

  

 �	�- '!�o� ��x24  �	�- �- �

'_&f �	 ~��� 	

 ����* ��

 E�	7� 	�C*�x x x x (x x ) x (x ) ( x) A B+ = + + − = + + − = + − = −4 4 2 2 4 2 2 2 2 2 2 2

a b2 2 �� '!�o� �� ���- :  

a a b b a b (a b ) (ab) (a b ab)(a b ab)

b c2 22 �� �- � '!�o� �� ��0	�C*�  � � ���-

a b c a b a c b c a b c a b a c b c ( b c b c )+ + − − − = + + − − − + −4 4 4 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 2 2 22 2 2 2 2 2 2 2

a b c a b a c b c b c a b c a b a c b c b c= + + − − − + = + + − − + −4 4 4 2 2 2 2 2 2 2 2 4 4 4 2 2 2 2 2 2 2 22 2 4 2 2 2 2 4
�����������������������������


                                 

(a (b c bc)) (a (b c ac)) [a (b c) ] [a (b c) ]2 2 2 2 2 2 2 2 2 2

�������




  

(a b) a a b ab b+ = + + +3 3 2 2 33 3   

(a b) a a b ab b− = − + −3 3 2 2 33 3   

( x y) ( x) ( x) y ( x)(y) y x x y xy y+ = + + + = + + +3 3 2 2 3 3 2 2 32 2 3 2 3 2 8 12 6 );I�  

(x ) (x ) (x ) ( ) (x )( ) x x x− = − + − = − + −2 3 2 3 2 2 2 2 3 6 4 23 3 3 3 3 3 9 27 27)K   

                                   x x x ?+ + + =3 28 12 16 1 );I�  

a a b ab b ?− + − =3 2 2 327 27 9 )K  

x x y x y y ?+ + + =6 4 2 2 315 75 125 ) E  

ab a b a b ?− + − =2 2 4 3 61 3 3 )	  

(a b) a a b ab b , (a b) a a b ab b− = − + − + = + + +3 3 2 2 3 3 3 2 2 33 3 3 3  

x x x ( x )+ + + = +3 2 38 12 16 1 2 1 );I�  

a a b ab b ( a b)− + − = −3 2 2 3 327 27 9 3 )K  

x x y x y y (x y)+ + + = +6 4 2 2 3 2 315 75 125 5 ) E  

ab a b a b ( ab )− + − = −2 2 4 3 6 2 31 3 3 1 )	  

a b (a b)(a ab b )+ = + − +3 3 2 2   

a b (a b)(a ab b )− = − + +3 3 2 2  
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  مند آموزان  علاقه

'_&f �	 h
&)� L�%� 	�C*� :  

                (a b) a a b ab b+ = + + +3 3 2 2 3

 '_&f �	 �o�@* L�%� 	�C*�:  

                (a b) a a b ab b− = − + −3 3 2 2 3

  

( x y) ( x) ( x) y ( x)(y) y x x y xy y+ = + + + = + + +3 3 2 2 3 3 2 2 32 2 3 2 3 2 8 12 6

(x ) (x ) (x ) ( ) (x )( ) x x x− = − + − = − + −2 3 2 3 2 2 2 2 3 6 4 23 3 3 3 3 3 9 27 27

  

���- '�7)* �� ��  ��0) .'_&f �	 L�%� 	�C*� �� (                                   x x x ?

a a b ab b ?− + − =

x x y x y y ?+ + + =6 4 2 2 315 75 125

ab a b a b ?

  

?�
T '� ��(a b) a a b ab b , (a b) a a b ab b− = − + − + = + + +3 3 2 2 3 3 3 2 2 33 3 3 3

x x x ( x )+ + + = +3 2 38 12 16 1 2 1

a a b ab b ( a b)− + − = −3 2 2 3 327 27 9 3

x x y x y y (x y)+ + + = +6 4 2 2 3 2 315 75 125 5

ab a b a b ( ab )− + − = −2 2 4 3 6 2 31 3 3 1

  ):چاق و لاغر(ای اتحادهای مجموع و تفاضل مکعب دوجمله

                a b (a b)(a ab b )3 3 2 2

a b (a b)(a ab b )3 3 2 2

 

 

 

آموزان  علاقهدانش ی ویژه
  

'_&f �	 h
&)� L�%� 	�C*�

 '_&f �	 �o�@* L�%� 	�C*�

( x y) ( x) ( x) y ( x)(y) y x x y xy y3 3 2 2 3 3 2 2 3

?���(���- '�7)* �� ��  ��0

'_&f �	 L�%� ��0	�C*� ?�
T '� ��

"#� .  

اتحادهای مجموع و تفاضل مکعب دوجمله



� � � �
a ( x)b ( x)( y)

( x y)( x xy y ) ( x) y
− +

+ − + = +
2

2 2 3 3

3 3 5

3 5 9 15 25 3 5 );I�  

� � � � �
a ( x ) ( x ) ( )b

( x )( x x ) ( x ) x
×

− + + = − = −
2 2 2 2

2 4 2 2 3 3 6

2 2 4 4

2 4 4 8 16 2 4 8 64 )K  

 (  

x ?+ =
3 1 );I�  

a b ?− =6 68 ) K  

x ?+ =327 64 )E  

x y ?− =6 3125 )	  

a b a ab b ?+ − + − =3 3 2 2 )�0  

a b (a b)(a ab b)− = − + +3 3 2 2 "#� .  

x (x )(x x )
↓
+ = + − +

3 21 1 1 );I�  

a b a x , b+ → = =3 3 1   

a b ( a b)( a a b b )
↓ ↓
− = − + +6 6 2 2 2 48 2 4 2 ) K  

A B A a , B b− → = =3 3 2 22   

x ( x )( x x )
↓ ↓
+ = + − +3 227 64 3 4 9 12 16 )E  

A B A x , B+ → = =3 3 3 4  

x y ( x y)( x y x y )
↓↓

− = − + +6 3 2 2 4 2125 5 25 5 )	  

A B A , B x y− → = =3 3 25   

a b a ab b a b (a ab b )+ − + − = + − − + =3 3 2 2 3 3 2 2
���� )�0  

 �k: � ��� 	�C*� �� '�7)*  
  

(a b)(a ab b ) (a ab b ) (a ab b )(a b )= + − + − − + = − + + −2 2 2 2 2 2   

  v�5�� ���(  � �����
5-�!  
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�
( y)

( x y)( x xy y ) ( x) y+ − + = +
2

2 2 3 3

5

3 5 9 15 25 3 5

�
( x ) ( x ) ( )

( x )( x x ) ( x ) x− + + = − = −
2 2 2 2

2 4 2 2 3 3 6

2 2 4 4

2 4 4 8 16 2 4 8 64

  

���- '�7)* �� ��  ��0) .'_&f �	 L�%� �o�@* � h
&)� �� �k: � ��� 	�C*� (

a b a ab b ?

  

?�
T '� �k: � ��� ��0	�C*�a b (a b)(a ab b )+ = + − +3 3 2 2   �a b (a b)(a ab b)− = − + +3 3 2 2

x (x )(x x )1 1 1

1

a b ( a b)( a a b b )− = − + +6 6 2 2 2 48 2 4 2

A B A a , B b− → = =3 3 2 2

x ( x )( x x )+ = + − +27 64 3 4 9 12 16

A B A x , B+ → = =3 4

x y ( x y)( x y x y )− = − + +6 3 2 2 4 2125 5 25 5

A B A , B x y− → = =3 3 2

a b a ab b a b (a ab b )+ − + − = + − − + =3 3 2 2 3 3 2 2
����

                                                                                              �k: � ��� 	�C*� �� '�7)*

(a b)(a ab b ) (a ab b ) (a ab b )(a b )= + − + − − + = − + + −2 2 2 2 2 2 1

  v�5�� ���(  � �����
5-�!

 

 

 

?���(���- '�7)* �� ��  ��0

  

?�
T '� �k: � ��� ��0	�C*�

                                                                                             



[( ) ] [( ) ] [( ) ]

( ) [( ) ] ( )

× + + × + + × + +
= = = + +

− × + + −

2 2 23 3 3 3 3 3

2 3 33 3 3 3

2 2 2 1 2 2 2 1 2 2 2 1

2 1 2 2 1 2 1
   

(a b c)(a b c ab bc ac) a b c abc+ + + + − − − = + + −2 2 2 3 3 3   

(a b c)[(a b) (b c) (a c) ] a b c abc+ + − + − + − = + + −2 2 2 3 3 31

2
   

( a b c+ + )(a b c ab bc ac) a b c abc

a b c abc a b c abc

+ + − − − = + + −

= + − − ⇒ + + =

0
2 2 2 3 3 3

3 3 3 3 3 30 3 3

   

 �� c�] �0  �� �I�� 	�C*� �� c�] �	

a b c abc a b c abc= + + − ⇒ + + =3 3 3 3 3 30 3 3   

( x y )( x y xy x y) ?+ + + + − − − =2 22 1 4 1 2 2 );I�  

(a a )(a a a a a ) ?− − + + + + − =3 2 6 4 5 3 21 1 )K  
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���- ��
� �� ��  .  

  
a b (a b)(a ab b )− = − + +3 3 2 2�� .&-  ����� .  

( ) + +23 32 2 1 �� K�o ���- .  

[( ) ] [( ) ] [( ) ]
[( ) ]

( ) [( ) ] ( )

× + + × + + × + +
= = = + +

−− × + + −

2 2 23 3 3 3 3 3

2 3 33 3 3 3

2 2 2 1 2 2 2 1 2 2 2 1
2 2 2 1

2 12 1 2 2 1 2 1

�d�dN 	�( '# �0 �� � '�b,a �c ����	 :  

(a b c)(a b c ab bc ac) a b c abc+ + + + − − − = + + −2 2 2 3 3 3 3

(a b c)[(a b) (b c) (a c) ] a b c abc+ + − + − + − = + + −2 2 2 3 3 3 3

  
�/ 6�
�� =��a b c abc+ + =3 3 3 3 .  

 �	�	 ���Q �� �I�� 	�C*�  � ')�5� $�� �5N�� '�a b c+ + =0  �� �T�N 	

 .  

)(a b c ab bc ac) a b c abc

a b c abc a b c abc

+ + − − − = + + −

= + − − ⇒ + + =

2 2 2 3 3 3

3 3 3 3 3 3

3

0 3 3

  
a b c abc+ + =3 3 3 3  . �	�	 ���Q ��a b c= =  �� c�] �0  �� �I�� 	�C*� �� c�] �	

a b c abc a b c abc= + + − ⇒ + + =3 3 3 3 3 30 3 3

  

������ �� ��  ��0.  

( x y )( x y xy x y) ?+ + + + − − − =2 1 4 1 2 2

(a a )(a a a a a ) ?− − + + + + − =3 2 6 4 5 3 2

 

 

 

 �A- E���
( )−3

2

2 1
���- ��
� �� �� 

 �k: � ��� 	�C*�  �a b (a b)(a ab b )− = − + +3 3 2 2

 �	 �� E��� � ?�
T+ +2 2 1

[( ) ]= = = + +23 32 2 2 1

�I�� 	�C*�: �d�dN 	�( '# �0 �� � '�

�I�� 	�C*� �B�	 ?�
T :  

 ���a b c+ + =0 �/ 6�
��

 �	�	 ���Q �� �I�� 	�C*�  � ')�5� $�� �5N�� '�

 ���a b c= = �/  =��a b c abc

�� �@T  � 	

����	:    

?���( �T�N������ �� ��  ��0



( x y )( x y xy x y)+ + + + − − −2 22 1 4 1 2 2 );I�  

( x) (y) x y x y xy= + + − × × × = + + −3 3 3 3 32 1 3 2 1 8 1 6 �T�N  

(a a )(a a a a a )− − + + + + −3 2 6 4 5 3 21 1 )K  

A a , B a , C A a , B a , C= =− =− → = = =3 2 2 6 2 4 21 1   

AB a , AC a , BC a=− =− =5 3 2   

A B C ABC a a a a a a= + + − = − − − = − − −3 3 3 9 6 5 9 6 53 1 3 3 1 �T�N  

c=− ���- K�AN .  

a b c+ + = + + − − =3 2 3 2 6 0   

a b c abc ( )( )( ) ( )( ) ( )+ + = = × + − − = × − − = × × − =−3 3 3 3 3 3 2 3 2 6 3 9 2 6 3 7 6 126
�������������
   

( x) ( x ) ( x )− + + + − − =3 3 31 2 4 5 0   

 =�O� �/ ���5� � �I�� 	�C*�  � ��
* 	�� .  

A B C ABC  .  

A B C ( x) ( x ) ( x ) x x x+ + = − + + + − − = − + + − − =1 2 4 5 1 2 4 5 0   

A B C ABC ( x) ( x ) ( x ) ( x)( x )( x )+ + = ⇒ − + + + − − = − + − − =3 3 3 3 3 33 1 2 4 5 3 1 2 4 5 0  

( x) x

x x x

x x

 − = → = + = → =− → =−
− − = → =−

1 0 1

2 4 0 2 4 2

5 0 5
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( x y )( x y xy x y)+ + + + − − −2 1 4 1 2 2

 �	�	 ���Q �I�� 	�C*� .&- ��a x= 2  �b y=  �c=1 ����	 	�C*� �/ �	 :  

( x) (y) x y x y xy= + + − × × × = + + −3 3 3 3 32 1 3 2 1 8 1 6

(a a )(a a a a a )− − + + + + −3 2 6 4 5 3 2

A a , B a , C A a , B a , C= =− =− → = = =3 2 2 6 2 4 21 1

AB a , AC a , BC a=− =− =5 3 2

A B C ABC a a a a a a= + + − = − − − = − − −3 3 3 9 6 5 9 6 53 1 3 3 1

  
a b c+ +3 3 3  �� � '� ��a = +3 2  �b= −3 2  �=−6

  

           + + = + + − − =3 2 3 2 6 0

a b c abc+ + =3 3 3 3 . �PI :  

a b c abc ( )( )( ) ( )( ) ( )+ + = = × + − − = × − − = × × − =−3 3 3 2 3 2 6 3 9 2 6 3 7 6 126
�������������

;!�4��� �	A�� 

  
( x) ( x ) (x )− + + − + =3 3 31 2 4 5 0 ���- �N �� .  

  
�� ����* �%
 $�� '� �� 'I	��� ���- :  

( x) ( x ) ( x )− + + + − − =3 3 31 2 4 5 0

A B C+ + =3 3 3 �� bM ��/ �	  =�O� �/ ���5� � �I�� 	�C*�  � ��
*

 ��� �I�� 	�C*�A B C+ + =0 �/  =��A B C ABC+ + =3 3 3 3

C x , B x , A ( x)=− − = + = −5 2 4 1   

A B C ( x) ( x ) ( x ) x x x+ + = − + + + − − = − + + − − =1 2 4 5 1 2 4 5 0

� �
A CB

A B C ABC ( x) ( x ) ( x ) ( x)( x )( x )+ + = ⇒ − + + + − − = − + − − =3 3 3 3 3 33 1 2 4 5 3 1 2 4 5 0

x x x+ = → =− → =−2 4 0 2 4 2

 

 

 

 �	�	 ���Q �I�� 	�C*� .&- ��a x

 ?���( �	�( ���d�a b c+ +3 3 3

����	:  

'5%� ^�] bM   :��a b c abc+ + = 3

a b c abc ( )( )( ) ( )( ) ( )+ + = = × + − − = × − − = × × − =−3 3 3 2 3 2 6 3 9 2 6 3 7 6 126

'I	���  ( x) ( x ) (x )− + + − + =3 3 31 2 4 5 0

�� ����* �%
 $�� '� �� 'I	���

 �%
 '� 'I	��� �
�-�A B C+ + =0

')�5� �� ��� ���   ��� �I�� 	�C*�

$�� �	  �f :C x , B x , A ( x)=− − = + = −5 2 4 1

$������� :  

A C

A B C ABC ( x) ( x ) ( x ) ( x)( x )( x )+ + = ⇒ − + + + − − = − + − − =3 1 2 4 5 3 1 2 4 5 0
�����


��
�� '5
�	 ����:  



x y xy ?+ + − =3 38 1 6 );I�  

a ( a) ?+ − − =3 32 8 )K  

( a b) (a b) a ?− − − − =3 3 32 )E  

x y xy ( x y ) ( x y xy x y)
↓

+ + − = + + + + − − −3 3 2 28 1 6 2 1 4 1 2 2 );I�  

A B C A x , B y , C   

a ( a)+ − −3 32 8 )K  

A a , B a , C A B C= = − =− → + + =2 2 0   

ABC a( a)( ) a(a )= = − − = −3 3 2 2 6 2 �T�N  

( a b) (a b) a ( a b) (b a) ( a)− − − − = − + − + −3 3 3 3 3 32 2 )E  

( a b) (b a) ( a)
↓ ↓ ↓
− + − + − =2 0   

A B C A B C ABC+ + = → + + =0 3   

  

( a b)(b a)( a) a( a b)(a b)= − − − = − −3 2 3 2  �T�N  

n n n n n n(a b)(a a b a b ... b ) a b− − − −− + + + + = −1 2 3 2 1   

( a )( a a a a ) ( a) a− + + + + = − = −4 3 2 5 5 52 2 16 16 16 16 16 2 2 32 32 

a ?− =5 1   
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�I�� 	�C*� .&- '� (  

( a b) (a b) a ?

  

x y xy ( x y ) ( x y xy x y)
↓ ↓

+ + − = + + + + − − −3 3 2 28 1 6 2 1 4 1 2 2

A B C A x , B y , C→ = = =2 2 2 2 34 1

a b c+ + = =�B�/a b c abc+ + =3 3 3 3  .  

A a , B a , C A B C= = − =− → + + =2 2 0

ABC a( a)( ) a(a )= = − − = −3 3 2 2 6 2

( a b) (a b) a ( a b) (b a) ( a)− − − − = − + − + −3 3 3 3 3 32 2

�� =	�@5#� '5%� ��&0  � ��	�)� ���- :  

A B C A B C ABC+ + = → + + =3 3 30 3

( a b)(b a)( a) a( a b)(a b)= − − − = − −3 2 3 2

'_&f �	 F�  ��:  �0 �� � '�a �b ����	 �d�dN :  

n n n n n n(a b)(a a b a b ... b ) a b− − − −− + + + + = −1 2 3 2 1

  

( a )( a a a a ) ( a) a− + + + + = − = −4 3 2 5 5 52 2 16 16 16 16 16 2 2 32 32

  

'�*�� �o�@* 	�C*� .&- '�n'_&f �	 F� ��  (  

 

 

 

���- '�7)*) .�I�� 	�C*� .&- '�

 ��� ��� "I�N  '� ���a b c+ + =0

�� =	�@5#� '5%� ��&0  � ��	�)�

'�*�� �o�@* 	�C*�n'_&f �	 F�

���- '�7)* .)'�*�� �o�@* 	�C*� .&- '�



a (a )(a a a a )− = − + + + +5 4 3 21 1 1   

n n n n n n(a b)(a a a b ... b ) a b− − − −+ − + + = +1 2 3 2 1   

( a b)( a a b a b ab b ) ( a) ( b) a b+ − + − + = + = +4 3 2 2 3 4 5 5 5 52 3 16 24 36 54 81 2 3 32 243  

a ?+ =5 32   

a a (a )(a a a a )+ = + = + − + − +5 5 5 4 3 232 2 2 2 4 8 16   

����	 ?�
T $�� �	:  

n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... b

! ! !

− − −+ = + + + + +1 2 2 3 3

1 2 3
   

n n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... ( ) b

! ! !

− − −− − −
− = − + − + + −1 2 2 3 3

1 2 3
  

(a b) a a b a b ab b+ = + + + +4 4 3 2 2 3 44 6 4 );I�  

(a b) a a b a b a b ab b− = − + − + −5 5 4 3 2 2 3 4 55 10 10 5 )K  

( a b) ( a) ( a) b ( a) b ( a) b
! ! !

− − −+ = + + +5 5 5 1 5 2 2 5 3 35 5 4 5 4 3
2 2 2 2 2

1 2 3
 )E  

( a) b b ( a) ( a) b ( a) b ( a) b ( a) b b
!

a a b a b a b ab b

−× × ×
+ + = + + + + +

= + + + + +

5 4 4 5 5 4 3 2 2 3 1 4 5

5 4 3 2 2 3 4 5

5 4 3 2
2 2 5 2 10 2 10 2 5 2

4

32 80 80 40 10
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a (a )(a a a a )− = − + + + +1 1 1

'_&f �	 F� ��:  =���0n ����	 6�
�� 	�! :  

n n n n n n(a b)(a a a b ... b ) a b− − − −+ − + + = +1 2 3 2 1

  

( a b)( a a b a b ab b ) ( a) ( b) a b+ − + − + = + = +4 3 2 2 3 4 5 5 5 52 3 16 24 36 54 81 2 3 32 243

  

'�*�� h
&)� 	�C*� .&- '�n'_&f �	 F� ��  (  

 

a a (a )(a a a a )+ = + = + − + − +5 5 5 4 3 232 2 2 2 4 8 16

Z�!a -���   :ای نیوتن b> ∈ℝ  �n W∈ ����	 ?�
T $�� �	

n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... b

! ! !

− − −− − −
+ = + + + + +1 2 2 3 31 1 2

1 2 3

n n n n n n nn n(n ) n(n )(n )
(a b) a a b a b a b .... ( ) b

! ! !

− − −− − −
− = − + − + + −1 2 2 3 31 1 2

1
1 2 3

n! n (n ) ...= × − × ×  �n ∈ℕ  .  

  

(a b) a a b a b ab b+ = + + + +4 4 3 2 2 3 44 6 4

(a b) a a b a b a b ab b− = − + − + −5 5 4 3 2 2 3 4 55 10 10 5

( a b) ( a) ( a) b ( a) b ( a) b
! ! !

− − −× × ×
+ = + + +5 5 5 1 5 2 2 5 3 35 5 4 5 4 3
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1 2 3
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� "#�a =1  �b=1 ��0	 ���Q .  
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(a b) a b→ + = +   

(a b) a ab b→ + = + +   

(a b) a a b ab b→ + = + + +   
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(a b) a a b a b ab b− = − + − +4 4 3 2 2 3 41 4 6 4 1   
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x x x x x= − + − + −15 12 9 6 310 40 80 80 32   
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− − −− − −
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= − + − + + − =

1 2 2 3 31 1 2
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  هاها و نامعادلهنابرابری

'A��d� ���� 6��
�� �d�dN 	�( �	 �/ � �� =	�@5#� ���A��� ��0	�&�  � �0

  

�� �d�dN 	�( �	 ��
�� .<10 20 ��  ���
�10 .�
-   � "#� �*20.  

a �7� r   � �*b "#� . ���a b≥ ��  ���
�a r�7�  ���A� �� �*

�� �d�dN 	��(� �
C� ��� �� �0 	�	 ���� ��
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 x a>  

  

:   x> 2  

:      x a<    

  

x<1  

 ���A� �� �*: a    x a≥    

���A� �� �*a : x a≤  

.�
- �   � �*b ) $�� 	��(�b,a(:  a x b< <  

  

a  .�
- �  ���A� �� �*b: a x b≤ ≤  

  

− 7  .�
- � ���A� �� �*x− ≤ ≤7 5  : 5    

a .�
- �   � �*b  :a x b≤ <  

 

 

 

  

نابرابری: درس سوم
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t u=8 5 )2  

a b a b a b− = + → = + → >1 1 2 )1  
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1
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1
1

2
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a b a c b c , a b a c b c> → + > + > → − > −   

+

−

− < →− + < + → <

− < →− − < − →− <

5

5

4 7 4 5 7 5 1 12

4 7 4 5 7 5 9 2
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a b
a b,c

c c

> > → >
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0
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÷

− < →− × < × →− <

− < →− <
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2

3 3 3 2 3 2 6 6

3 3
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2 2
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a b , c ac bc

a b
a b,c

c c
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> < → <

0

0
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,

>− − < → × − < − × − →− <+

− −
− <− − < → > → >

− −

2 2 3 0 2 3 2 3 6 6

4 1 1
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  : ها
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a b a c b c , a b a c b c> → + > + > → − > −

  

− < →− + < + → <

− < →− − < − →− <

4 7 4 5 7 5 1 12
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4 1 1
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O)� 6���A��� .� �	 ���x �� 'I	����� 6���A��� �/ '� �
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ها خواص نابرابری
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�� Z
( ���A��� "Of $������� 6��� 	

 .  

  
  

  

  

  

  

x x x x x− ≥ + → − − ≥4 1 2 3 4 1 2 2 )E  
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  مند آموزان  علاقه
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های خطی  خط و معادله:  فصل ششم
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معادله خط: درس اول
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C� �� �� l� 	�
��� ��0

E ('jd�  [
] '� l�  � ��

�� �#� �� l� ��5�� ���- :
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 −
 
 =
 
  
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137  

�
C� �� 	�
��� s�d� ?�{5�� ��5��x �0)[
] �0 :('I	��� �	 $�� '� '��
 	��
� ����

y x x x x x= + → = + → + = → =− → =−
1 1 1 1

4 0 4 4 0 4 8
2 2 2 2

x=−8 � l�[
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 l�  � ��x y+ =3 2 5   �/ Z�( '- ����/ "#	 '� ��5 a�
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  شیب خط و عرض از مبدأ خط

y ax b= +  	�( 6a �� =����� l� L�
 	

 .����* ��a '��� 

���� =��0	 Z�( �
C� �� l� 	�
��� �C� � �� ����  � Z�( �/ '� ��I	 $�&0 '� 6"#�0
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شیب خط و عرض از مبدأ خط: درس دوم
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 �] �d!� ��7�� 6���- "-�Nx x

'jd� �	  � =���P� l� L�
 bM 6"#� �A �B �� "#� ����� :  

y y

x x

−
=

−
2 1

2 1

  
h�@*�� D��7!� ��7��

=�
 �] �d!� "!�A�

  

'jd� �	  � '- �j� L�
 �
 −
 
  

1

4
  �

 
 
  

2

1
 �� ���- ���M �� 	�P� .  

  

1

 �%��������������������������������


 

 

 

=��M L�
 "I�N F��- �	  l�AB

 �%
 �	)1 (=��M L�
  l�AB

AB  �� "#� �����
3

5
  "#� So�� '-

'jd� �	 �
x

A
y

 
 =
 
 

1

1

  �
x

y

 
 
 
 

2

2

=��M $�� ��� ���'jd�  � l�

y y−2 1 'jd� �	  � =���P� l� L�
 bM 6"#�

'jd� �	  � '- �j� L�




 

a              

��5A0 �@T L�
 ����	 6��

 .  

��5A0 =��� ;���* L�
 ����	  6��

 .  
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5 1 3 5 7 6 4 2 0
   

�� =	�@5#� �j� ?:	��� =�B5#	  � �0 ���- . K�
f 6=�B5#	 K�
f

 '� �	�( �	 �� 'I	��� �	 �0 b�# ���- K��5�� �� '�
�  ��

'I	���  �  �T�N �  �� F�	 ���5� K�
f 6~&f
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 l� �	 $�� �D : x y , D : x y′+ − = − + =3 4 1 0 5 12 1 0

  

| x y | | x y | | x y | | x y |

( )

+ − − + + − − +
= → =

3 4 1 5 12 1 3 4 1 5 12 1

5 13

x y x y→ = → + − = − +
3 4 1 5 12 1

39 52 13 25 60 5

x y x y ( )→ + − = → + − =14 112 18 0 7 56 9 0 1

x y x y
x y x y

+ − − + −
= → + − =− + −

3 4 1 5 12 1
39 52 13 25 60 5

x y x y ( )→ − − = → − − =64 8 8 0 8 1 0 2

 �%
 '� ���
*)1 ( ��)2 (�
�� .  

  های خطیدستگاه معادله

'I	��� �	 'I	��� �	 �� l� � �� ��%�* =�B5#	 .� �0 �� �I
O)� �	 �

  

x y x y m x

y x x y x m

  − = − = = −      
  = + + = − + =    

3 2 6 2 3 11 2 1

5 1 3 5 7 6 4 2 0

'jd� �	�- ���M ���� 6��
�� ~]�d5� l� �	 ��� �/ ~]�d* � �� =	�@5#� �j� ?:	��� =�B5#	  � �0

  

 ��0���5�  � �%� ���� i�� $�� �	x  ��y  '� �	�( �	 �� 'I	��� �	 �0 b�# ���- K��5�� ��

�/ �5Q� '- �� ~&f �0 �� �� �0 	

 cPN �0���5�  � �%� ���- .'I	���  �

�� $���* 7�� �� [�� ���5� K�
f 6?:	���  � �%� �	 ���7B��f �� � ���- ���- .  

  

x y

x y

 + =
 − =−

2 3

2 1
 ���- �N �!PN i�� '� �� .  

 

 

 

'I	��� ��� �'���   �#  l� �	 $�� �

'I	��� ��� ���  �#  �%
 '� ���
*
  

دستگاه معادله: درس سوم

�j� ?:	��� =�B5#	: 'I	��� �	

= + + = − + =5 1 3 5 7 6 4 2 0

'jd� �	�- ���M ���� 6��
�� ~]�d5� l� �	 ���

"#� 'I	��� �	 v�5�� .  

1 (�!PN i��:  ��0���5�  � �%� ���� i�� $�� �	

�� K�o  ���-�/ �5Q� '-

�� ���M �� $���* 7�� �� [�� ���5� K�
f 6?:	���  � �%� �	 ���7B��f �� � ���-

 ?:	��� =�B5#	
x y

x y

+ =

− =−

2 3

2 1



 L��o �x 'I	��� �	  ����� F�	 �1 "#� . ���

x y x y x y

x y x y x y

  + = + = + =    → →  
  − =− − × − =− − + =    

2 3 2 3 2 3

2 1 2 2 1 2 4 2
   

x y x y+ − + = +2 2 4 3 2   

y y= → = =
5

5 5 1
5

   

x y

x x x

+ =

+ = → = − = → = =

2 3

2 1 3 2 3 1 2 1
   

x y x y x y

x y x y x y

  + = + = + =    → →  
  + = − × + = − − =    

3 2 1 3 2 1 3 2 1

0 3 0 3 3 0
   

x y x y y y+ − − = + →− = → =−3 2 3 3 1 0 1 1   

    

        x y+ =0   

x x− = → =1 0 1   

x y

x y

 + =
 − =

2 3 7

3 5 1
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 ��
 cPN ���� ���� K��5�� ���- .L��ox 'I	��� �	  ����� [�� �2  L��o �x

 6���- K�ox �
 �0�
� cPN .bM :  

x y x y x y

x y x y x y

  + = + = + =    → →  
  − =− − × − =− − + =    

2 3 2 3 2 3

2 1 2 2 1 2 4 2

����	 'I	��� �	 $�!�] ~&f �� :  

�� ���Q =�B5#	 ?:	���  � �%� �	 �� ��0	 :  

x x x+ = → = − = → = =
2

2 1 3 2 3 1 2 1
2

  
x y

x y

 + =
 + =

3 2 1
 ���- �N �!PN i�� '� �� .  

  
�� K�o  �* ���-x 	

 cPN .  

x y x y x y

x y x y x y

  + = + = + =    → →  
  + = − × + = − − =    

3 2 1 3 2 1 3 2 1

0 3 0 3 3 0

�� ~&f �� 'I	��� �	 $�!�] ���- :  

x y x y y y+ − − = + →− = → =−3 2 3 3 1 0 1 1

����	 �_T� =�B5#	 F�	 � 'I	��� �	 :      

  

"#� l� �	 	�
��� �C� .  

  
���- �N �!PN i�� '� �� ���d� =�B5#	 .  

 

 

 

���5�x  ��
 cPN ���� ��

'I	���  �	 �� F�	 �2-  6���- K�o

����	 'I	��� �	 $�!�] ~&f ��

 K�
f [�Ny=1 �� ���Q =�B5#	 ?:	���  � �%� �	 ��

 ?:	��� =�B5#	
x y

x y

+ =

+ =

3 2 1

0

'I	���  �	 �� F�	 �3- �� K�o

�� ~&f �� 'I	��� �	 $�!�]

 ���7B��f �� �y=−1 ����	 �_T� =�B5#	 F�	 � 'I	��� �	

'jd� bM �
 
 
 − 

1

1
  "#� l� �	 	�
��� �C�

���- �N �!PN i�� '� �� ���d� =�B5#	



 � =	�	 F�)�� �� K�o b�# 6=	�- '���Q �� �0

x yx y

x yx y

y y

 + =+ = → 
 − + =−− − = 

= → =

6 9 213 2 3 7

6 10 22 3 5 1

19 19 1

   

'� �� �B�	 [
O)� ���d� � =	�	 ���Q =�
�I	 '� �0 �� "#	 ����/ .  

x ( ) x x x+ = → + = → = − = → = =2 3 1 7 2 3 7 2 7 3 4 2   

'� �B�	 [
O)� LAN �� �� [
O)� �	  � �%� �0 �� "#	 ����/ .

	

 ����* �I
O)� .� 'I	��� .� '� =�B5#	 �* ���-.  

'I	��� �	 ���  ��f '� �	 �y  ���d�x2  ���Q

y x= +1   

x x x x x= + → − = → =2 1 2 1 1   

y x y y= → = × = → =2 2 1 2 2   
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'I	��� � '5!�� �q� �	 ��  L���o �	 �� �0x �� K�o ���- .  

 L���o �
� ��
�� '5
�	 'f
*x  "�,( �0 �	 �0)"�\� (�/  � �%� ��5A0  � =	�	 F�)�� �� K�o b�# 6=	�- '���Q �� �0

���- .  

x y

x y

y y

+ =

− + =−

= → =

6 9 21

6 10 2

19 19 1

'I	���  � �%� �	 �� =��/ "#	 '� �� �B�	 [
O)� ���d� � =	�	 ���Q =�
�I	 '� �0

x ( ) x x x+ = → + = → = − = → = =
4

2 3 1 7 2 3 7 2 7 3 4 2
2

 l� �	 $�� 	�
��� �
 
 
  

2

1
 �� �
�� .  

'I	���  � �%�  � =	�@5#� �� i�� $�� �	 '� �B�	 [
O)� LAN �� �� [
O)� �	  � �%� �0

'I	��� �	 �� =�
 '�#�C� [
O)� b�# �� $�7B��f �B�	 � 	

 ����* �I
O)� .� 'I	��� .� '� =�B5#	 �* ���-

  

���- �N ���7B��f i�� '� �� .  

  

����B� �q� �	 �� [�� � . 'I	��� $�� �	y  LAN��x "#� =�
 '5

� .'I	��� �	 ���

LAN �� 'I	��� .� '� ��0	x �� ��#� :  

x x x x x= + → − = → =2 1 2 1 1

���d� ���- ���7B��f ?:	���  � �%� �	 ��y '� �� "#	 / �� .  

y x y y= → = × = → =2 2 1 2 2

 .  

  

y x

y x

 = −
 + =

1

2 7
 ���- �N ���7B��f i�� '� �� .  

 

 

 

 [
O)� ��5��x 'I	��� � '5!�� �q� �	 ��

 L���o �
� ��
�� '5
�	 'f
*

'I	��� �� ~&f �0 �� �� �0 ���-

���d� [�Ny=1 '� 'I	���  � �%� �	 �� =��/ "#	

'jd� ?�{5�� $�������  l� �	 $�� 	�
��� �

  

2 (���7B��f i��: 'I	���  � �%�  � =	�@5#� �� i�� $�� �	

'I	��� �	 �� =�
 '�#�C� [
O)� b�#

 =�B5#	
y x

y x

 =
 = +

2

1
 ���- �N ���7B��f i�� '� ��

'I	��� ����B� �q� �	 �� [�� �

LAN �� 'I	��� .� '� ��0	x

 ��� �
�-�x=1 ���d� ���- ���7B��f ?:	���  � �%� �	 ��

'jd�  �
 
 
  

1

2
 "#� K�
f .

 �j� ?:	��� =�B5#	
y x

y x

= −

+ =

1

2 7

  



y x (x ) x x x x+ = → − + = → − + = → =2 7 2 1 7 2 2 7 3   

y x y y= − → = − → =1 3 1 2   

x y

x y

 − =−
 + − =

1 2
1

4 3
2 1 3 2

5 2 5

   

�� �/ v�5�� K�>� $��* E��� ��A- "I�N  � �� 'I	�

x y
x y x y

x y x y x y

 − =−  − =− − =−   → →  
  + + − = − =   − =

1 212 1
3 8 12 3 8 124 3

2 1 3 2 4 2 15 4 4 15 2
10

5 2 5

   

 ���
�� � �
� l� �	 '- �
�� �� .      Y��0 l�� �	 '�- "�#� S�o��

�� '5@� $%&���k =�B5#	 6�0�B5#	 $��� '�  	
�
) .    �� �0�B5�#	 $���� ����
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'I	��� �	 �� �/ bM U"#� =��/ "#	 �� $�7B��f F�	 � ���- :  

y x (x ) x x x x+ = → − + = → − + = → =2 7 2 1 7 2 2 7 3

'I	��� �	  ���d� [�� �y '� �� "#	 ��/ :  

y x y y1 3 1 2

  

  

 .  

  

.�
- �	 'I	��� K�o �� "#� �5O� ��A- ��0 �� �/ v�5�� K�>� $��*

���- �N �� �/ b�# � =	�- .bM :  

x y x y

x y x y x y

 − =− − =−   → →  
  + + − = − =  

3 8 12 3 8 12

2 1 3 2 4 2 15 4 4 15 2

�� �N =�
 '5@� i�� �	  � �%� .&- '� �� �T�N =�B5#	 :�N ���- .  

  مند آموزان  علاقه

'� =�
 =	�	 l� 'I	��� �	 ��� '�
�  ���
�� � �
� l� �	 '- �
�� ��

	���� K�
f =�B5#	 .�� '5@� $%&���k =�B5#	 6�0�B5#	 $��� '�

�� "#�	�� ���A* .� '� ���- �N ��#� (  

 

 

 

'I	���  � [�� �y '� 'I	��� �	 �� �/ bM U"#� =��/ "#	

�	�	 ���Q ��x= 3 'I	��� �	

 
 
  

3

2
 "#� [�
# K�
f .  

���- �N �� ���d� =�B5#	 .

'I	��� �� =�B5#	 �N �	  .�
- �	 'I	��� K�o �� "#� �5O� ��A- ��0

���- �N �� �/ b�# � =	�-

�� �N =�
 '5@� i�� �	  � �%� .&- '� �� �T�N =�B5#	 :�N

آموزان  علاقهدانش  یویژه

$%&���k =�B5#	: '� =�
 =	�	 l� 'I	��� �	 ���

'jd� ������ �-�5�� � .	���� K�
f =�B5#	

�� "#�	�� ���A* .� '� ���- �N

  

  



x y a b c

x y a b c

 + − = → = ≠
 ′ ′ ′+ + =

3 4 2 0

6 8 5 0
   

x y x y

x y x y

 − × + − = − − + =  → → =+ 
 + + = + + =  

2 3 4 2 0 6 8 4 0

6 8 5 0 6 8 5 0
   

�� =�B5#	 6��
�� ^�j�� l� �	 '- �
�� ��	��	 K�
f ��&
 . $��� '�

�� $��  � �0 �� ���A* .� '� � ���� ��#� (.  

x y a b c

x a b c

 − + = → = = →
 ′ ′ ′− + =

5 4 0

3 15 12 0
   

x y x y

x y x y

 − × − + = − + − =  → → = → 
 − + − + =  

3 5 4 0 3 15 12 0

3 15 12 3 15 12 0
   

	�- �N =�B5#	 .&- '� ��
* .  

'� �� ��&N � ��)� $# 6�
�� [�#  "#	

"#� �5&- [�# .� ��&N $# ����� �	  � ��)� $# . ����a b= −2 1  .

a b a b a b

a b a b a b

  = − − =− × − =−    → → →− =− → = → =  
  − = − = − × − =    

2 1 2 1 1 2 1

8 8 1 8
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��5A0 � �
� l� �	 ���  6"#� $%&� ��k =�B5#	 .� 6��  =�B5#	 :  

a b c

a b c
→ = ≠

′ ′ ′

�� �N �� =�B5#	 �5O� v�	 ���� ���- :  

 "#� $%&���k
x y x y

x y x y

 − × + − = − − + =  → → = 
 + + = + + =  

2 3 4 2 0 6 8 4 0
9 0

6 8 5 0 6 8 5 0

'� =�
 =	�	 l� 'I	��� �	 ��� '�
� �� =�B5#	 6��
�� ^�j�� l� �	 '- �
�� ��

	

) .�[
O)� 6���- �N �� �0�B5#	 $��� �� �� $��  � �0

  
��5A0 ^�j�� �0 �� l� �	 ���  6"#� �O�� =�B5#	 .� ��  =�B5#	.  

^�j�� l� �	 ��� .
a b c

a b c
→ = = →

′ ′ ′

�� �N �5O� �O! ����  �� ��� ���- :  

"#� �O�� =�B5#	   .
x y x y

x y x y

− × − + = − + − =
→ → = →

− + − + =

3 5 4 0 3 15 12 0
0 0

3 15 12 3 15 12 0

=�B5#	 .&- '� 'I�A� �N: 'I�A� �� 6�
�� [
O)� �	 ����	 '- �� ���0 	�- �N =�B5#	 .&- '� ��
*

  
"#� �5&- [�# .� ��&N $# ����� �	  � ��)� $# .�/ $# c,5�� ���  �08 '� �� ��&N � ��)� $# 6�
�� [�#

  
 �� ��&N $# �b ����B� �q� �	 ."#� �5&- [�# .� ��&N $# ����� �	  � ��)� $#

"#� �5��� ��&N  � ��)� $# �!�]  � "#� [�# .bM :  

a b a b a b
b b a

a b a b a b

  = − − =− × − =−    → → →− =− → = → =  
  − = − = − × − =    

2 1 2 1 1 2 1
9 9 17

8 8 1 8

 ��&N $# �9 "#� [�# .  

 

 

 

  

��5A0 � �
� l� �	 ���  6"#� $%&� ��k =�B5#	 .� 6��  =�B5#	

�� �N �� =�B5#	 �5O� v�	 ����

  

�O�� =�B5#	: '� =�
 =	�	 l� 'I	��� �	 ���

�� '5@� �O�� �0�B5#	 	



��5A0 ^�j�� �0 �� l� �	 ���  6"#� �O�� =�B5#	 .� ��  =�B5#	

�� �N �5O� �O! ����  �� ���

  

=�B5#	 .&- '� 'I�A� �N

"#� �5&- [�# .� ��&N $# ����� �	  � ��)� $#

����/ .  

 �� ��)� $#a  �� ��&N $# �

�/ $# c,5��  �08 "#� �5��� ��&N  � ��)� $# �!�]  � "#� [�#

b b a→ → →− =− → = → =9 9 17

 ��)� $# bM17  ��&N $# �

  

  



 �A- $�� E��� � ?�
T '� ��� � ��/5  �N��

x
x y

y

x
x y

y

 − = → − = − −
 + = → + = + +

1 2
5 5 2 2

1 5

5 4
7 35 4 20

5 7

 ������:! ��B(���= 

   

x y x y

x y x y

 − × − = − + =−  → → →− =− → = 
 − =− − =−  

2 5 2 3 10 4 6

7 4 15 7 4 15
   

x y y y y− = → × − = →− = − → = =5 2 3 5 7 2 3 2 3 35 16   

1160 ��- E�� �� DI
M  � ���
* . [
M

x y x y

x x
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÷ ÷ ÷ ×

2
1   

 �
�abc ,a, b, c= ∈2 ℤ "I�N '&0 bM�� �� $%&� ��0��A�
�:  

a a
a b a b

b b
c c

c c

 =− =   = = = =−      = =−   
   = =    =− =−   

1 1
1 1

1 1
2 2

2 2
   

a a a a

b b b b

c c c c

   = =− = =−            = = =− =−   
      = =− =− =         

1 1 1 1

2 2 2 2

1 1 1 1
  

a a a a

b b b b

c c c c

   = = =− =−            = =− =− =   
      = =− = =−         

2 2 2 2

1 1 1 1

1 1 1 1
  

  

����	 �5I�N �0 �	 :A { , }= 1 4   

6.   

;I� (�� 'f
5� K�o �T�  � =	�@5#� �� ��

 :n(S) = × =6 6 36.  

S {( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), , ( , )}= 11 1 2 1 3 1 4 1 5 1 6 2 1 6 6…   

K (�� "#� ����� K
_j� "I�N:  

A {( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , ), ( , )}= 2 2 2 3 2 5 3 2 3 3 3 5 5 2 5 3 5 5   

P(A)= =
9 1

36 4
   



B {( , ), , ( , ), ( , ), , ( , ), ( , ), , ( , ), ( , ), ( , ), ( , )= 1 2 1 6 2 3 2 6 3 4 3 6 4 5 4 6 5 6… … …  

C {( , ), ( , ), ( , ), ( , )}= 3 6 4 5 5 4 6 3  

P(C)= =
4 1

36 9
   

= + = + =29 291 1 1 1 2
29 29

   

=7 12
3 3

   

=23 52
9 9

   

���- .      ���O� ��0 $��� �
�q�� $��� ����

× = × × = × ⇒ < < < ⇒ < < <
× = × × = × 

1 15 15

3 15 45
2 9 18

15 18 21 25 1 2 7 55 9 45
7 3 21 45 45 45 45 3 5 15 9

15 3 45
5 5 25

9 5 45

   

↓

↓ ↓

< < < <
29

1
29 7 23

3 9

1 2 7 5
2 2 2 2 2

3 5 15 9
   

,
× ⇒ < <
×

3 1 5 3 4 5
10 2 5 10 10 10
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B {( , ), , ( , ), ( , ), , ( , ), ( , ), , ( , ), ( , ), ( , ), ( , )}1 2 1 6 2 3 2 6 3 4 3 6 4 5 4 6 5 6… … …

 $�������P(B)= =15 5
36 12

.  

C {( , ), ( , ), ( , ), ( , )}

 ��0�A- "#� �!�- �0�A- �1
3

  �2
5

  �7
15

  �5
9

  'A��d� �0�� �����-

�� 'A��d� ��� � ����� ���-.  

⇒ < < < ⇒ < < <
15 18 21 25 1 2 7 5

45 45 45 45 3 5 15 9

�� E��� �0 �� �A- �	 ��- ���5�� �	 �/ $�� ��0�A- � ���- �� �� �0 ��A�
�:  

 

 

 

E ($%&� ?:�N:  

 �PIn(B) =15 . $�������

	 ($%&� ?:�N:  

7.   

'A��d� ����  ��0�A- "#� �!�- �0�A- �

�� v�5�� E��� �A- �� 'A��d� ��� � �����

bM  

  

8.   

�� E��� �0 �� �A- �	 ��- ���5�� �	
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�D)� 

EF3� 

�D)� 

/ $�� ��0�A-��� �0 �� ��A�
� 

�/ ����  �0�A- E��� '-25 E��� � ?�
T 6	

  �	 �� �05 �� K�o ���-:  

  

< < < < < < < < < <15 16 17 18 19 20 21 22 23 24 25
50 50 50 50 50 50 50 50 50 50 50

 < < →
15 20 25

50 50 50
   

�/ ���� [�N  �0�A- E��� '-25 �/ ���� 6	

  �� �� �02  ����- ��Ad* .     $��� ����� �� ���0��A- 	
�
 "�Q	    K���5�� ���-

�� E��� � ?�
T '- ���- �/ ��0  �� �02 D�� ��
�� ��PM.  

, , , ,
16 18 20 22 24
50 50 50 50 50

  

⇒ < < < < < <8 9 10 11 12 3 8 9 10 11 12 1
25 25 25 25 25 10 25 25 25 25 25 2

   

  

9.   

;I� (( )− − =7 7       

K (− − = −7 7      

E( =5 5  

	 (| | ( )− =+ − = −2 2 2 2 2 2
�����
     

�0 (�| | ( )− =− − =− + = −1 3 1 3 1 3 3 1    

�( | | ( )− =+ − = −3 2 3 2 3 2
�������
  

10.   

 �N �	[�w# F�&*  ��
�� "�\� ^_j� ��Q  � =��/ ����� ?���( '- ���- ���- ���� [�w# $�� '���� ��0 .    ��T�N ���� �P�I

�� ^_j� ��Q ����� ���( �� ?���( ��&0 6�
�� "�\� ^_j� ��Q ���	  6�
 �@�� ^_j� ��Q ���	 ?���( �T�N ��� ��� ����/

���� �� ^_j� ��Q � ^_j� ��Q ���	 ?���( � ����	�� K�o �@�� "�,( �	 � ���-.  

;I�(  

/ /→ − −3 1 7 1 3 0 7≃ ≃   

( )− − = − = −1 3 3 1 3 1   

K (  

/ / /
( ) / / /

/ / /

→ ×
→ × − × − −

→ × 

3 1 7 2 1 7 3 4
2 3 3 2 3 4 4 2 0 8

2 1 4 3 1 4 4 2

≃ ≃
≃ ≃

≃ ≃
  

�� K�o �@�� "�,( �	 �PI 6"#� �@�� ^_j� ��Q ���	 �T�N ���-.  

( )× − × = − × − × = × − ×2 3 3 2 2 3 3 2 3 2 2 3  

u (��  ����	/5 2 2≃ .bM:  

/ /− − =−1 5 1 2 2 1 2≃   

 ���/− −1 5 1 2≃ �	 ��5- 	
� �0�
� "�\� �	�( �T�N 6���- K�o . ����� ����d*+7   

����	 L_j� $��  � =	�@5#� ��:  

( ) ( )− − = − + = + − + = −5 1 5 5 5 5 5 5 5 5 5 5   



x→ = °115  K�
� l�EF||RF′   

Z→ = °115  K�
� l�RF ||KF′ ′′   

y= − =0 0 0180 115 65   
  

A BC ~ BD E
∆ ∆


(� �)

   
ˆ ˆB B=v�5��   

ˆ ˆC D= 1   

BE ED BD

AB AC BC
= =   

y y

x
= = → = → = → =

+

24 18 24 1 1

48 24 24 48 2 24 2
   

x x
x
= → = + → =

+

18 1
36 24 12

24 2
   

 �_\� h�@*��ACD �CK  �_\� h�@*��

bM "#� "��X ����d� � �
� l� �	 � :AH CK=.  

ABC ACDS S= +  'd� �� "N�A�  

ABCD

ABCD

S AB CK CD AH AB AH CD AH

S AH (AB CD)

= × × + × = × + × ⇒

⇒ = × +

1 1 1 1

2 2 2 2
1

2  
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→ = °

→ = °115

 
A BC ~ BD E

∆ ∆

)

y y
y= = → = → = → =

24 18 24 1 1
12

48 24 24 48 2 24 2

x x= → = + → =36 24 12

 '- ����	d a= 2  .  

d a= =   

a a= × = × =  "N�A�a= →8   

ABCDS (AB CD) AH= + ×
1

2
   

h�@*�� ;{� �	 K�o =�(�Q �	 h
&)� �� "#� ����� 'd� �� "N�A� .  

�� �#� �� ���- .�� �_\� �	 '� ����* 'd� �� 	

 .AH  �_\� h�@*��

=�(�Q �	 '- $�� '� 'f
* �� '_T�! � ��5A0 � �
� 'd� �� � bM "#� "��X ����d� � �
� l� �	 �

S AB CK CD AH AB AH CD AH

S AH (AB CD)

= × × + × = × + × ⇒
1 1 1 1

2 2 2 2

 

 

 

11.    

 ��'f
* ����	 �%
 '�:  

  

12.   

�%
 '� 'f
* ��:  

  

13.    

'�>Q ����� �� +�
k�\�! �  '- ����	

bM :d a= =2 8 2

a a= × = × =8 8 64

14.    

Z�! :AB||CD   

�%N :S (AB CD) AH= + ×

h�@*�� ;{� �	 K�o =�(�Q �	 h
&)� �� "#� ����� 'd� �� "N�A�

?��X� :�jQAC �� �#� ��

ABC "#� .  

=�(�Q �	 '- $�� '� 'f
* ��

�PI : 



   

'��� ��0������� �0 �� ��# �	 ��� .

y y y y°+ + = °→ = °→ = °48 180 2 132 66   

 . bMD̂ x=1  .  

i���)� ��k �_��	 � .  

ˆy x D y x x y x x x= + → = + → = → °= ⇒ = °1    

z x z= °− → = °− °= °180 180 33 147   

(MN) ( a) ( a) a a   �(MN) (AN) (AM)= +2 2 2   

M N PQ  �a= 2  ~��� "N�A�A BCD
□
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 6AB BP=  �B̂= °48   

AB BP �_\� bMABP ���A5� "#� $�Q�AI� .'���  bM'��� ��0

�_\� �_��	 ��0°180 "#� .  

y y y y°+ + = °→ = °→ = °48 180 2 132 66

���A5� 7�� '���  � "#� $�Q�AI�'��� ��0 ������� �0 �� ��# �	 ��� .

'���  �	 h
&)� �� "#� ����� �f��� � i���)� ��k �_��	 �

y x D y x x y x x x= + → = + → = → °= ⇒ = °2 66 2 33

= °− → = °− °= °180 180 33 147

���-:  

Â , AB AD a= ° = =90  6M �N ��5A0 ~��� ~_o �	 l#� .  

AM a= �t�Q �_\� ���A5� '���7I� "#� $�Q�AI� .  

�� �_\� $�� ���� �� +�
k�\�! � ��A�
�:  

(MN) ( a) ( a) a a= + = =2 2 2 2 21 1 2 1

2 2 4 2

(MN) a= =2 21

2
  ~��� "N�A�M N PQ

□

.�
- ~��� "N�A� "�A� r�7� ~��� '� �*  �*
1

2
 "#� .  

    �AC AE=   

  

CD EB=  �AC AE=   

 

 

 

15.    

  

Z�! :AP PD=  6AB BP

 Z�! '� ���AB BP=

Â y=1   

'���  h
&)��_\� �_��	 ��0

 �_\�APD ���A5� 7��

'���  �0 �_\� �0 �	 '���  �	 h
&)� �� "#� ����� �f��� �

16.   

 �� �#� �� ��  �%
���-

A , AB AD a= ° = =90

AN a=
1

2
  �AM a=

1

2

'j��� �� �_\� $�� ���� �� +�
k�\�! �

.�
- ~��� "N�A� "�A�

  

17.    

 Z�! :CD BE= AC AE

�%N :BC DE=   

 ?��X�)��0�� :(  

1-  Z�! �� ���CD EB=



)Z  Z   (A D E A CB
∆ ∆

≅   

 ��q� ��7f�DE BC=   

  

ˆ ˆd||d (B B ) (C C )′ → + + + = °3 4 1 2  �BC  K�
�  

 Z�! '� ���ˆ ˆC C=1 2�   Z�! '� ���ˆ ˆB B=3 4   

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ(B B ) (C C ) B C B C+ + + = → + = → + = °3 3 1 1 3 1 3 1180 90   

  

Ê E+ °= °→ = °90 180 90   

  

 �jQ

 .  

AM MC BM MD= → =  �AC BD=  

�
� � "#� $�Q�AI�Â= °30  bMB̂ = °1 30  �_\� �

 � ��5A0 ����� �0 �� �� '��� ��0Ĉ= °60  "#�

 ���� 6������� ~_o '# �0 � "#�BM MC BC= =  �

AC  ')�5� �	 :
AC

BC=
2
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AC CD AE EB AD AB+ = + → =   

 v�5��  

�� ')�5� ����� :  

ˆ ˆd||d , B B , C C′ = =3 4 1 2   

'��� �&%� �_��	 ���d5� ��0 ��� .ˆ ˆˆ ˆd||d (B B ) (C C )→ + + + = °3 4 1 2 180

 Z�! '� ���ˆ ˆC C

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ(B B ) (C C ) B C B C
°

+ + + = → + = → + = °3 3 1 1 3 1 3 1

180
180 90

2

 �_\� �_��	 ��0BE C
∆

 °180 "#� .ˆˆ ˆE B C+ + = °3 1 180   

AC �� �#� ��  bM ���-AM MC=  �!�]  �AC  �jQ

�� ;{� �� �B��%� � ����� �0 �� � "#� ��j5A� �jQ �0 ���-

AM MC BM MD= → =

�
�BM AM= ���A5� bM "#� �
� � "#� $�Q�AI�= °

"#� $�Q�AI� . �
�BM MC= '���   � .� �0 bM � ��5A0 ����� �0 �� �� '��� ��0

���A5� �_\� [�N � "#� h,o:�M̂ = °1 60  ���� 6������� ~_o '# �0 � "#�

 ;{� '-AC 6=	
�BM ;{� �0AC �BC  ;{�AC

 

 

 

2- AC CD AE EB AD AB+ = + → =

3- ˆ ˆA A=  v�5��

 l����  �1  62  �3 �� ')�5�

18.    

Z�! :ˆ ˆˆ ˆd||d , B B , C C= =3 4 1 2

�%N :Ê= °90   

  

?��X� :  

'���  h
&)� �_\� �_��	 ��0

19.    

'����  ~_o �� 	��� �AC

 � "#� ��j5A�BD �� ;{� �� �B��%� � ����� �0 �� � "#� ��j5A� �jQ �0

bM :  

�_\� �	A M B
∆

 �
�BM AM

BM C
∆

 ���A5� "#� $�Q�AI�

 �B̂ = °2 60 .���A5� �_\� [�N

AM BM=  6AM  ;{� '-

  



− + = − + × = − × + =5 3 2 27 75 5 3 2 3 3 5 5 3 2 3 3 5 3 4 3);I�  

− + = − × + = × − × +3 3 3 34 3 3 1 33 3 3 3 316 3 54 7 2 2 3 2 3 7 2 2 2 3 2 3 7 2 )K  

= − + =− + =3 3 3 3 32 2 9 2 7 2 7 2 7 2 0   

/ / / / /

/ /

− − + − +

− −

× × × = × × × × = × ×

= × = ×

19 7 1 19 7 1 19 7

11 10

25 10 4 25 10 2 5 10 10 4 25 10 2 5 4 25 10

10 625 10 1 0625 10
   

×
= = = = =

3 3 3

3
3 3

2 32 64 64

88 8
);I�  

( ) | |− = − = −210 11 10 11 10 11 )K  

x x x x x x( )+ + + + + += → = → =2 4 2 3 4 2 3 125 125 5 5 5 5   

x x x x+ = + →− = → =−2 3 12 10 2 5   

x x x x( )+ += → = → × = → = =1 4 1 4 4 4625 3 5 3 5 5 3 5   

x x x x x x( ) ( )
− − × −

+ − + ++ × + = + × + = + × +
1 1

2 2 4 2 2 2 2 4 4 4 42 225 625 5 3 5 625 5 3 5 625 5 3   

= + × + = + + = =
3

3 625 3 3 3 3 9 3
625

   

− − − − −
= × = = =

3 3 32 2 33 3 3 3 3

3 3 3 34 2 6

5 2 5 2 2 5 2 2 5 4 2 5 4 2

3 16 3 2 2 3 2
 );I�  

= = × = = ×
6 5

3 6 6 53

32 32 32 2 4 2 32

2 2 22
 )K  
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DC DA A B B C x′ ′ ′ ′→ = + + = ���A5� 'd� ��  $�Q�AI�  

DA B C , DA B C x D A

ˆ ˆA D

′ ′ ′ ′ ′= + = → =

→ = °→ = °1 30 60

   

− + = − + × = − × + =3 25 3 2 27 75 5 3 2 3 3 5 5 3 2 3 3 5 3 4 3

− + = − × + = × − × +3 3 3 34 3 3 1 33 3 3 3 316 3 54 7 2 2 3 2 3 7 2 2 2 3 2 3 7 2

= − + =− + =3 3 3 3 32 2 9 2 7 2 7 2 7 2 0

( )/ / / / /− − + − +

− −

× × × = × × × × = × ×19 7 1 19 7 1 19 7

11 10

25 10 4 25 10 2 5 10 10 4 25 10 2 5 4 25 10

10 625 10 1 0625 10

= = = = =3 33 8 2 2

( ) | |− = − = −10 11 10 11 10 11

x x x x x x( )+ + + + + += → = → =2 4 2 3 4 2 3 125 125 5 5 5 5

��
* �PI 6"#� �%� ��0 bM ��
�� ��A%� ���� �0 �0 :  

x x x x+ = + →− = → =−2 3 12 10 2 5

x x x x= → = → × = → = =1 4 1 4 4 4
4

3 3
625 3 5 3 5 5 3 5

5 625

( )
x x x x x x( ) ( )

− − × −
+ − + ++ × + = + × + = + × +

1 1
22 2 4 2 2 2 2 4 4 4 42 225 625 5 3 5 625 5 3 5 625 5 3

= + × + = + + = =3 625 3 3 3 3 9 3

( )( )− − − − −
= × = = =

×

3 3 32 2 33 3 3 3 3

23 3 34 2 6

5 2 5 2 2 5 2 2 5 4 2 5 4 2

3 2 123 2 2 3 2

×
= = × = = ×

5 6
6

5

32 32 32 2 4 2 32
2 2 32

22

 

 

 

20.   

DC DA A B B C x′ ′ ′ ′→ = + + =2

x
DA B C , DA B C x D A= + = → =

2

 
  

21.   

5 3 2 27 75 5 3 2 3 3 5 5 3 2 3 3 5 3 4 3

16 3 54 7 2 2 3 2 3 7 2 2 2 3 2 3 7 2

22.    
( )− − + − +19 7 1 19 7 1 19 7

23.   

24.   

'��M �
� ��
* �PI 6"#� �%� ��0

25.    

x x x x x x+ × + = + × + = + × +2 2 4 2 2 2 2 4 4 4 425 625 5 3 5 625 5 3 5 625 5 3

26.   



�* 

x x x x x x x x x x x= × = × = × = =
3 3 3 33 3 32 2 2 3 2   

x = →3 2 2   G����� ���, ��  ��B(��=3I�J	���: (�����  bM  

x→ = = × =28 2 2 2 2  ���x>0   

x x
x x x x( ) ( ) ( )

− −
+ − + −− + = → − + = × ×

1 1
2 22 2 2 1 2 2 2 2 2 2 1 3 22 24 4 4 504 2 2 2 2 3 7   

x x x x x( )+ − − − −− + = × − + = × → =4 4 4 1 4 2 4 2 6 3 4 2 32 2 2 2 2 2 1 2 63 2 2
�������
   

x x x→ − = → = + → =4 2 3 4 3 2   

.....

.....

− =

−

48

48

46

10 48 100 00

48

999 9952

���������


�������


   

( )× + + =46 9 5 2 421   

����� :  

( ) ( ) ( )
( .... )

( ) ( ) ( )( ) ( )( )

× − × − × −
= + + +

+ × − + − + −

1 5 26 1 26 27 1 48 7
3

5 26 5 26 26 27 26 27 48 7 48 7
   

( ... ) ( ... )
− − − − − −

= + + + = + + +
− − − − − −

5 26 26 27 48 7 5 26 26 27 48 7
3 3

25 26 26 27 48 49 1 1 1
   

( ... )= − + − + − + − + + − +
0 0 0 0

3 5 26 26 27 27 28 28 48 48 7
���������
 
���������
 
���������
 
������   

( )= − + = × =3 5 7 3 2 6   

(x x )(x x ) x+ − − =3 2 31 − − + − − );I�  

x x x x= − − −5 4 2   

( ab )( ab) ( ab)( ) ( ab)( ab) ab− + = + − × − ×5 7 3 2 5 3 5 2 7 3 7 2 )K  

ab a b ab ab a b a b ab= + − − = + − = + −2 2 2 2 2 215 10 21 14 10 21 10 21   

�* 
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x x x x x x x x x x x= × = × = × = =3 3 33 3 32 2 2 3 23 2

( x ) x x= → = → =±3 2 3 3 22 8 8��B(��= �� �K$  = →  G����� ���, ��  ��B(��= 
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