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� ���0 -BC��
�� (0 7'�% D:
E  )
�5  !�1( (0 7�F4��
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1( �� ����	 K'� &�6E (0 L�5# �� )
8�� 7'�% 5$
� ��� ;�� !� ' 70��4 �5. !M��N0 �� �( 0�� !� O���� ����	 �(�� )0��F4� 
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� 54(
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8�� �� �2$ 51
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	�
  �����1   
� 0� �1�, &����2,��& � �  

 
��� ���ABC �� ��� �� ��	���� ���� �  !� �������� "��# $ 	�%  &� �� '( )*+� ,-#  .��# �/�� 0! �� -#

�/�� �% ��� 1�#��2 "� 
��� )�� �� �34� "&��# , ���51 16-� �36�� ���
 
��� 7�-2 -! 82�� .�/��  �� "&��# ,O 

"�  	�-� .5 -�"� ���� ���� :	;-2 �� �<�  	4!���  	���5OA OB OC R= = =  .  

"� �=	3� �� >�!��  	���5  ?@%�� �%  	�%  &� ,�O A�-B6 �R  
��� .C� �& D� � 16-�ABC ��E�� . F!� ��

>�!��$ >�!��  
��� "/	G� ,ABC "�  !��� �  	!�� :  

  

a b c
R

sin A sin B sin C
2= = =   

 	� ��� I-J �!��D ,-#D-& 
��� "�2�� ,-#ABC  	�%  &� ��$  	� �& F!� �/�� �� D-& 1��-� ,�I  .��# 
��� 82��

1�34# .�;-K� ,I  �� '( ��1�� � >��� ����� 
��� L�+ �& -5r "� ��� ��  !�	� ."� F!���-�� >�!��  	���5 @%�� �� ,�I )-B6 �� �r 

�%  	�%  &� F!�  �� >�!��� ���
 
��� 82�16-� .-�� '( L�+ �& �� � �36�� .>�!�� F	�M >�!�� $,�  
��� "�2�� "N-G� ,

ABC "� >1	�-� ��� � ��6S 
��� :J-4�ABC 16-� . !��� :S pr= '( �� �%p 
��� O	G� ���ABC :&� .  

"� �% "�B� F!� �� $:&� "/	G� � "N-G� 8P6 0! 
��� >�!�� >����# '��5 ��E�� '( .C� �& D� �% ��% �1	Q ,�. 

"� F	�R�# >�!�� �S	�# '��5 16-� .-�� '( L�+ �& �� �% :K-! ,� .� 0! ,�� �� '( .�T� '��3� �% "B�+1�M �# >�!�

G� "B�+1�M 0! $��� ���
-"5��; �� � "N >�!�� '��3� �% G� "B�+1�M $16-� .-�� '( )*+� U-�5 �� �% ��% �1	Q ,�	 "/

"� >1	�-� ��6 .  

"� F	�R�# �/��� D� >�-V3&� -� '( )*+� O�K F34��� -� �� 
��� 0! :J-4� '��5 ��% �W&-G� '��# , :  

  

S p(p a) (p b) (p c)= − − −   

a b c
p

2
+ +=   

X���� $:&� ����-% ,���� "&1�# 8T-4� 8J �� �  	6-� �36�� >�-6� '( �� 1!-� �% ,��!� Y�/� ,�-4�-� �� :&-# .  

 ���x �y 1�6-� :W�� "�	�J �1� �� . !��� :  

x y x y
xy

x y

2 22
1 1 2 2

+ +≤ ≤ ≤
+

   

  

 :W�� � "�	�J �1� �& ,���x $y �z �/��� "� �� �!D 8P6 �� Z-� ,-# 1�!(:  

  

x y z x y z
xyz

x y z

2 2 2
33

1 1 1 3 3
+ + + +≤ ≤ ≤

+ +
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	�
 �����2   
��45� 6 7.� #� 8� � 2�9� �� ��:;�4� � <=�4�  

A	Q F!� �� D(
 '��>�-��� -5  !��� 1� >1!� ,  -# ?�� �  :J-4� � O	G� ,D-&��%�1J � 8
�1J 8T-4� 8J ,��� ��3\� ,-#

 	�% 
G� "&1�# ��3\� I-P6� .I-�� �� 1	�% �<�5 �!D ,-# :  

I-��1 :
��� U-�5 F	� �� 1	�% :�-]  
��� $:�-] O	G� -� ,-#-43�"� ���� �� :J-4� ��%�1J )*+Z� ,� 16-� .  

^-W]� :
��� )*+� I�N ���ABC ��a$ b�c  �� '( O	G� �  !�	��p2  '( :J-4� $ 	�% _�KS �/��� `WN  '��# ,

:&� ^�-W� D� :  

S p(p a)(p b)(p c)= − − −   

"� ��a4� _�K ��-�� :&� :�-] � U��B� ,�1� 
��� O	G� ��1�� �%  	��� .bQp  1#��2 :�-] ,�1� @	� '( ��� "�B!

��� .'�M "K�N D�S �%  �!@%-� -� '( '��%  �!@%-� bQ $:&� :W�� "3	�%'�S2 :6�� 1#��\� "5�-V5 .  

"�  :W�� � "�	�J ��1�� ,��� "&1�# c "�-4J F	��-	� ,�-4�-� `WN  	���x$y �z 
x y z

xyz
+ + ≥ 3

3
 . bQ

�� -4�-� F!� '��� �-%:6��  	#��2 ,� :  

p (p a) (p b) (p c)
(p a)(p b)(p c)3

3 3
− + − + −= ≥ − − −   

8;-J �% :&� "�B� F!� �� �	2� ,�-4�-�  �3���-Q �& d�+(p a)− $(p b)− �(p c)−  -� ����� "3�-] L�< �%p  $1����

"� ��%�1J 1���5 �����
p

( )3

3
  "�-4J ,�-4�-� �� ,�-45 :e-J �� -�� � ��6–  f-V5� "�-�D ,��%�1J ��1�� F!� "&1�#

"�  	6-� �36�� �% 13K� :  

p a p a p c a b c− = − = − ⇒ = =   

�/��� �� , "� '-S� >1�( :&� /� 
��� �% 1#�,�-43� 
��� 0! d�� :&� )*+Z�.  

I-��2 :� F	� ��
��  T-
 ,-#  g���� �� O	G� F!�3S	� 
��� U�1% $U��B� �5� -� �!��@e�  

8J :
��� 1	�% _�KABC :�-] �5� -�a  !��� �-	32� �� �� . '�MÂ 90= °.C� "&1�# '-P� bQ $A  ,��0!  >�!��

 �/
 ��BC ��� 1#��2 . '��% ��%�1J -� i1#)'��%  �!@%-� ( ^�-W�b c+ :&� . ��a4� �� "K-+� X�6 0! 1!-� '��%�

�� .��l-�	K �/��� D� >�-V3&� -� X�6 F!� �% ��6 8J 8�-
 ��a4� -5  	!�@V	� "� :&� 1!( :a b c2 2 2= +   

'( D�  �% -<a2 bQ $:&� "3�-] ��1��b c2 2+ ���� �� "3�-] ��1�� @	� .  
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 !��� "�-4J c "B��� F	��-	� ,�-4�-� �� �<�5 -� :  

b c b c a b c2 2

2 2 22
+ + +≥ ⇒ ≥ ⇒   

max(b c) a b c a
22
2

+ = ⇒ = =   

 �% "���� F!���-�� T-
 
��� 0! $ 	34# '( I-W�� �� �!��@e� ,�-43� , :&� F	
-4e� .  
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	� �����3  
�� 8� � >�:� &� ��45� � �  

"� )��6 d-5D-� 8;� -�  	�% .!�F "� '-	� �% :&� "P!@	K 8;� 0! L
�� �� 8;�  "N �� �	4� F!�3�% >����# ��� ����

"� 1�% .�/�� �� � ��!( 0! 1	�% _�K ,A �B 1���� ��<� ."� "� "N ��� �% �� ,�	4�  	#��2  .-PB�� D� bQ -5 1�%

 $��!( �� F3K-!A �B  	�% �1	Q $1��	W� �� ��!1P! .�� 1!-� $d-5D-� 8;� ��-�� �% 1	6-� �36�� :
�   	�-	� �� ,�	4� L
��

16-� FP�� ��1�� 8
�1J Ae�N �% .�/�� 1	�% _�K '��%� "� bPB�� ��� -< '( �� �% ��!( ,�� ,�  $��6P 16-� . i1#

�/�� �% :&� F!� 1��-� ,�P  ��1�� �%  	�-	�PA PB+ 6 8
�1J�� .  

  

  
  

 � >��% >�-V3&� '�-�5 D�B′ ��!�
 ,B "� n\S� 8P6 ,�� ��!( �� :W4� ��  	�% . �% :&� o+��PB PB′= . $����� ��

P′ >�-Q ���2�� 8G� ��  O2AB′ 1!�	�� ��� �� ��!( � .  

  !��� p�+� ��  # D-�P B P B′ ′ ′= ."� bQ :6�� '��5 :  

PA PB PA PB′+ = +    
P A P B P A P B AB′ ′ ′ ′ ′ ′+ = + =   

  
  

 �� 
��� ,�-4�-� ��-�� "K�N D�APB′∆  !��� :  

AP PB AB PA PB P A P B′ ′ ′ ′+ ≥ ⇒ + ≥ +   

D�  '��� 8
�1J _�K � ,�-4�-� F!�PA PB+ �	3"� �= �/�� �% ��6 ,P �/�� ,�� 1!-� ,P′  :e-J L
�� �� � 16-�

�% :&� "�-�D -q�5 ,�-45P �P′  # �� 1�6-� `W/�� .�!��D bQ >�-Q ,-# O2  ,-#BP′  �AP′  � 1������ ��!1P! -� ��!( -�

 '�MP �P′  !��� $1�34# `W/��  # �� :  

ˆ ˆAPX BPY= =α   
  



 

 

�
��

��
 

�
�� 

�
�	


 
�

�� 

�

��
 

��
��

 �
		

��
�

  
 

6 
6 

-�� �� '��%�I  1	�% �<�5 @	� �!D :  

I-�� :���a$b�c 
��� )*+� I�NABC �/�� � 1�6-� ,P 
��� O	G� ,�� -! '���ABC 8;��K �P  )*+� D�

 -� �� 
���m$n  �p  ��1�� 8
�1J $ 	#� A!-��m n p+ + �� "�-�D �M "� :&�  g1!(  

8J : 
��� )*+� I�N 1	�% _�KABC  -� ��a$b�c  '-S�  	#� .  

"�  ��% _�K '��5a b c≥ ≥ .  

(P BC)

ma
S S ma S1 12

2

∆= = ⇒ =   

 !��� "q�-S� ?�� �� :  

(A P B) (C P A)
pc S S , nb S S∆ ∆= = = =3 22 2 2 2   

(P BC)

(A P C) (BP C) (C P A) (A P B) (A BC)

(A P B)

ma S

nb S ma nb pc (S S S ) S

pc S

2

2 2 2

2

∆

∆ ∆ ∆ ∆ ∆

∆


=


= ⇒ + + = + + =


=



   

a b c a b c
(A BC)

S ah bh ch h h h2 ∆ = = = ⇒ ≤ ≤   

aah ma nb pc ma na pa (m n p)a= + + ≤ + + = + +   

a ah m n p min (m n p) h⇒ ≤ + + ⇒ + + =   
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	�
 �����4  
��@= ��A&B � C����D, � �  

��@= C����D, �:  >��\e� "B�+�-qM ��ABCD :&� ���
�� �!D ,�-4�-� >����# :  

AB DC BC AD AC BD× + × ≥ ×   

 -� �� "B�+�-qM )*+� I�N ��� "��-& ,���a$b$c �d  -� �� '( ,-#�/
 I�N �m �n )8P6 `�-/� (#� '-S� $ 	

:6��  	#��2 :  

ac bd mn+ ≥  

  
  

"� f-V5� "�-�D O�K ,�-45 :e-J "B�+�-qM �% 13K�ABCD '( .�T� "�B! $16-� "N-G�   # 1����3�  O	G� ,�� '-�D

1��	�� ���
 >�!�� 0! .  

� %F�: �/�� ,M  "B�+�-qM 82�� ��N,�� "� d-\3�� 	�%  
��� �� �%A M B
∆

  �A D C
∆

  1�6-� ��-S3� ��!1P! -�

 	6-� �36�� � :  

ˆ ˆ ˆˆMAB DAC , MBA DCA= =α = =β   

:6��  	#��2 
��� �� F!� ��-S5 D� :  

MB AB AM
( )

DC AC AD
1= =   

 �� -! �^�-W� :6��  	#��2 ��!� :  

AB AC
( )

AM AD
2=   

  
"�  	���  �%ˆ ˆDAM MAC=α+  �=	3� �� �  

AC BC
BA C ~ M A D ( )

AD DM

∆ ∆
⇒ = 3   
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 D��/��� -#, )1 ( �)3 (:6��  	#��2 :  

{AB DC AC MB

AD BC AC MD

× = ×
⇒

× = ×
   

AB DC AD BC AC(MB MD)× + × = +   

MD MB BD AB DC AD BC AC BD+ ≥ ⇒ × + × ≥ ×   

"� t� "B
�� ,�-45 :e-J  �% 1#�M  ,��BD  �=	3� �� � 16-�ˆMBD 0= F!� �� �%  !��� ^��; :  

ˆˆABD ACD= =β  '��� "N-G� I�-B� �%"B�+�-qM ABCD :&� .  

��@= ��A&B �:  0! .C� �# D� ����/�� �� 
��� >�-Q 0! $ 	�% 8;� '( 8�-�� L�+ ,�� ,� �� O2 "� :&�  �% 1!(

"� "!��& O2 �� '( u-J*/;�  	�-� . "!��& O2 �& ��� I-JBY, AX  �CZ  
��� D�A BC
∆

 �/�� �� ,P  .��#

 !��� $1�6-� :  

PX PY PZ

AX BY CZ
1+ + =   

� %F�: �/�� D� ,P ����PX′  �� �� BC "�  &�  	�% . ���H .C� )-V5�� ,-QA  ��BC "� $16-� :6�� '��5 :  

(BP C)

(A BC)

S
PX PX PX BC

AX AH AH BC S

∆

∆

′ ′×= = =
×

   

  
:6��  	#��2 ��-S� ��N �� :  

(C P A) (A P B)

(A BC) (A BC)

S S
PY PZ

,
BY S CZ S

∆ ∆

∆ ∆
= =   

(BP C)

(A BC)

(C P A) (P BC) (C P A) (A P B) (A BC)

(A BC) (A BC) (A BC)

(A P B)

(A BC)

S
PX

AX S

S S S S S
PY PX PY PZ

BY S AX BY CZ S S

S
PZ

CZ S

∆

∆

∆ ∆ ∆ ∆ ∆

∆ ∆ ∆

∆

∆




= 



+ +
= ⇒ + + = = =




=



1   
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	�
  �����5  
�� 8� �  >�:� ��GH� I�, ��%H � �  

A	Q F!� �� -� i1# �� $'��D(  O���� '���( :&�,�-4�-� -#, "� �% :&� 
��� 0! ,�@<� F	� 8�-6 1����5  

a$b$c$R �)r= >�!�� )-B6 � "�2�� "N-G� ,R= >�!�� )-B6 G� ,"/	 (�!��D .��	4% � .��	& -! � 6-� 
��� ,-#�1 .  

���<1�M �W< �� �% �� :!� O���� :&� UDZ �13�� �� ,� "� ���
 >�-V3&� ���� ��K� �� -#  	�% "K�B� $��	� .  

 1	�% _�KP(x) ax bx cx d3 2= + + + 1�M 0! ���< �<�� ,�  ,3 16-� .  

 ���x1$x2  �x3 �S!� ���<1�M F!� ,-# � �S!� F!� F	� �!D O���� $1�6-� , 1�M Y!��+ � -# ���< :&� ���
�� ,� :  

b
x x x

a
1 2 3+ + =−   

c
x x x x x x

a
1 2 1 3 2 3+ + =   

d
x x x

a
1 2 3

−=   

�� D� ���<1�M '���( :&� �"� )��6 "��& �<�� , �S!� �%  	�% "�B! 
��� )*+� '( ,-#a$ b�c  "B& � 1�6-�

"� ���<1�M F!� Y!��+  	�% -q�5 Y4J �� �� ,�R$r�p �� �% )-B6 Y	5�5 � ,-#� ��� @	� � "�2�� "N-G� � "/	G� �!�

 	�% '-	� $1�34# 
��� O	G� ."� �%  	��� :  

a b c p
abc Rrpabc

S pr
R

2
4

4

+ + = 
⇒ == = 

   

 ^�-W� :&� "K-% '��%�ab bc ca+ + Y4J �� @	� ��r , R �p  	4!��� :  

S p(p a)(p b)(p c) pr= − − − =   

(p a)(p b)(p c) pr⇒ − − − = 2   

p p (a b c) p(ab bc ca) abc pr⇒ − + + + + + − =3 2 2   

ab bc ca p r Rr2 2 4⇒ + + = + +   

���<1�M bQ D� :&� ^�-W� d��/� ,� :  

P(x) x px (p r Rr)x Rrp3 2 2 22 4 4= − + + + −   

6 :�:  )*+� -� 
��� �# ��a$b �c 1	�% :�-] :  

)S :&� 
��� :J-4�(.a b c S (a b) (b c) (c a)2 2 2 2 2 24 3+ + ≥ + − + − + −   

 � %F�: 1	&�  	#��2 �!D ,�-4�-� �� F	K�N '��% >�-& D� bQ :  

(ab bc ca) (a b c ) S2 2 22 4 3+ + − + + ≥   
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 O���� �� �<�5 -�ab bc ca p r Rr2 2 4+ + = + +  �a b c (p r Rr)2 2 2 2 22 4+ + = − −  @	� �S rp=  !��� :  

(p r Rr) (p r Rr) pr2 2 2 22 4 2 4 4 3+ + − − − ≥   

Rr r pr R r p24 3 4 3⇒ + ≥ ⇒ + ≥   

( R r) ( p) R Rr r p2 2 2 2 24 3 16 8 3+ ≥ ⇒ + + ≥   

 	#� '-S� :&� "K-% bQ :  

R Rr r ( R Rr r )+ + ≥ + +2 2 2 216 8 3 4 4 3   

R Rr r (R r)(R r) R r⇒ − − ≥ ⇒ − + ≥ ⇒ ≥2 22 0 2 0 2   

 ,�-4�-� �%R r2≥ :&� �&1�# �� I��B� ,�-4�-� 0! .  
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1 2 13952 3 1
1 1 1
4 4 4x x xA log (x ) log (x ) ... log (x )= − + − + + −

  سوالات عمومی  

  

1. �� %�� �na #�� K4. L���M ��� �&�N �, :  

1 15 3 4 1 1n na , a a (n ) , n+= − = + − ≥  

� �Ana 45
 O� �&�N �, �& ���H  P8� �, ��n  Q#�� -�4; �� P��/ ��%H R��S� T��5; � �,  

1 (3    2 (4    3 (5  

4 (6    5 (11  

2. ��5; U��[x] � $� K45�� �4V W�9N XGH �x 4. , .   �Y�� �� �&�YN IY�� &� �24 40 51 0x [x]− + =   4Y5


 Q�&�� G� ��� �[�[� \��H  

1 (�V;    2 (! 0    3 (��  

4 ( �&    5 ( �& D� A	�  

3. ],��ABCD �D[� � 4��� ]�/ �,  � �M  �N �,   2Y�� P�M�MBC  �CD   4Y���^, �Y_� &� �& .  #� Y8�

��� � �� �� � � , #�� �,��, K4. K :  

1 (1
100

   2 (1
30

   3 (1
60

   

4 (1
10

   5 (1
45

  

4.], M ��4�M G� ��� � �f : →ℝ ℝ �D,�& &� �;  ��� ��� `4N 5;45
 T45 Q#��  

2 22 1 2(f( x)) (f(x))− + =  

1 ( 0!  2 (��  3 (�-qM  

4 (A6  5 ("� �-�6  

5. �� %��  \� 5�� �n{x } #�� K4. L���M ��� �&�N �, :  

0 1 1 1
1 1 1
2n n

n

x a , x b , x (x ) , n
x

+ −= = = + ≥   

 &�4[�ab Q#�� -�4;  

1 (1 -  2 (�V;  3 (1
2

   4 (1  5 (2 -   

6. �;�� �� &� �; ��� �& %V &�4[� I�1xT2xT  ...�1395xK� , &� �[�[� �� ��4V  �1 1
4

( , )   Q#Y8�
 T45�8�

)�� �5��& : �A�1aT2aT....�na ��&�� T45. , ��%:� � W�9N ��4V�:1 2
1

n
i n

n
i

a
a a ... a

n=
≥ × ×∑(  

1 (2790  

2 (695  

3 (1395  

4 (5580  

5 (1   



 

 

�
��

��
 

�
�� 

�
�	


 
�

�� 

�

��
 

��
��

 �
		

��
�

  
 

1
12 

7. ��� �� �V��S� &� ��� �  Q�&�� G� ��� \��
 45
 �[�[� ��4V� �  
22 12 2 1 2 2 2 2x x x( )x ( )x +− + − = −  

1 (�V;  2 (0!  3 (��  

4 (�&  5 (�& D� A	�  

8.  4�5; U��f : × →ℕ ℕ ℕ  �1 1 2f( , ) = ���%d �4V �� �� ���� �, �m �n ��&�� :  
1

1
f(m ,n) f(m ,n) m

f(m ,n ) f(m ,n) n

+ = +
+ = −

   

 G� ��� e�� 45
(p ,q) ��  �; #� � ���M2001f(p ,q) =Q  

1 (�V;    2 (1    3 (2  

4 (3    5 (�& D� A	�  

9. �f = >�:� ����G�� �ABC  Rg/� �,3 T4  �5 4���^, �_� &� �& .4�5; U��P �D[� ��   � <1��Rg/� ��& >�:�  

N � R��S� �; #�� �&�d�� �P g/� ��R ��; >�:�#�� I7�� &�4[� I�� . Q#�� -�4; &�4[� I��  

1 (6
25

     2 (12
25

     3 (6
5

   

4 (12
5

     5 (16
5

   

10.  &� 4�5; U�� ��� <7.1AB CD= =.  6�d �&�N I�� &�AC  Q#�� -�4;30ˆ(CBD )= °   

1 (3 2     2 (3 3     

3 (2     4 (3
2

     

5 (3   

11. h [�P �Q �, ]�/ ��4��� ��& P�M�M � �AB �AC >�:� ��ABC ����� - �M �;  K� Y� �� � �    &��Y= T4Y��

��4�&. �A�3PC= T6QB = �90ˆˆQBC PCB= = ° T45. , K��4�� � R 0M&�AH Q#�� -�4;  

1 (1    2 (2    3 (3  

4 (4    5 (5/4   

12. �� #%:� � W�9N �4V 45
  �� ����M �; ��; �4�
 ���M2 �, H  , � 45. ,  �� YH     �� ��Y^�� ���YM �� - Y=&�2 

 Q��. <N �  

1 (�V;    2 (0!    3 (��  

4 (�&    5 ( �& D� A	�  

13. <7. ],�� 6�4H O�3 3× ��&�� .�� i�& 45
 �, �� 1 �����M  j�& 4�0� � K �� j�& ��  , �& �� � ���5; T

],�� �� &� �; �&�d �,2 2× k [�=� �� Q45. , K �� �� 1 ��  

1 (12    2 (14    3 (16  

4 (20    5 (24   
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14. �=&  , ��=& K�G�� � ��4V ��4�M  � �1 �2  ��$� �=& �;)l
 #�� �� (��  �,��,  �1   �Y=& �� m�� � 4. ,2 

 Q#� M 45
 T45. %� �� &� S�  

1 (272    2 (273    3 (342  

4 (362    5 (442  

15. ��� �� �, �H�M  ,  �2 1 0
3
x

tan cos x− + =  &�4[�5
6 4
x

sin( )
π+  , #�� �,��, :  

1 (2
2

−     2 (3
2

     3 (1
3

   

4 (2
2

     5 (2
2

±   
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  سوالات اختصاصی

16. ���� #� 8�  �� ��>�:�   �)�� �� -�4; ��  � (  , �,��,23cm �� 4. , .  >Y�:� I�Y, &� 2�9� <=�4�   � Y�

�� ��4V �
 ��H��  Q4. , 4���M)>�:� R�� �� �� 4�5; U�� <=�4� #�� ��H�� �7�. (  

1 (3    2(6     3 (2 3   

4 (3 2     5 (6  

17. >�:� I�, &� K4V = 6�d � #, F 2�9�  , � � 4; T#, F �� Q#�� #� 8� �:;�4� ��&�� >�:� -  

1 (,�-43� F	
-4e�    2 ( T-
 �!��@e�    3 (,�-43� )*+Z�    

4 (�!��D 0! -� 
��� D-� ,  5 ("�� :V� '��5  

18. K���� R �. �, ��8 ����& .>�:� � �� &�      -�4Y; IY7�� #� Y8� &�4Y[� I���$�, TK���� I�� &� h 9� � �

 Q#��)�� �5��& : &�>�:�ABC ��&��:3 3
2

sin A sin B sinC+ + ≤(  

1 (74     2 (120     3 (80   

4 (108     5 (96   

19. �D[�  �P >�:� Rg/� ��&  � ��&� �&ABC   �Y� �Y_� &�  ���Y�A .   <YN��� �YA�P     Y, >Y�:� RgY/� �� �&  

pTn�m �D[� T���� � $� �P  &�4[�  M 4. ,  S;mnp  Q��. �:;�4�  

1 ( 	� ���2�� 8G� 
��� "�2�� ,-#D-&  

2 (���� ���� ���2�� 8G�  
��� )*+� ,-#  

3 ()-V5�� ���2�� 8G�  ���� ,-# ��
��� )*+�  

4 (��-	� ���2�� 8G�  
��� )*+� ,-#  

5 (1�6-� .��# �% >��\e� "!��& O2 �& �# ���2�� 8G� .  

20. 4�5; U��ASTARTAQ �AP M�    5�Y8� K�Y��� OY� �� �� Y��  �Y�&�� �Y; 4:ˆ ˆ ˆPAQ QAR RAS= = T  

  , �5�GA -�4;AQ  Q#�� �,��,  

1 (AR
(AP AR)

AS
+   2 (AS

(AS AR)
AR

+   

3 (AP AR
AR( )

AS AQ

+
+

    4 (AP AR
AS( )

AS AQ

+
+

     

5 (AS AR
AS( )

AP

+   
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21. >�:� Rg/� 6�dABC �� 45M& %V2AB cm=T3AC cm= �4BC cm=T �D[� K��n�� �O  >�:� <1��

#�� U��0� .h�D1 ��4��� �A�COTBO �AO  �Y, �& >�:� Rg/�  &� PY�M�MC′TB′�A′    T4Y55; ]YD=

&�4[� I���$�,OA OB OC′ ′ ′+ + 45
  , �,��,cm  Q#��  

1 (4    2 (5  

3 (5/4    4 (5/5  

5 (5/3  

22. 4�5; U��O K���� G;�� >�:� �D�9� �ABC  �,��, R �.  ,10 4. , .h�D1COT BO�AO >�:� Rg/� 

�& �YY, &� PYY�M�MC′TB′�A′  ]YYD=�YY� 4YY55; .  &�4YY[� <=�4YY�AA BB CC′ ′ ′+ +   Q#YY�� -�4YY;  

)�� �5��& : �A�xT y �z [�[� �4V ��� ��&��T45. , #%:� :1 1 1 9(x y z)( )
x y z

+ + + + ≥ (  

1 (25    2 (15  

3 (45    4 (36  

5 (48   

23.  ����� h�D1 4�5; U��CC′T BB′  �AA′ �D[� &�  �M  >�:� <1��ABC    I��Y��; T45Y. , C���

 �& %V &�4[�AM BM CM

MA MB MC
+ +
′ ′ ′

  , #�� �,��, :  

1(3
2

     2 (1  

3 (4    4 (9  

5 (6   

24.  >�:� &�ABC  &�4[�ˆ ˆˆcos A cos B cosC+ +  , #�� �,��,) :r �R R �. K���� � �  � ��1�� �d 9� � �

�D�9� 4�� (  

1 (R r

R

−     2 (R r

r

−   

3 (R r

r

+     4 (R r

R

+   

5 (R r

R r

−
+
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25. �� ����� &�  >�:�ABC �D,�&  ��� ��,#�� &��= :  

3 3
2

sin A sin B sinC+ + ≤   

&�4[� �:;�4�sin A.sin B.sinC  , #�� �,��,:  

1 (3 3
2

     2 (5 3
3

     3 (3 3
8

   

4 (3
2

     5 (3  
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Join 1	!-�� 0	�%.  

"�����5 .��(:@payaleague 

"3��3�!� .��(:Telegram.me/payaleague 

 	34# '-5��|J ��3��..  

1	6-� `K��. 


